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Abstract: In this paper, we have discussed a subclassS(6, a, 8,y, ) of analytic and univalent function with negative coefficients defined by
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1. Introduction

Let A denote the class of function given by

f@) =2+ ad,
i=2

=
which are analytic and univalent in open unit disk U =
{zeC: |z| <1}

Let S be a subclass of A consisting of functions of the form:

f(2) = Z—Zaizi, (1.2)

i=2
We denote by S*(a), K (a)consisting of all functions which are
respectively starlike and convex of order a in U with 0 < a <
1,thus

S*(a)={f€S:Re<

(1.1)

(al- = O)

of @\
f(Z)>>a-OSa<1,zEU}

_ 2f @)
k(a) ={f€S-R€<1+m

The Ruscheweyh derivative[4], [5] of f € Sdenoted
by D* f (z)of order A is defined by

D*f(z) =z — Z a;B;(D)z,

i=2

)>a:0$a<1,zEU}.

where

B < At DA+D) - A+i-1)

(i—1)! ’

Definition (1):A function f € Sis said to be in the class
S(0, a, B, y, )if the following inequality is satisfied:

A>—-1,z€U.

"

A
(oA @)

—_ 1

) <B (13)
(Z(D‘f(z))” ) (z(mf(z))” > o
20-a)|———-60|—y|——+1
(p2r@)

(p2r@)
for|zl <1,0<f<1,0<a<1,0<f<land;<y<1

2. Coefficient Estimates

Theorem(1): Let the function f be defined by (1.2). Then
f€S0,a,pB,y, Aifand only if

DA+ pri— 2601 - @i — 1 - OB a

i=2
<1+280(1—-a)+ B8y, (2.1)
where 0 < f <1,0< @ <1,0<6 < 1,2<y < 1The result

(2.1) is sharp for the function
1+286(1—a)+ By
f2) =z

- . 3 Z
ifA+py)i-2p(1 —a)(i—1-6)]B;(1)
> 2.
Proof: Assume that the inequality (2.1) holds true and let
|z| = 1, then,we have

z(p* @) +(D*f@) ]| )
~B20 - (z(p'f @)
-6(D'f(@)) ” |
(e(rr@) + ()

i

)0
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-Bl(21 —)i(i—1-06)

+ yi?) Z a,;z"1—20(1 —a) —
i=2

< z i[(1+ By)i— 281 —a)(i — 1 - 0)]B,(A) a; — 1

i=2
—2B6(1—a)— By <0,
by hypothesis. Hence, by maximum modulus principle,f €
S6,a,B,y,1).
Conversely, suppose that fdefined by (1.2) is in the class
S(6,a,B,y,14). Hence

ia 1+42B6(1—a) + By
< A+ - A -1 -]+ 1)
Hence
F@I<lel+ ) aladi =147 ) q
i=2 i=2
<r

1+2B60(1 —a)+ By

r2. 3.2)
A - FA-DA -G+ D
Similarly, we obtain
@Iz 1ol =) aladi =1 =72 ) q
Sy i=2 i=2
1+280(1—a)+ By 2 3.3)

4G+ - B - -0+ 1)
From Ipounds (3.2) and (3.3), we get (3.1).

<B.
Since Re(z) < |z| for all z,we have
1-i2Y2,a;z71

(0 @) +(0*1)
201 - a)(2(D*f (@) ~ 6(D? f(z))') —y(2(0*f @) +(D* fg%gﬁs
[ 1-i?2y%,a;z"
(20 -a)ii—-1-0)+yi®) Y2, a;z" 1 =201 —a) — |

ke {(—2(1 —)ii—1-0) +yi)y,az ' —20(1—a)—y

< B. (2.2)
We can choose the value of zon the real axis. Let z —
1~through real values,we obtain the inequality (2.1).
Finally, sharpness follows if, we take
1+2B80(1—a) + By o
I =2 a+ppi-260 -G -1-OB®D "
> 2. (2.3)
Corollary (1): Let f € S(0,a, B,v,A).Then
14261 —a)+ By
=T+ i - Zﬁ(l - a)(z —1-0)1B@ "
=23,. (2.4)

3. Growth and Distortion Theorems

In the following theorems, we obtain the growth and distortion
theorems for function f € S(0,a,8,y, ).

Theorem (2): Let the function f(z)defined by(1.2) be in the
class S(0,a, B,v,4).Then
1+286(1—a) + By

- 2
AA+8) - -0 -0la+D = If (2]
<r
¥ il koAl "2, (12l = 7
41+ -BA -1 -] +1)

<1).(3.1)
The result is sharp for the functionf (z)given by
_ 14+286(1—a)+ By
& =2 T g —pa-w( -0+ D"
Proof: Let f(2) € S(0, a,B,y,A).Then by Theorem (1), we
have

2

m (3):Let the function f(z)defined by (1.2) be in the

6, a,B,y,4).Then

3 1+286(1 —a) + By .
2[A+pn) - A -a)A-0)](A+1)

<1

<If @I

1+2B0(1—a)+ By
2[A+pp) - B - - OIG+ 1)
he result is sharp for the function f(z)given by
@) =z— 1+2860(1—a)+ By
[ = - pa-aa-0IG+1"
Proof: Let f(2) € S(0, a,B,y,A).Then by Theorem (1), we
have

(3.4)

2

ia 142801 —a) + By
- T[4 BY) - A —a)A - D]IA+ 1)
Hence
If @I<I1+ ) iglzl ' =1+7 ) a
2 2

<1

1+280(1 —a) + By 55)

2[(1+BV) BA-a)(1-0)]G+D '

Similarly, we obtain
@Izt =) il =1-1) q,
> L i=2 i=2

1+280(1 —a) + By 56)

T2A0+ B - pA-A-OIGA+D
From bounds (3.5) and (3.6), we get (3.4).

4. Radii of Starlikeness, Convexity and Close-to-
convexity

In the following theorems, we obtain the radii of starlikeness
and convexity and close-to-convexity for the

classS(6, a, B,y, A).

Theorem (4):Let f € S(6,a, B,v,4). Then fis starlike in the
disk |z| < Ry, of order a,0 < a < 1,where
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Ry

_inf [ — )il + By)i —2(1 —a)(i — 1 - 6)]B;(2) |
T (i—-a)(1+2B60(1—a)+ fy)

L
-1

R;

:mfrl—aﬁK1+Eﬂi—%%1—aXP—l—HH&&)5'
i

i(i—a)(1+2B6(1—a)+By)

>2. (41) >2. (44)
Proof: A function fis starlike of order o, 0 < a < 1,if Proof: A function f is convex of order o, 0 < a < 1,if
zf '(Z)) ( zf” (Z))
Re >a Re|1+—= >a
( f(@) f (@
We must show that Thus is enough to show that
zf ' (2) zf' (Z)
————1({<1—aq,for|z| <R;. 1—a,for|z| <R,.
@ ! : T ! :
We have We have
zf (2) — 2@ = Dagz' ™ 2 = Daylz|'™ zf " (2) |~ 2 (i — Dagz' ™! 22 (i = Daylz|'™
f@ Tl 1-3¥az 7t | T 1-Ealzl f@1 | 1-Y2iaz"" |7 1-X2,alz!
The last expression above is bounded by(1 — ) if The last expression above is bounded by(1 — ) if
i—a zi(i—a) et
_2—1_aal|Z| Z - aL|Z|
<1. (4.2) <1 (4.5)

Hence, by Theorem (1), (4.2) will be true if

Hence, by Theorem (1), (4.5) will be true if

1

i—a . [(1 +py)i—2(1—a)(i—1-0)]B;(1) (i—a) . > {1+ py)i—2p(1—a)(i—1-0)]B;(1)
1- ll 14+2B86(1 —a) + By ’ 1—a 1zl 1+4+2B86(1—a)+ By
or equwalently or equivalently
|z] ) |z .
Q- a)i[(1+By)i—2(1 —a)(i—1-6)]B; (/1)]_1 ; [(1 —a)i[(1+By)i—2(1 —a)(i—1—-6)]B;(D|-! ;
- (—a)@A+286(1—a)+py) ’ - ii—a)(1+2B0(1—a)+ By) ’
>2  (43) >2 (4.6)

the theorem follows easily from (4.3).
Theorem (5): Let f € S(0,a,B,y,A) Then f is convex in the
disk |z| < R,, of order a,0 < a < 1,where

the theorem follows easily from (4.6).

Theorem (6): Let f € S(8,a, B,y, 1) Then fis close-to-convex in the disk |z| < R;,0f ordera, 0 < a < 1,where
1

Ry = [(1

Proof: A functionfis close-to-convex function of ordera, 0 <
a < 1,if
Re{f (2)} > a.
Thus it is enough to show that
If (z) —1| <1—a,for|z| <Rs.

We have
If (2) —1| = ZLa i < ziai |z|i~1,
i=2 i=2
Thus
RORRTPPR o1l
f (z < aif 2, 1 —a
=

<L
Hence, by Theorem (1), (4.8) will be true if
ilz]"! A+ B2 — )i — 1 - 0)]5; (/1)
l—a ™ 142861 —a)+ By
Or equivalently

(4.8)

—i(1+py)i-2p(1 —a)(i—1- 9)]Bi(/1)]ﬁ
i(14+2B6(1 —a)+ By) :

(4.7)
||

- [(1 — @il(1+ BY)i — 281 — )i — 1 — OB i
B i(1+286(1 —a) + By) ’

>2, (49)
the theorem follows easily from (4.9).

5. Extreme Points

In the following theorem, we obtain extreme points for the
class S(6,a,B,v, 1).

Theorem (7):Let f;(z) = z and

fi(2)
(1+286(1 —a) + By)  fori
=z —- - - z fori
iA+pi-2p1-a)(i—-1-6)]B;(D)
=23 ...
Thenf € S(6, a, B,y, 1) if and only if it can be expressed in
the form

F&) =) wf @),
i=1
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where

w=0and ) yy=1lorl=p + /,Li>.
D 2
Proof: Let
f) = Zulﬁ- @
i (1+2B6(1 —a) + By) y
i1+ pn)i— 20— —1-OIBMD "

i=2

then
i A+ B~ 260 )i~ 1-OIBEW
(1+2B6(1 —a)+ By) n
(1+286(1 —a) + By)
i[(1 + By)i —0203(1 —a)(i—1-6)]B;(1)

=Y m=1-m=1

i=2
Using Theorem (1), we easily get f € S(8,a,B,y, 14).
Conversely, let f € S(0, a, B, v, A)is of the form (1.2). Then
1+2B6(1 —a) + By)

i=2

X

G = TAT - 280 -G -1-8B@) =
Setting
A+ pn)i-2p1 —a)(i—1-0)]B;(1) o, foriz2
H= (1+280(1—a) + By) i =
and
w=1- Zﬂi-
Then =
flz)=z—- Z a;z
e, (1+2B6(1—a) + By)
;l [((1+pBy)i— Zﬂ(l —a)(i—-1-6)]B; (/1)
=z - Zuiﬁ- ).
Thus =

Jab; <

)= ) fi@ = mfi@ + ) i, ().
i=1 i=2

6. Hadamard Product

Theorem (8):Let fand g € S(6,a,B,y,A).Thenf x g €
S(0,a,pB,6,A)for

f(z)—z—ialz, g(z)—z—sz

i=2
where

S<((1+280(1—a)+By)*[i—28(1 —a)(i—1-0)]
—i[(1+ py)i
—28(1-a)(i - 1-0)*B W1
+286(1 —a)])
/(B + By)i
-2l - a)(i—-1-0)]*B(1)
- (1+2B0(1 — @) + BY)?).
Proof: Since f and g € S(6, a,B,y,1).Then we have
3 i+ i - 260 - )i~ 1= OBD)
(1+2B0(1—a)+By) L

i=2
and

i i(A+pNi-2p0 - - 1-OBW, _,
L (1+2B6(1 —a)+ By) L
We have to find the largest ¢ such that
Z ifA+B8)i—-28(1—a)(i—1-06)]B;(1) wh <1
- (1+20(1 — a) + 6) e
By Cauchy-Schwarz inequality, we have
o il + BY)i— 281 — @) (i — 1 — 6)]B,(A)
Z (1+286(1—a) + By) Vabi
<1. (6.1)
We want only to show that
i[A+B8)i—-2(0—a)(i—1-0)]B;A) wb
(1+2B9(1 —a) + B6S) i
< fA+pn)i-21-a)(i—-1- 9)]Bi(/1)m’

- 1+2B0(1 —a) + By)
This inequality is equivalent to

i=2

[A+py)i—-20—a)(i—-1-06)](1+2B80(1 — a) + B6)

From (6.1), we get

[A+B8)i—-20—-a)(i—1-0)](1+2B6(1 —a)+ By

) -(62)

(1+2B86(1 —a) + By)

Ve S A 280 — G — 1 - OB

Therefore, in view of (6.2) and (6.3) it is enough to show that
(1+286(1 —a) + By)
(A +py)i-2p(1-a)(i—-1-6)]B;(D

< [(A+B8y)i—-280—-a)(i—-1-6)](1+2B6(1 —a) + BS)

T[A+B8i-20-a)i—-1-0)](1+2B6(1 —a) +By)

and

(6.3)

§<((1+280(1—a)+By)?i—28(1 —a)(i—1-6)]

—i[(1 + py)i
-2 -a)(i—1-60)]*B,(D[1
+2B6(1 —a)])
/(Bi([(1 + By)i
- 281 -a)(i—1-0)°B,(D)
—(1+286(1 —a) + By)?)).

This complete the proof.

Theorem (9):Let the function f and g € S(8,a, B,v,4).Then
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T =z— Z(al? +b2)7!

belong to the class S(8, a, B, 81;:/12),where
§=(2[i-28(0—a)(i—-1-0)][1+2B6(1 — a) + By]?
—i[1
+240(1 — )][(1 + py)i
—2p(1 - a)(i -1~ 60)*B,(D)
/Bil(1 + By)i
—-2B(1 —a)(i—1-6)]*B;()
—2Bi[1+ 2B6(1 — @) + By]?).
Proof: Since f and g € S(8, a, B,v, A)s0 by Theorem (1),
yields

i [i[u +BY)i — 2B8(1 — @) (i — 1 — 6)]B;(2)
i=2

i
[\S}

(1+280(1—a) + By) 4
and
i [i[(l +i= 260 - )= 1-0)B@ ]
o (1+2B86(1 —a) + By) ‘|
we obtain from the last two inequalities
i L[il( + )i =260 = )G = 1= OIBA
L 2 (1+2B6(1 —a)+ By) '
+bH) <1, (64)
but T(z) € S(6,a, B, 5, )if and only if

(o]

i[A+B8)i—-28(1—-a)(i—1-06)]B;(1)
Z (1+280(1 — a) + B5) (af +b7)
<1, (6.5)
where0 < § < 1, however (6.4) implies (6.5) if
i[A+B8)i—28(1—a)(i—1-0)]B;A)
(1+2B6(1 —a) + B6)
_L[HA + i - 2801 — )i — 1 - 0)IB,A)]’
—E[ (1+266(1 — a) + fy) '
Simplifying, we get
§>(2[i—-2pQ—a)(i—1—-O)][1+2B0(1 - )+ py]?
—i[1
+2B6(1 — a)][(1 + By)i
—-28(1-a)(i—1-6)]°B,(D))
/(Bil(1 + By)i
- 21 -a)(i—1-0)°B;,(1)
—2Bi[1 +2B6(1 — ) + By]?).
This complete the proof.

i=2

7. Convolution Operator

Definition (2) [1,3]: The Gaussian hypergeometric function
denoted by
(@i (b); 7
ZFl(a’b: C’Z) - - (C)l' l_' I|Z| < 1:
wherec > b > 0,c > a + band
()
{x(x +Dx+2)..(x+n—-1)

forn=123,..

1 n=0 '
Definition (3) [2]: For every f € S(0, a, B, v, A)we defined the
convolution operator W, , .(f) (z)as below:

(@) (b),; 7
Wore(N@ = 2Fi(@bic) s f)=2- ) ==
i=2 Lo
where  ,F;(a, b;c;z) is Gaussian hypergeometric function

(see [1] and [3])introduced in definition (2).

Theorem (10):Let fis given by (1.2) be in the
classS(6, a, B,y,A).Then the convolution
operator W, , .(f)(z)is in the classS(6,a,pB,y, for|z| <
r(y, §),where

r(y,8)

S[(A+py)i—2(1—a)(i—1-6)]
(a);(b);
(e);i!

_inf
Lyl +B8)i—280 - )i —1-0)]
The result is sharp for the function
(1+2B6(1—a) + By) -
filz) =z '

T+ pi- 260 -G -1- 0B
> 2.
Proof: Since f € S(6, a, B, v, A),we have
Z i[A+py)i—-28(1-a)(i—1-06)]B;(D) 0 <1
£ (1+2B6(1 —a) + By) T
It is sufficient to show that
2, i[(1+ B8)i = 28(1 — )i — 1 — O)]B, (D) L2
; (1+280(1 — a) + B5) %
<1 (7.1
Note that (7.1) is satisfied if
(1 +p8)i~2p(1— @)~ 1= OB G
(1+2B6(1—a) + B5) ailzl
< i1+ py)i—-2(0 —a)(i—1-06)]B;(1)

= (1+286(1—a) + By) i
Solving for|z|we get the result.
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