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Abstract: In this paper, we study an application of the fractional calculus techniques for the subclass of Spiral-Like functions
Rs(B,a,y). Distortion theorems for the fractional derivative and fractional integration are obtained. Also we get some geometric

properties, like, extreme points, radii of starlikeness, convexity and close-to-convexity, closure theorems and partial sum.
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1. Introduction

Let R denote the class of functions of the form:

0

f(2)=2— Z a, 7", (a,>0,neN=1{123 .}, (1)

n=2
which are analytic and univalent in the unit disk U =
{z € C:|z| < 1}. For B real, |B] < % a function f in the
form (1) is said to be in R(f3), the class of f — spiral — Like

function if
i (z))

Re(e [0 >0,zeU. (2)
For f = 0,R(0) = R is the well-known class of functions
starlike with respect to the origin, for g # 0, it is know that
R(pB) is not contained in R. In fact the class R(B) was
introduced and shown to be a subfamily of R by Spacek [7].
Later, Zomorski [9] obtained sharp coefficient bounds for
the class. Recently Several authors studied Spiral-Like
function for different classes, like, Atshan [1].

Definition (1)[8]:The fractional integral of order & (6 > 0),
is defined by
I {(3)

Dz_af(z) = F(5) 0 (Z _ t)l—5 dt' (3)

where f is an analytic function in a simply — connected
region of the z —plane containing the origin, and the
multiplicity of (z — )~ is removed by requiring log(z — t)
to be real, when Re(z — t) > 0.

Definition (2)[8]:The fractional derivative of order §(0 <
d<17is defined by
D¥f(z) = ! IO dt (4)
TTA-8) )y -8
where f(z) is as in Definition (1) and the multiplicity of
(z — t)7% is removed like Definition (1).

Definition (3) [8]: [Under the condition of Definition 2] the
fractional derivative of order n+46,(n=0,12,..) is
defined by

o0

- Z n(n — 1a, z"

n=2

dn
DI f (@) = = DIf (2.
From Definition (1) and Definition (2) by applying a simple

calculation, we get

1 'n+1)
A PR M RS L
1 - 'n+1)

ORI Yo S Yo ) R

Zn+6' (5)
Zn+5, (6)

Definition (4): We introduce a new subclass of R(B) as
functions in the form (1) that satisfy the inequality:

2f'(z)
f'(z)
- - <1, forz € U,
'@ L 4 — yeiB 2f ')
Za[f,(z) + (1 —-yp)e cosﬂ] + @

where 0<y<1,0<y<1]B|< % We denote for our
class by Rs (B, a,y).

2. Main Results

In the following theorem, we obtain the coefficient inequality
for the class R5 (B, a, y).
Theorem (1): Let f(z) € R(B). Then f(z) is in the class
Rs(B,a,y) ifand only if

Z n[(n— DA+ ) + a(1 —y)|e? cosp|]a,

=2
<a(l-y)|e#cosp|, (7)
where0 <y <1,0<y < 1,|B| <§.
The result (7) is sharp for the function f(z) given by:

f@
=z
a(l—1y)|e® cosp| .,

n[(n—1DA + a) + a(l —y)|e? cosp|] z

Proof:Let (7) holds true and|z| = 1, we have

|zf"(@)| = |2a|zf"(2) + 1 = v)e B cospf (2)]| + zf "(2)|

®)

o0

2a(1 —y)e ¥ cospz — Z n[(n— 1A + 2a) + 2a(1 —y)e#cospla,z"

n=2
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o0 o0

< Z n(n - Da, —2a(1 —y)|e # cosp| + Z n[(n— 1D + 2a) + 2a(1 — y)e ¥ cospla,

n=2 n=2
0

= Z n[(n— DA+ a) + a(1 —y)|e# cosp||a, — a(1 —y)|e® cosp| < 0,

n=2
by hypothesis. Thus by Maximum modules theorem f € Rs (B, a, y).
Conversely, assume that

zf'(@)
f'@
' @D (4 — i , 2f ()
Za[f,(z) + (1 —y)e #Bcospf (z)] + @
zf"(2)

2alzf"(z) + A —y)e #cospf (2)] + zf "(2)
— Lin=2 n(n - 1)an zn

2a(1 —y)e B cosp — Yr_,n[(n — D1 + 2a) + 2a(1 — y)e~# cosBla,z" 1

Since Re(z) < |z| for all z, we have

<1

R Yrpn(n — Da, 2"
¢ 2a(1 —y)e Bcosp — Y2 ,n[(n— 1)1 + 2a) + 2a(1 — y)e #cosBla,z" 1
we can choose value of z on the real axis so that f(z) is real. Let z —» 17, through real values, so we write (9) as

>< 1, (9

- . S T(n+ D2 + 6)
_ _ ip -6 n—~6 - 5 n
Z;n[(n DA+a)+a(l y)|e cosﬁ”an Ir2+8)z°D;°f(z) =z Z; Tn+t1+0) a,z
<a(l-y)|e#cosp|.m © )
Corollary (1): Let f(z) € Rs(B8,a,y). Then =z- z 6(n) a,z". (14)
- ip n=2
a, < a - plePcosp| . nx>2 where
n[(n =1+ a) + a(l —y)le# cosp|] C(n+ D2 + 6)
Theorem (2): Let f(z) € Rs(B,a,y). Then o(n) = Frn+1+9)
) |Dz_6f(z)| We know that 8(n) is a decreasing function of n and
2
< 7z 5+1 [1 — )
rz+o) 0<6(m) <) =57
a(l - y)|eiﬁ Cosm | I] Using (13) and (14), we have
: zl|, (10) w
— ip
ozt Ot ald =pleteossl] Ir@ + 82D f()| < Iz + 612l ) a,
ID;3F(2)] "
— iB
> |75+ [1 <zl + a(l ]/)|e cosﬁ| )
I'2+96) . < Izl 2+ 6)[1 + a(l +(1 - y))leiﬁcosﬂl] 1zl
~ a(l—1y)|e# cosp| IZl] an which gives (10), we also have
Q+0[1+a@—yp)|ebcosp|] | >
The inequalities in (10) and (11) are attained for the function  |[T'(2 + 8)z7°D;° f(2)| = |z| — 6(2)|z|? Z a,
f(2) given by: n=2
f(2) .
=z > |z| - a1~ pe?cost] |z
B a(l—y)|e* cosp| 2 12) - Q+®)[1+a(l+@—p)lePcospl]
2[1+a(l+ @ —p)lebcospl] which gives (11).m
Proof: by using Theorem (1), we have Theorem(3):Let f(z) € Rs(B,a,y). Then
Z‘O: |D2f(z)|
a 1
n 1-6
I = cftea [
= atpk COSﬁi;J ’ a3 a1 = y)|e? cosf| lz[|, (15)
2[1+a(1+ 1 —p))le"cospl] @-o)1+a(l—plebeospll |
by Definition (3), we have and
I'n+1)
-5 _ 146 _ n+s
D;°f(2) rz+0)” L T+ 14 5) a,z"*9,
and
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) V4
[D26C2)] @) = [ s
0

1-6 .
= r2-:9) 121 [1 the result is true.

a(l - y)|eiﬁ cos[?| ] ii) By Definition (2) and Theorem (2) for § = 0, we have
- e z||. (16 d (*
@51 +a(—iercospl] -] 10 Do) = [ f@dt =1,
The inequalities in (15) and (16) are attained for the function . 0
f(2) given by (12). the result is true.m
Proof: From Definition (3), we have Corollary (3): D;9f(z) and D? f(z) are included in the disk
1 ' I+ 1) with center at origin and radii
DA =t T LTmri— ™ == |1
2-9 Srm+1-9) 2 +0)
and . a(1—7y)|e® cosp| ] [1
te - bire =2~ Y TR D L TG R +al kel ol T D
& I(n+1-9) a(l—y)|e® cosp| ]
@2=-8[1+al@—yp)|ebcospll]
=Z- Z 6(n) ayz" In the following theorem, we obtain the extreme

points of the class Rs (B, a, y).

where ®(n) = % for n = 2, ®(n) is a decreasing  Theorem 4): Let

of n, then - - a(1-y)le? cosp| n
2 h @) Z,fn(Z) n[(n-1)A+a)+a(1-y)|ef cosp ] z",(n 2
o(n) <02 = s 2,(19) where nel, 0<y<1, 0<p<1, f<z2. Then the function
Also by usmg Theorem (1), we have f € Rs(B,a,y) if and only if it can be expressed in the form:
a(l—y)|e®cosp|
Z = 2[1+a(1+ 1 —-y))le#cospl]’
n= = 20
s @) = Z AG) (20)
Y 2 WhereMnZO Zn 1Mn_10r1_l"1+2n 2 Hn-
P2 - 8)2°D2f(2)]| < Iz] - 6(2)z] Z n Proof: Let f(z) can be expressed as in (20). Then
n=2 o 0
. F@) =) mh@ = i)+ ) fi(@)
<o - a(1—y)|e# cosp| 2P — o ~
B Q-8[1+a(l+@-p))le®cospl] . = |z
Then N Z < a(l—1y)|e* cosp|
1 Hn
5 1-6 nln—1DA+a)+a(l —y)|efcosp|]
D2 f(2)| < ra—a" [1 =

a’(l—y)|eiﬁcosﬁ| |Z|] =z<u1 +Z,un>
- 7 =

2 =81+ a(l —y)|e#cosp| . _on=
and by the same way, we obtain Z a(l—7y)|e# cosp]

n

|DS£(2))| Ll — D +a) + a(l - lePeospl]
1 = o .
> |zt [1 _ a(l —y)|e# cosp| .
CaL) . _Z+Zn[(n— D@ +a)+a(1—y)|eiﬁcosﬁ|]'unz
B a(l —y)|e* cosp| 2l m =) .
2-8)[1+a@—yplebcospl] '] =Z—Zhnz
Corollary (2): For every f(z) € Rs(B,a,y), we have ~
E _a(l- Ve cosp| where
2 3[1+ a(1 —y)|e cosp|] 21 B a(l—y)|elﬁcos,8|
f FOdt| < |z |2[ This n n[(n—1)(1+a)+a(1—y)|elﬁcos,8|]
a1 = p)e? cospl ] - 1DA + @) +a( —y)|e” cosp|
3[1+ a(1 —y)|e? cosp|] I}, A7) Zhn a(l —y)le® cosp|
B i _ - a(l—7y)|e® cosp|
1 [1 ___al-pleleosp] |z|] < 1f @)  nl(n— D + @) + al — piePcospl] "
2[1 + a(1 —y)|efcosp|] = i8
3 ) a(l—y)|eiﬁcosﬁ| s >(n[(n—l)(1+or)+or'(1—y)|e cosﬁ”
= Izl [ + 2[1+ a1 —vy)le# cospl] lZl] (18) a(1=y)le? cosp]
Proof: i) By Definition (1) and Theorem (2) for § = 1, we
have
Volume 4 Issue 5, May 2015
Paper ID: SUB153569 WWWIIST.NEL 2426

Licensed Under Creative Commons Attribution CC BY




International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438

[’e]

|z|
= a=1- . L
nz:zﬂ H - n(1—8[(n—-1DA+a)+a(l —y)|ePcosp|[\"*
<1. - (n—=8)a(l —y)|e#cosp| '
Therefore, we have f € Rs(S,a,y). Setting |z| = (B8, a,v, 8), we get the desired result. m
Conversely, suppose that f € Rs(f, a,y). Then by (7), we  Theorem (6): If f € Rs(B,a,y), then f is convex of order
have ' 6 (0 <6 < 1)inthedisk |z| < (B, a,y,5), where
a(l _y)|elﬁcosﬁ| (Tl > 2) Tz(ﬂ; a,y, 5) "
wenm_ayngegtn DA @@= plefeosfil = inf, {(1 —-On[(n— DA +a)+al —y)|e? cosﬁ”}m
=1 -
! ) n _ _ ip ’
n[(n— 1)1+ a) + a1 —y)|e® cosp|] L2 =2 @b n(n —8)a(l —y)le’ cosp|
:un = i ’ nz= - =
(1 =y)le cosp| The result is sharp with extremal function f given by (22).
and w Proof: It is sufficient to show that
_ zf"(2)
“1‘1_2“”' <1-6, (0<b6<1)
n=2 f'@)
Then for |z| < (B, a,v,8). We have
zf' (@] |Zr—2n(n—1Da, 2"
f@)=z+ Z a,z", f@| | 1+X,na,z7 1
N * ,nn—1a, |z|"*
-
_ _ ip ]“"Z . “n=2 na, |z .
Linl(n=1DA +a) +a(l —y)le? cospl The last expression above is bounded by (1 — &) if
= = S n(n — 8)a, |z* !
Zun (2= fu) = (1—Zun>z+zunfn(z> DT
= n=2 n=2
<1 (25)
=zp + Z Un fo(2) = z bn fn(2). m Hence, by Theorem (1), (25) will be true if
n(n —8) n[(n— DA+ a) + a(l —y)|e# cosp|]

In the following theorems we obtam radii of starlikness, |z|"t <

convexity and close-to-convexity of the class Rs(B, a, 7).
Theorem (5): If f € R5(B, a,y), then f is starlike of order
6 (0 <6 < 1)inthedisk |z] < (B, a,y,8), where 1
n(B,a,v,8) - 1 -8n[(n— 1A +a)+al —y)|ePcosp|]\**
( nn—8a(l —y)le® cosp| ) '
3etting |z| = (B, a, v, &), we get the desired result. m
Theorem (7): If f € R5(B, a,y), then f is close-to-convex of

1-9)
or equivalently,

= a(l—y)|e® cosp| ’

|z]

(=& 1) +a) +a(l - e cosp]])TT
= inf, { (n—8)a(l —y)|e®# cosp| }

>2. (21 : X
The regult)is sharp with extremal function f given by order § (0 < & <1) inthe disk |z| <73(8,a,y,6), where s
f(2) r3(B, a, Y’L)
=z ] (1—6)[(n— DA+ a)+a(l —y)|eiﬁcosﬁ|] n-1
a(l—y)|e# cosp| o 22) = infy { a(1—1y)|e®cosp| } o
nfn—-1DA+a)+a(l- y)lelﬂCOSﬂH > 2. (26)
Proof: Itis suffluent to show that The result is sharp with extremal function f given by (22)
zf (2) 1leqzs 0<65<1) Proof: It is sufficient to show that
(@) = ’ = If@-1<1-6, (0<é6<1)

for |z| < 1,(B, a,v,8). We have for |z| <r3(B,a,y,8). We have

0

zf'(2) N @D -f@|  |Ziea(n -1z , - 1
o 1‘— D =Ty a If'(2)—1| = Znanz SZnan |z|* L.
o n— n=2 n=2
Y-z @n(n—1) |z The last expression above is bounded by (1 — &) if
Tol-Xranlzt — na, |z|"
The last expression above is bounded by (1 —0)if ﬁ <1 (27)

— n—1
Z - (?f (gljl Hence, by Theorem (1), (27) will be trug if
|z~ n[(n -DA+a)+a(l- y)|eiﬁcosﬁ|]

n
<1l (23) a—5"? = — iB ’
Hence, by Theorem (1), (23) will be true if oE equi(f/)alently @1 =y)let cosp]

n-6 <n[(n— DA+ a) +a(l —y)|e® cosp|] p 1
a—-0) |z|" ™ < 2 =)l cosp] ) 2] < ((1—5)[(11— 1)(1+a)-|‘-a(1—y)|e cos,b’|]>"‘1
or equivalently a(l —y)le# cosp|

Setting |z| = r3(B, @, y, &), we get the desired result. m
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In the following Theorem, we prove the class R5(8, a,y) is
closed under linear combination.
Theorem (8): Let the function f; (z) € Rs(8, a,y) defined

by
[@=z—) a,;z", (a,; 20,j=123,..,10).
Then the function h(z) defined by
l
h@ =) 6 £ @),

j=1
is in the class R; (8, a,y), where ¥j_, g = 1, ¢ = 0.
Proof: By definition of h(z) , we have

l ®© l
— — . . n
(Yol 2 Yoo
j=1 n=2|j=1

Further, since f;(z) are in the class Rs(B,a,y) for every
j=123,..,1
Hence, we can see that

® l
Z(n[(n - DA +a)+ a1l —y)|e#cospl|]) lz G Q)
=

h(z)

(28)

n=2

! ©
= Z G [z n[(n—DA+a) +a(l—y)|e* cosﬁ”an_j]
=1

J

!
< a(l-y)|e* cosp| Z ¢ =a(l—y)|e#cosp|.m
=1

n=2

J
Let f € R be a function of the form (1). Motivated by
Silverman [3] and Silvia [5], see also [4], [6], we define the
partial sums f,, defined by

fm(2) = Z—Z a,z", (m€N).

n=2
Theorem (9): Let f € R be given by (1) and define the
partial sums f;(z) and f,, (z) as follows:f; (z) = z and
m

(29)

fm(@)=2z— ) a,z", (m>2). (30)
Also suppose that
Z d,a,
n=2
<1, (dn
_n[(n—l)(1+a)+a(1—y)|eiﬁcosﬁ|]> 31
- a(1 = p)le? cosp] - @D
Then, we have

f(2) 1
Re {dm(z)} >1-— T (32)

and

fm (Z) dm+1
Re{f(Z) } " T+ dpns (33)

Each of the bounds in (32) and (33) is the best possible for
mEeEN.

Proof: For the coefficientsd,, given by (31), it is not
difficult to verify that

d,y1 >d, >1 ,n=2,3... Therefore, we have

m 0 0
Zan+dm Z anSZdnan
n=2

n=2 n=m+1

<1 (34)
By setting
f(2) ( 1 )]
z)=d, —(1——
9@ =dlry 17,
=1
dm Zralozm+1 anzn_1
1-Y",a,z0 1’ (35)
and applying (34), we find that
-1 d, D
g1(Z) | < mmZn =m+1 a1; < 1, (Z
gl(z) +1 2—2 Zn:Z a, — dm Zn=m+1 a,
el)
which readily yields the left assertion (32). If we take
Zm
f@=z--—, (36)
then
f@ . " 1 )
@ ' Td, T,
Similarly, if we take
_ fu@  dn

and making use of (34), we deduce that

92 (Z) - 1‘ (1 + dm+1)2?=m+1 an

9@+ 1 7 2-2 0 a, + (1 —dp) XYt @n
<1, (37)

which leads us to the assertion (33). The bound in (33) is

sharp for each m € & with the function given by (36).

References

[1]W. G. Atshan, Fractional calculus on a subclass of spiral-
like functions defined by Komatu operator, Int. Math.
Forum, 3(32) (2008), 1587-1594.

[2]M. S. Robertson, Radii of starlikeness and close-to-
convexity, Proc. Amer. Math. Soc. , 16(1965), 847-852
[3] H. Silverman, Integral means for univalent functions with
negative Coefficients, Houston Math. ,23(1) (1997), 169-

174,

[4]H. Silverman, Partial sums of starlike and convex
functions, J. Math. Anal. Appl. ,209(1997), No. 1, 117-
221.

[5] E. N. Silvia, On partial sums of convex functions of order-
a, Houston J. Math. , 11(1985), No. 3, 397-404.

[6]S. Sivaprasadkumar, V. Ravichandran and G.
Murugusundaramoorthy, Classes of meromorphic p-valent
parabolic starlike functions with positive coefficients,
Aust. J. Math. Anal. Appl. ,2(2005), No. 2, Art. 3, 9
pages.

[71L. Spacek, Contribution a la theoric des functions
univalentes, Casopis Pest. Math. ,62 (1932), 12-19.

[8]H. M. Srivastava and S. Owa (Eds), Current Topics in
Analytic Function Theory , World Scientific Publishing
Company, Singapore, 1992.

[9]J. Zamorski, About the extremalsprialschicht functions,
Ann. Polon. Math. , 9(1962), 265-273.

Volume 4 Issue 5, May 2015
WWWw.ijsr.net

Paper ID: SUB153569

Licensed Under Creative Commons Attribution CC BY

2428






