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Abstract: In this paper, the new iterative method with a reliable algorithm is applied to the systems of Volterra integro-differential 

equations. The method is useful for both linear and nonlinear equations. By using this method, the solutions are obtained in series form. 

Two linear and one nonlinear system of the equations are given to verify the reliability and efficiency of the method. Beside this, the 

comparison of the exact solution with the approximated solution by the method is illustrated by the graphs. 
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1. Introduction 
 

Integro-differential equations have found applications in 

engineering, physics, chemistry, biology and insurance 

mathematics [1-3]. Several techniques including Chebyshev 

polynomial method [4], hybrid Legendre functions [5], the 

Taylor collocation method [6], the differential 

transformation method [7] , the variational iteration method 

[8] , the Beseel collocation method [9], [10]  the homotopy 

perturbation method [11], [12] and Taylor series method 

[13] have been used to investigate integro-differential 

equations.  

 

In recent review article, Khan [14]  have obtained the 

solutions of the systems of third order nonlinear integro-

differential equations by Variational iteration algorithm-II 

method. Yuzbasi and Isnailov [15] applied the differential 

transformation method to system of Volterra integro-

differential equations with propositional delay. Recently, 

Daftardar-Gejji and Jafari [16] proposed a reliable method 

for solution of functional equations called the new iterative 

method. Hemeda [17] implements the new iterative method 

to nth order linear and nonlinear integro-differential 

equations. The elegance of the new iterative method can be 

attributed to its simplistic approach in finding the semi-

analytical solution of the system of nonlinear integro-

differential equation of the form: 

 

 

 

 
… 

 

 

 
 

2. Basic Idea of New Iterative Method 

 
To describe the idea of the new iterative method (NIM), we 

consider the following general formulation by Dafatardar-

Gejji and Jafari (2006). Consider the nonlinear functional 

equation: 

  (2) 

where N is a nonlinear operator from a Banach space 

and is a known function. We are looking for a 

solution of having the series form: 

 
The nonlinear operator  can be decomposed as follows: 

 
From Eq. (3) and (4), Eq. (2) is equivalent to 

 
we define the recurrence relation:  
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If N is a contraction, i.e. 

 
Then, 

 

 

 
 

3. New Iterative Method for the System 

 
For simplicity, let us rewrite the system of nonlinear 

Volterra integral equations in Eq. (1) above in vector form 

as: 

 
where 

 
In view of the new iterative method, the system of Volterra 

integro-differential equation in Eq. (9) is equivalent to the 

system of integral equation: 

 

 

 

 
Therefore, 

 

 

 

 

 

 
 

4. Illustrative Examples 

 
Example 1. 

Consider the system of first-order linear Volterra integro-

differential equation: 

 
with the initial conditions: 

 
The system of the integro-differential equation (14) is 

equivalent to the system of integral equation: 

  

 
Let 

 

 
we obtain easily the following first few components of the 

new iterative method solution. 

The first five terms are: 
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and so on, in the same manner, the rest components can be 

obtained. The sum of the first five terms is: 

 

 

 

 
 

Example 2 

Consider the system of second-order linear integro-

differential equations 

 

 

 
with the initial conditions: 

 
The system of integro-differential equation is equivalent to 

the system of integral equation: 

 

 

 

 
we obtain the first few components of the new iterative 

method solution. 

The first four terms are: 

 

 

 

 

 

 

 
and so on, in the same manner, the rest components can be 

obtained. 

The sum of the first four terms is: 

 
. 

Example 3 

 

Consider the system of nonlinear third-order Volterra 

integro-differential equation: 

 

 
 

with the initial conditions: 

 
As the above examples, from (3.16), we obtain: 

The system of integro-differential equation is equivalent to 

the system of integral equation: 
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Let  

 

 

 

 

 

 
and so on, in the same manner, the rest components can be 

obtained. 

 

The sum of the first three terms is: 

 

 
(a) 

 

 
(b) 

Figure 1: Exact and approximate solutions for and 

of Eq. (14), where the red and the blue represent 

the approximate and exact solutions respectively. 

 

 
(a) 

 

 
(b) 

 

 
(c) 
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(a) 

 
(b) 

 
 

5. Conclusion 
 

In this paper, we successfully applied the new iterative 

method to find the solution of system of the nth-order linear 

and nonlinear Volterra integro-differential equations. The 

present method converts a system of Volterra integro-

differential equation to a system of Volterra integral 

equation. It is clear from the graphs that the solutions agree 

well with the exact solutions for these equations. The results 

showed that the method is very accurate and simple. 

 

References 

 
[1] R.P. Argarwal, D. O’Regan, and P.Y. Wong, 

“Eigenvalues of a system of Fredfolm integral 

equations,” Mathematical and Computer Modelling, 

Vol. 39, no. 9-10, pp. 1113-1150, 2004. 
[2] R.F. Churchhouse, Handbook of Applicable 

Mathematics, John Wiely & Sons, New York, NY, 

USA, 1997. 
[3] R.P. Kanwal, Linear Integral Equations, Birkhaauser, 

Boston, Mass, USA, 1997. 
[4] A. Dascioglu and M. Sezer, “Chebyshev polynomial 

solutions of systems of higher-order linear Fredholm-

Volterra integro-differential equations,” Journal of 

Franklin Institute,vol. 342, pp. 688-701, 2001. 
[5] G. Mehdiyeva, M. Imanova, and V. Ibrahimov, “The 

Application of the Hybrid Method to Solving the 

Volterra Integro-differential Equation, Proceedings of 

World Congress on Engineering, vol. 1, 2013. 
[6] M. Gulsu and M. Sezer, “Taylor collocation method for 

solution of systems of high-order linear Fredholm-

Volterra integro-differential equations, “International 

Journal of Computer Mathematics, vol. 83, no. 4, pp. 

429-448, 2006. 
[7] A. Arikkoglu and I. Ozkol, “Solutions of integral and 

integro-differential equation systems by using 

differential method,” Computers and Mathematics with 

Applications, vpl. 56, no. 9, pp. 2411-2417, 2008. 
[8] J. Saberi-Nadjafi and M. Tamamgar, “The variational 

iteration method: a highly promising method for solving 

the system of integro-differential equations, “Computers 

and Mathematics with Applications, vol. 56, no. 1, pp. 

429-448, 2006. 
[9] S. Yuzbasi, N. Sahin, and M. Gulsu, “Numerical 

solutions of systems of linear Fredholm Volterra 

integral equations with Bessel polynomial bases, “ 

Computers and Mathematics with Applications, vol. 61, 

no. 10, pp. 3079-3096, 2011. 
[10] S. Yuzbasi, N. Sahin, and M. Gulsu, “A collocation 

approach for solving systems of Volterra integral 

equations with variable coefficients, “ Computers and 

Mathematics with Applications, vol. 61, no. 10, pp. 

755-769, 2011. 
[11] E. Yusufoglu, “An efficient algorithm for solving 

integro-differential equations system,” Applied 

Mathematics and Computation, vol. 192, no. 1, pp. 51-

55, 2007. 
[12] E. Yusufoglu, “A homotopy perturbation algorithm to 

solve a system type Fredholm-Volterra integral 

equations,” Mathematical and Computer Modelling, 

vol. 47, no. 11-12, pp. 1099-1107, 2008. 
[13] H. H. Sorkun and S. Yalcinbas, “Approximate solutions 

of linear Volterra integral equation systems with 

variable coefficients,” Applied Mathematical 

Modelling, vol. 34, no. 11, pp. 3451-3463, 2010. 
[14] Y. Khan, Y. Nawaz, and N. Faraz, “ Variational 

iteration algoritm-II for solving the system of third 

order nonlinear integro-differential equations,” Journal 

of Mechanical Engineering Research, vol. 4, no. 8, pp. 

254-259, 2012. 
[15] S. Yuzbasi and N. Ismailov, “Solving systems of 

Volterra integral and integro-differential equations with 

proportional delays by differential transformation 

method,” Hindawi Publishing Corporation, Journal of 

Mathematics, vol. 2014, Article ID 725648, 5 pages. 
[16] V. Daftardar-Gejji and H. Jafari, “An iterative method 

for solving nonlinear functional equations,”Journal of 

Mathematical Analysis and Applications, vol. 316, pp. 

753-763, 2006. 
[17] A. A. Hameda, “New iterative method: Application to 

nth-order integro-differential equations,” International 

Mathematical Forum, vol. 7, no. 7, pp. 2317-2332, 

2012. 
[18] Y. Cherruault, “Cinvergence of Adomain’s 

decomposition method,” Kybernetes, vol. 8, pp. 31-38, 

1988. 
[19] A. M. Jerri, “Introduction to Integral Equations with 

Application,” New York, Wiley, 1985 

Paper ID: SUB154075 336




