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K-Even Even Edge Graceful Labeling and Some
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Abstract: S.P Lo [4] introduced the notion of edge-graceful graphs. Sin-Min Lee, Kuo-Jye Chen and Yung-Chin Wang[6] introduced
the k-edge-graceful graphs. B. Gayathri, M. Duraisamy and M. Tamilselvi [3] introduced the even edge-graceful graphs. In this paper,
we introduce definitions of k-even even edge gracefulness, complementary odd-even graceful labeling, complementary edge-odd

graceful labeling and we also prove that some well known graphs namely, Friendship graph F,,, prism D,, Cm X Cn etc., are k-even

even edge graceful.
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1. Introduction

Let G be a simple undirected graph with p vertices and g
edges. Most graph labeling methods trace their origin to one
introduced by Rosa [8] in 1967, or the one given by Graham
and Sloane in 1980. S.P. Lo, introduced the notion of edge-
graceful graphs. Sin-Min Lee, Kuo-Jye Chen and Yung-Chin
Wang introduced the k-edge-graceful graphs. B. Gayathri,
M. Duraisamy and M.Tamilselvi[3] introduced the even
edge-graceful graphs. We have introduced a labeling called
k- even even edge graceful labeling and have also introduced
complementary  odd-even  graceful labeling and
complementary edge-odd graceful labeling.

Definition 1.1: A graph is k-even even edge graceful (k>0) if
there exists an injective map f: E(G)— {2k,2k+2,...2k+2q-
2} so that the induced map f : V(G) —{0, 2,...,(2z-2)}
defined by f *(x) = Zf(xy) (mod 2z) where z = max {p, q}
makes all distinct and even.

Definition 1.2: If f is an odd-even graceful labeling of a
graph G = (V, E) with g edges, then the labeling ¢ defined
by ¢ (v) = (29+2) - f (v) for all ve V(G) is again an odd-
even graceful labeling of G and is called complementary
odd-even graceful labeling.

Definition 1.3: If f is an edge-odd graceful labeling of a
graph G = (V, E) with g edges, then the labeling ¢ defined
by ¢ (e) = 29- f(e) for all e € E(G) is again an edge-odd
graceful labeling of G and is called complementary edge-odd
graceful labeling.

A necessary condition: If the (p,q) graph G is k-even even
edge graceful, then q(g+2k-1) =0 (mod z),where z = max

{p, a}.
Remark: 1-even even edge graceful graph is an even even
edge graceful.

2. Main Results

Definition 2.1: A friendship graph F, (m=2) is the one
point union of m cycles of length 3.

Theorem 2.1.1: The Friendship graph F,, is k-even even edge
graceful if m is odd.

Proof: Let the vertex set be v ={V1Vi |1<i< 2m}and the
edge set be
E=1{e =w;|1< j<2mand i=12 (mod3)fu

i =VjVjs1|]isodd and i =0(mod3)
Clearly |V| = 2m+1and |E |= 3m.

Define f: E(G) — {2k, 2k+2, ..., 2k+2g-2} as follows:

Case (1): k =0 (mod 3)

f(ey) = 2k+6m-4, f(e,) = 2k+6m-2, f(e;) = 2k and

f(e;) = 2k+(2i-6) ; 1 =4,5,...,.2m.

Case (2): k =1(mod 3)

f(ey) = 2k, f(ey) = 2k+2, f(e3) = 2k+4 and f(e;) = 2k+(2i-2) ; i
=4,5,....2m

Case (3): k =2(mod 3)

f(ey) = 2k+6m-2, f(e,) = 2k, f(es) = 2k+2 and f(e;) = 2k+(2i-
4) ;1=4,5,....2m. Thus the induced vertex labels are:

Case (1): k =0 (mod 3)

f(v;) = 4k+6i-10 (mod 6m) i = 3,5,...,2m-1;

f(v;) = 4k+6i-14 (mod 6m) i =2.4,....2m & f(v) = 0.
Case (2): k =1, 2(mod 3)
f(v;) = 4k+6i-2 (mod 6m) i =3,5,...,2m-1;

f(vi) = 4k+6i-6 (mod 6m) i =24,..

2Q 12

.,2m and f(v) = 0.

22

26 16

Figure 1: 6-even even edge gracefully labeled Friendship
graph Fs,

Definition 2.2: For n > 3, prism D, is the Cartesian product
C, X K, where Cn is a cycle on n-vertices and k; is the
complete graph on 2-vertices.
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Theorem 2.2.1: Prism D, is k-even even edge graceful.

Proof: Let G be a Prism graph with 2n vertices and 3n edges.

Let {Vlsz, o Vp ,vn+1,vn+2,...,v2n}
be the set of vertices and edges

rvnvl fori=1
Vi_1Vi for2<i<n and n+2<i<2n
8 =4VopVpy1  fori=n+1
Vi1 fori=2n+1
[Van—jVn-j for2n+2<i<3n and 0<Lj<n-2

Vs

Vy

Figure 2

First, we label the edges as follows:

Define f(g;) = 2k+2i-2 for 1 <i<2n.

Then the induced vertex labels are as follows:

Case (1): f(v1) = f(e1) +f(ez) +f(ezns1)
=2k+2-2+2k+4-2+2k+2(2n+1) - 2 (mod 6n)
= 6k + 2 + 4n (mod 6n)

Case (2): f(v;) = f(e;)+f(ej+1)+(€an.is2) for 2<i<n-1
=2k+2i-2+2k+2(i+1)-2+2k+2(3n-i+2)-2 (mod 6n)
=2k+2i-2+2k+2i+2-2+2k+6n-2i+4-2 (mod 6n)
= 6k +2i (mod 6n) for 2<i<n-1

Induced vertex labels are {6k +4, 6k +6, ..., 6k+2(n-1)}.

Case (3): f(vn) = f(en)+f(e1) +f(eans2)
=2k+2n-2+2k+2-2+2k+2(2n+2)-2 (mod 6n)
=2k+2n-2+2k+2k+4n+4-2 (mod 6n)
=6k (mod 6n)

Case (4): f(Vn+1) = f(en+1)+f(en+2)+f(e2n+1)
=2k+2n+2-2+2k+2n+4-2+2k+4n+2-2 (mod 6n)
=2k+2n+2k+2n+2+2k+4n (mod 6n)
=6k+2n+2 (mod 6n)

Case (5):

f(v;) = f(e))+f(ej+0) +f(e4n.iv2) for n+2<i< 2n-1
=2k+2i-2+2k+2(i+1)-2+2k+2(4n-i+2)-2 (mod 6n)
=2k+2i-2+2k+2i+2-2+2k+8n-2i+4-2 (mod 6n)
= 6k+2i+2n (mod 6n) for n+2<i< 2n-1

induced vertex labels are {6k+4n +4, 6k+4n +6, ..., 6k-2}.

Case (6) f(V 2n) = f(eZn)+f(en+1)+f(e2n+2)
= 2k+4n-2+2k+2(n+1)-2+2k+2(2n+2)-2 (mod 6n)
= 2k+4n-2+2k+2n+2-2+2k+4n+4-2 (mod 6n)
=6k+4n (mod 6n)

Hence induced vertex labels of the graph are

[{6k+2+4n} U {6k+4, 6k +6, ..., 6k+2(n-1)

T U {6k} U {6k+2n+2 } U {6k+4n +4, 6k+4n +6, ..., 6k-
2} U {6k+4n}](mod 6n).

Hence Prism D, is k -even even edge graceful.

Ilustration: Figure. 3 shows 14 -even even edge graceful
labeling of Prism Ds.

44
Figure 3

Theorem 2.3: The graph C,,xC,is k-even even edge
graceful.

Proof: Let the web graph C,,xC, be a graph with mn
vertices and 2mn edges, where m=1(mod4) and n=3.Let

the vertices in Cn xC, be

1.1 1.2 ,,2 2. m ,,m m i
V2, ViV V2 e Ve V1 V2 eV }, where VJ IS

adjacent oV, vh is

adjacent

to Vli,ls i<ml< j<n-1,which are called latitude cycles ;

adjacent  to V}+1 Vs

V] is adjacent
tovﬁ,lsiSm—Llstn, which are called longitude
cycles. It is also called 4-regular graph. Let the vertices in

CyxC, be {e%,e%,...,e%;elz,e%,...,erz,;...;elm,eg‘,...,eﬁ,“}.

The edge labels of the latitude cycles are

fvivi,g)=2g+2k-12i+2j+6,1<i<ml< j<n-1

and f(v;]v{) =2q+2k—12i+2n,1<i<m The edge labels
of the longitude cycles are

fvivity =29+ 2k -12i+2j-2,1<i<m-11< j<n

and f(v’j“v%) =2k—-2j+6,1< j<n. Now it remains to

show that the vertex labels of G are all integers of the
interval [0,2z].
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(8k — 24+ 2n(mod 2q) if i = j=1

8k —28+4n(mod2q)if i=1 j=n

i 8k —36m +2n+24(mod2q) if i=m, j=1

f(Vj):8k—36m+4n+20(mod2 ifi=m,j=n and
a) y

8k —36m+4n+22(mod2q) if i=m, j=n-1

18k +4n—26(mod2q) if i=1 j=n-1

(8k —48i + 6+ 2n+12(mod 2q) if 2<i<m-1j=n

f(vij)=<8k—48i+6j+2n+14(mod2q) if 2€i<m-1j=1

|8k —48i+8j+18(mod2q) if 2<i<m-1,j=n-1

Illustration: The 7-even even edge graceful labeling is given
in Figure. 4

68
70 72
62 64 66
56
58 60
52
50 44 54
18 46 48 14
. 40 "
38 32
4 36
26 \ 28 30
22 24
20

Definition 2.3: SF (n,m) is the graph consisting of a cycle C,
where n > 3 and n sets of m independent vertices where each
set joins to each of the vertices on C, .

Theorem 2.4: The graph S F (n,m) is k-even even edge
graceful when n is odd, m is even and n divides m.

Proof: Let G be a graph SF(hm) with
V(G)|=|E(G)|=n(m+1). let vy,v,,... vy be vertices on the

cycle of S F (n,m) and for each j = 1, 2, . . ., n the vertices
vtV ...,y be vertices joining v; . The edge set is the set

vjvij [i=12,...mand j=l,2,...,n}u
ViVl J =1,2,...,n—1}u {vnvl}

Define f: E (G) —>{2, 4, 6,..., 2n(m+1)} by
fovvy))=2(J—-Dm+2(i+ j—1)+2(k 1)
fori=212,..mand j=12,..,n
f(v,vi,)=2jm+1)+2(k-1) for j=12,..,n-1
f(v,v,)=2n(m+21)+2(k -1)

Then the induced vertex labels are as follows:

2i+2(k—) mod2n(m+1) for j=1i=12,...m.
f*(vj) =42(j—Dm+2(i + j-1) + 2(k 1) mod 2n(m +1)
for j=23,...n,i=12,...m.

m(m? +m+ 2k) + 2(2k —1) mod 2n(m +1) for j=1

fr(v))=<m*2j-D)+m(@k -5+6j)+4j+4k -6
for j=23,...,n
3 38
3 40
4 6 S A9
32 <n A0 =
42 A4
30 0
28 o2 1‘; 16
. 1?":'13 32 134 /7 50 32 ) 54 56
. 1 79 58
e RN 30 | 13# 52 56 sg
> 136 485 .
60 -
124 -
| 4
73 ’ § 62462
64
120 () 114 66 ® 54
o L 1T s 70 N
- 116 68
110 o110 112 | 26 72 72
10% 92 92 P
108 o ) -
106 4 8
106 ofra 96 g4 g 76
104 1n? 98 76 %0 -
o ' 1004 o AR I8 80 8
9o foo 0 S:6 82
.
sa g2 %0

Figure 5: The 14-even even edge graceful labeling of the
graph SF(5, 10).

Theorem 2.5: If f is an odd-even graceful labeling of a graph
G = (V, E) with g edges then the labeling ¢ defined by

¢ (V) = (29+2) - f (v) for all v € V (G) is again an odd-even
graceful labeling of G.

Proof: Let G be an odd-even graceful graph with p vertices
and q edges.

Then, there exists a vertex labeling f of G, f: V(G) — { 1,3,
..., 2q+1} and the induced function f *: E(G) — {24,...,
2q} defined by f* (e =uu’) = | f (u) - f ()| ; u, u'eV form an
edge labeling.

Let us consider the following labeling ¢ of the vertices u of
the graph G.
For ueG, ¢ (u) = 2q+2- f (u)
Thus ¢ (u) € {29+1, 29-1,...,1}
Further, for each edge e= uv in G,
$*(e)=lp(u) - o)
=[[2g+2- f(u)]-[29+2- f W]

=|f(u)— f(u')|
Therefore the induced edge labels are {2.4,...,2q}. Thus we
get an odd-even graceful labeling ¢ of G.

For illustration see the graph G(2,4) in Figure. 6
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Theorem 2.6: If f is an edge-odd graceful labeling of a graph
G = (V, E) with g edges then the labeling ¢ defined by ¢ (e)
= 2g-f (e) for all ee E(G) is again an edge-odd graceful
labeling of G.

Proof: Consider the graph G (V, E) with |V (G)| = p and |E
G)=q.

Then G has a bijective edge labeling f: E (G) — {1,3,...,
20-1}.

Now, define ¢ (e = uv) = 2g-f (e).

Then the induced function ¢ ~ (v) = £ {29- f (uv) /uveE}
(mod 22)

= 2¢- [Z f(e) (mod 2z)] form an vertex labeling.

Thus we get an edge-odd graceful labeling ¢ of G.

INustration for edge-odd graceful and complementary edge-
odd graceful graph is given in Figure. 7

12

=% 17 * 10

edge-odd graceful graph
]

A B RN

Complementary edge-odd graceful graph
Figure 7

3. Conclusion

In this paper, we have introduced the definitions of k-even
even edge gracefulness, complementary odd-even graceful
labeling and complementary edge-odd graceful labeling. We
have proved that Friendship graph F, prism D, and

C,, xC, are k-even even edge graceful. Further we have

proved that the graph S F (n,m) is k-even even edge graceful
when n is odd, mis even and n divides m.
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