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Abstract: In this correspondence, we have constructed an upper bound of minimum weight of an even formally self dual code over
GF(4). We have related the properties of self dual codes over GF(4) and discussed to isolate two classes of codes for which the minimum
distance d < 2[n/6]. They have established that the minimum weight of an even formally self dual code of length n satisfies d <2[n / 6]+2

except for the cases n =12 and n = 14.
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1. Introduction

Self dual codes are important for a number of practical and
theoretical reason [1,6,7,9,20-26,28,30 ,32 ]. These codes
are of greatest interest when the weight of the code words
are divisible by constant. A theorem of Gleasam, Pierce and
Turyn [ 3,4 ,36 ] says that for except for certain trivial codes
with minimum distance 2, there are only three cases in
which a self dual or formally self dual code over a field
GF(qg) can have all weights divisible by a constant ¢ > 1
namely ,

a)g=2,c=2o0r4

b)g=3,c=3

c)g=4,c=2

(@) and (b) have been considered in several papers.(c) is
discussed exhaustively in P.J.Macwilliams , Am odyzko ,
NJA Sloane and 1+N Ward [2]. In the present paper we
consider to isolate two classes of codes for which the
minimum distance d < 2[n/6].

2. Preliminaries

A linear code of length n over GF(4) is a K- dimensional
subspace of ]Ff where [F , is a field of 4 elements 0,1 ,a ,B
with B = o® = o+1, o = B> = 1. A linear code c over a [F, of
length n consists of 4 vectors f = (U ,Up Uz, . ...Uyp), U E
F,i=12.... nforl, VEC,U+TV Ecandfii € C
where f € [F,. The minimum weight of C is

d= min{m(ﬁ),ﬁ’;eﬁ,ﬁe Cy

We recall that the weight of U written wt (ﬁ) is the number

ofnonzero TU V- Zf‘z 1 Wi , the sum evaluated in [F,

;I'he dual code C* of C is given by
c'={veF}, U.V=0forall

u ey

IfCisan[n,k,d]code Cisan [n,nk,d"] code where
d* #d in general.

The conjugate of t & [F , is denoted by tand f = t, u= {

C=¢u;ie Cy
. — —,

The concatenation of two vectorswand 17 is the
vector

7|7 |

| U | V7 | =(up U Us, . Uy VL V2 Vs V).
Let C and D be two linear codes of dimensions k; and ks
respectively over [F .

The direct sum C € D of C and D is given by
c@o-(|7|7| diec veDy

If b=CED D where C# ¢, D # ¢ then b is called a

decomposable code Otherwise it is indecomposable.
If Cisan[n;, ky, d;] code and D is an [n, , k, , d,] code

over [F , then b = CED D is an [ni+n, , kitk, |
min(d,,d,)]code.

Definition 2.1 Let A; denote the number of code words of
weight | in C. The weight enumerate of C is given by

Wo(xy) = 2ireg Aix™y

Definition 2.2 The complete weight enumerator of C is the
polynomial, CWC(x,y,z,t) :ZLj,F:,IAi kX y &t
where A j k1 is the number of code words in C containing i

0’sandj 1’ska’sand | B ’sitis observed that
CWC(x,y,y,y)=Wc(x,y)

A linear code C is called even if all the codes have even
weight. C is called formally self-dual if C and C-L have the
same weight enumerator

W.(X,Y).

C is said to be weakly self-dual if C & CL | Ciscalled
strictly self-dual if C= CL.
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3. Weight Enumerator of an Even Formally
Self Dual Code

We can write the enumerator of an even formally self dual
code in a particular form. As any positive integer is in one
forms 3m, 3m+1 or 3m+2. We take n = 2 (3m+v) where
v=0,1or2then

WX y)=2a g A" i........ (1) for suitable coefficients

a; which are rational numbers .

In (1) we can choose a; , &, , ...... am are chosen that a; , a, ,
...... Aom » Aoms1 Are zero as also aymsz , Aomes 5...... dzym and
asm+ are zero if mis odd and 3m+1, 3m-1 ,...... are zero if
m is even. So we can rewrite (1) as

X"+ O.Xn_l y o + O.Xn-2m—1 y2m+1 + Am+2 Xn—2m—2 y2m+2
+Agmea XA YEMEL L = (S8Y) e (2)

The values of & ( = 0 or otherwise) can be determined
uniquely using 1, and 6.

Definition 3.1 Let n, given in (2) is called the external
weight enumerator. If A, # 0 then C has minimum
weight < 2m+2 . If C has minimum weight = 2m+2 . Then
equation (2) we have W, (X,y) =n,

n
2m+2 = 2[ g] +2

Where [x ] denotes the greatest integer not greater than x

forx E R .

For n=12, the even formally self dual code denoted by E;,
has minimum weight 4 = 2[n/6] < 2[n/6] + 2.

Theorem 3.1 For an even formally self dual code [n, n/d, d]
if d < 2[n/6] + 2 then d < 2[n/6].
Proof If d < 2[n/6] + 2 then

d/2 < [n/6] + 1 (or)

d/2 < [n/6] = d < 2[n/6].

Remark The upper bound is reached in the case of a [12, 6,
4] code it is known [1]

Fact 1 In (4) Aois IS negative for n > 102 , if n = 6m and
Asmes is negative for n > 122 if n = 6m+1. Further A ym.s is
negative for n > 122 if n = 6m+2. So ,there is no code has
weight enumerator n, for these values of n.

Fact 2 Let b be any constant , suppose that a in (1) are
chosen that ,

X"+ Ag X"y + Ao X2 T2 4 Where d > 2[n/6] +
2 -2b. Then one of the coefficients Ay , Agiz ........ is
negative for all sufficiently large n iy, = x* + 3y*

There is no linear code with weight enumerator m,
.However if

We (X, Y) = N1z + Agds”

W, (X, y) is the weight enumerator of a code of length 12. W
=Mt Agme 05’ is the weight enumerator of a code of length
14. A4 is the number of code words of minimum weight 4.

4. Construction of Code

Let C; be an [n;, ki, di] g-ary linear code with generator
matrix G; i=1,2.1f n; = k,, then we can combine these two
code to get another new code. We assume that k; > k,.

If n; =k, and n, > ny, then C; is an

[Ny, ky, d;] code and C; is an

[n,, ny, d,] Code. Let as take
Gr=[{k, |Arland Gy = [ L, | A;] where Ajisk; X (ny

— kq) matrix and A, is n; X (n,— ny;) matrix. Since
n, > ng implies n,-n; > 0.
Let G = GiGy, then G = GiG, = [ Iy, | A1 ] [, 1A2] =

[‘rﬁ:llA1|GA2]

Clearly all rows of G are linearly independent and hence G
generates an

[n,, ki, d] g- ary linear code. Since G = [ G; | G1A;] and
G;A,isan

ky # (n, — ny) matrix, therefore d;<d<d; +n,—n;.

Theorem 4.1 Let C;be an

[ni, ki, d]i=1,2qg-ary linear code. If n; = k, and n, > n,
then there exits an [n, , k; , d] g-ary code such that
d;<d<d;+n,—ny.

Let C; be an [n, k, d] g-ary linear code with generator
matrix G; and let G, be an [ n + 1, n, 2 ] g-ary linear code
with generator matrix G,. Without loss of generality, we can

take G, as
1
I,
1

Then G = G;G, is a K X n+ 1 matrix , This implies

1 1
G=Gi, :|G=|gG,I |G, ()
1 1

This implies G generators an
[ n+1, k, d ] code C and the minimum distance d(C) must be
greater than or equal to d.

1

Since G; is k X 1 column matrix , therefore d(C) is

1

either d or d+1.
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