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Abstract: In this paper we prove some extension of the Enestrém-Kakeya theorem says that. Let P(2)= Y1, a;z'be a polynomial of

degree nsuch that 0 <ay <a; < a; <

S, ..., < a, then all the zeros of P(z) lie in |z|<1. By relaxing the hypothesis of this result in

several ways and obtain zero-free regions for polynomials with restricted coefficients and there by present some interesting

generalizations and extensions of the Enestrom-Kakeya Theorem.
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1. Introduction

The well known Results Enestrom-Kakeya theorem [1, 2] in
theory of the distribution of zeros of polynomials is the
following.

Theorem (4,). LetP(2)=X1, a;z'be a polynomial of degree
nsuch that 0 <ay <a; < a, <, ..., < a, then allthe zeros
of P(z2) lie in |z|<1.

Applying the above result to the polynomial z"P(i) we get
the following result:

Theorem (4,).If P(z) =X, a;z' be a polynomial of degree
n such that

0<a, <a,_1 < a,_, < - < aythen P(z) does not vanish
inz|<1

In the literature [3-10], there exist several extensions and
generalizations of the Enestrom-Kakeya Theorem.

In this paper we give generalizations of the above mentioned
results. In fact we prove the following results:

Theorem 1. Let P(z) =Y, a;z' be a polynomial of degree
n = 2 and 0< m < n with real
coefficients such that

Ay Z2 a1 <A 2035 A 2 2 AQpem—1 < Qe
. ZAnmi1 2 2 App 2 Ap1 = Ay
if both n and (n-m) are even or odd
(OR)

Qy 241 S0 203 <S03 2 S Apop—1 = Ao
] ) > a_n—m+1 > '2 a-n_z > an_1 > a, )
if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

then (i) all the zeros of P(z) does not vanish in the disk
laol

i ap+ |an |—an +51

if both n and (n-m) are even or odd

lz| <

where Sl = 2[ (az + a, + .-+ Ay _m—2 + an_m) -
(al taz+-+ app3t an—m—l) ]

(ii) ) all the zeros of P(z) does not vanish in the disk

lagl
2] < °
ap+ lan|-an+S2

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where S, =2[(ay+ay++ a3 +an_m1)—
(a; + az + -+ Appg t an—m—z) ]

Corollary 1.Let P(z) =X, a;z" be a polynomial of degree
n =2 and 0<m < n with positive real coefficients such
that

Qy 241 S A 203 <Ay 2 2 Ape—1 < Ao
. Z0pomi1 2 2 App 2 Ap—g 2 Ay
if both n and (n-m) are even or odd
(OR)

Ay Z2 a1 <A, 20350 2 < AQuopm—1 = Qe
) ) = a_n—m+1 = Z arl_z =0ap_q = 0y )
if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

then (i) all the zeros of P(z) does not vanish in the disk

|z] <
ag+S1

if both n and (n-m) are even or odd

where Si=2[(ay+as++ ap_po+a,_n)—
(al taz+-+ app3t an—m—l) ]

(if) ) all the zeros of P(z) does not vanish in the disk

lz| < _%0
ap+Sz
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if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where S, =2[(ay+ay+ -+ a3+ ay_mq) —
(al taz+-+ aGppgt an—m—Z) ]

Remark 1. By taking a; > 0 for i = 0,1,2, ..., n,in theorem
1, then it reduces to Corollary 1.

Theorem 2. Let P(z) =Y ,a;z' be a polynomial of degree
n = 2 and 0< m < n with real
coefficients such that

Qy S 2003204 << 0u_m_1=Au_m
) > Ay —m+1 = e > a,_» > a,_1 > a,
if both n and (n-m) are even or odd
(OR)

ag < a; > a, < as = a, < e 2> Ap—m—1 < Ap—m
] ) > a_n—m+1 > 2 aZl_z > an_1 => a, .
if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

then (i) all the zeros of P(z) does not vanish in the disk
lag|
|lz] <

lapl—an—ao+T1
if both n and (n-m) are even or odd

where T1 = 2[ (a1 +az++ a3+ an—m—l) -
(aZ tagt+ uopog t an—m—Z) ]

(ii) ) all the zeros of P(z) does not vanish in the disk

2] < et
lan|—an—ag+T2

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where T,=2[(a; +az++ a,_po+a,_) —
(aZ tag++ a3t an—m—l) ]

Corollary 2.Let P(z) =X, a;z" be a polynomial of degree
n =2 and 0< m < n with positive real coefficients such
that

ag < aq > a; < as > ay <. < Ap—m—1 > An_m
. 201220y 2 0y_q 2 Ay
if both n and (n-m) are even or odd
(OR)

Ay S22, 03204 <2 0pem-1 < Qe
) ) = Ap—m+1 = ---_2 an—2 =a,_1 = a, _
if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

then (i) all the zeros of P(z) does not vanish in the disk
|z] <=

T1—ap

if both n and (n-m) are even or odd

where T1 = 2[ (a1 +az+---+ a3+ an—m—l) -
(az+as++ Grmatayma)l

(it) ) all the zeros of P(z) does not vanish in the disk

l|z| < _a0
Ty—ap

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where T,=2[(a;+az+ + ay_mo+ a_p) —
(aZ tast+-+ a3t an—m—l) ]

Remark 2. By taking a; > 0 fori = 0,1,2, ..., n. in theorem
2, then it reduces to Corollary 4.

Theorem 3. Let LetP(z) =Y" ,a;z° be a polynomial of
degree n > 2 and 0< m < n with real
coefficients such that

Ay Z2 a1 <A 2035 A 2 20y S Qi
. SApi1 S S0 S Ay S Ay
if both n and (n-m) are even or odd
(OR)

ag = a < a, > as < ay > < Ap—m—1 > Ap—m
] . < a.n_m+1 < "'.S a-n_z <a,_1<a, ]
if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

then (i) all the zeros of P(z) does not vanish in the disk
lao|

ag+ |lan |+an+Uq

if both n and (n-m) are even or odd

lz| <

where Ul = 2[ (a2 +a,+-+ ap_pmg t+ an—m—Z) -
(al taz+-+ app3t an—m—l) ]

(ii) ) all the zeros of P(z) does not vanish in the disk

lao|
2] < ———"— 7
ap+ |an |+an+U;

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where Uy=2[(ay+as+ -+ a3+ ay_m_1) —
(a; + az + -+ Appg t an—m) ]

Corollary 3.Let LetP(z) =Y",a;z' be a polynomial of
degree n > 2 and 0< m < n with positive realcoefficients
such that

ag > aq < a; > as < ay = > Ap—_m—1 < Ayn_m
. SO 1SS0 250,150y
if both n and (n-m) are even or odd
(OR)

Ay Z2 a1 <A, 20350 2 < Auom—1 = Qe
) ) < a_n—m+1 < S arl_z <a,-1 < a, )
if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

then (i) all the zeros of P(z) does not vanish in the disk

lz| < %%
ag+2a,+Uq

if both n and (n-m) are even or odd
where U=2[(a;+as+ -+ ap_ms+aypmz) —
(al taz+-+ app3t an—m—l) ]

(ii) ) all the zeros of P(z) does not vanish in the disk

|z| < %
ag+2a,+Up
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if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where Upy=2[(ay+as+ -+ ap_pm3+a_m_1) —
(al taz+- -+ Appgt an—m) ]

Remark 3. By taking a; > 0 fori =0,1,2, ...,n in theorem
3, then it reduces to Corollary 3.

Theorem 4.Let P(z) =Y ,a;z' be a polynomial of degree
n = 2 and 0< m < n with real
coefficients such that

Qy S 2003204 << 0u_m_1=0n_m
. < An—m+1 << an-2 < an—1 < an
if both n and (n-m) are even or odd
(OR)

ag < a; > a, < as = a, <o 2> Ap—m—1 < Ap—m
] ) < a_n—m+1 < S aZl_z < an_1 < a, .
if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

then (i) all the zeros of P(z) does not vanish in the disk

lag|
lz| <
lap |[+an—ag+V1

if both n and (n-m) are even or odd
where V1 = 2[ (a1 +az3+--+ ap_pm_3+ an_m_l) -
(aZ tag++ appmot an—m) ]

(ii) ) all the zeros of P(z) does not vanish in the disk

||Z| < |a0|
lap|+an—ag+V;

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where V,=2[(a;+az+ 4+ ay_m_s +Ar_m_2) —
(aZ tag++ a3t an—m—l) ]

Corollary 4.Let P(z) =X, a;z" be a polynomial of degree
n =2 and 0< m < n with positive real coefficients such
that

Qy S A 20, S 03203 < < Ayopm—1 = Apem
. SOom1 S S0 S0y S Ay
if both n and (n-m) are even or odd
(OR)

Ay S22, 03204 <2 0pem-1 < Qe
) ) < Ap—m+1 < ---_S an—2 <a,-1<a, _
if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

then (i) all the zeros of P(z) does not vanish in the disk

lz| < %
2ap—ag+Vq

if both n and (n-m) are even or odd
where Vi=2[(a; +az+ -+ ay_mz+ay_m-1) —
(aZ ta,++ a2t an—m) ]

(it) ) all the zeros of P(z) does not vanish in the disk

l|z| < __ %
2ap—ag+Vp

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where Vo =2[(a; +ag+ -+ an_pms +ay_m—3) —
(aZ ta+-+ a3t an—m—l) ]

Remark 4.By taking a; > 0 fori =0,1,2, ...,n, in theorem
4, then it reduces to Corollary 4.

2. Proofs of the Theorems
Proof of the Theorem 1.

Let P@)= a,z"+a,_1z" '+-+a;z+a, be a
polynomial of degree n

Let us consider the polynomial J(z) = z"P(%)
and R(z) = (z—1)j(z)so that

Rz)=(z-1(ayz" +a;z" 1+ +a,_1z" ™1 +
amzn—m + am+1zn—m—l + -+ an_lz + an)

=apz" —{(ag —a))z" + (a1 —a)z" '+ + (Ap-g —
am)zn—m+1 + (am — am+1)Zn_m +ot (@ —ap)z +

a}

Also if |z| > 1then—=< fori=10,12,..,n—1.

1
|z|1l—l

Now IR(2)| = |ao|lz|"** - { lao = ay[lz[" +]as =

al|z" 7+ et Aoy — a2+ g, -

U1 2] 4 F a1 = an|2] + a, | }

1 lai—az| | laz—as|
lagl |z| |z|2
laz—a4| lam—1—am| lam —am +1l lan—3—an—2|
—+...+ + +...+—+

2 |agllz|"[lz] —-—{lao — a;] + +

|z|3 |z 1 |z|™ |z[n—3
lan—2—an—1| lan—1—an| |a_n|}]
22 T e
1
= |ag|z|" [lz| —W{lao—a1|+|a1—a2|+ la; —

azl+laz —ag| + -+ [am_1 — anl+|an — apia| + -+
|an—3 - an—Zl + |an—2 - an—1|+|an—1 - anl + | anl }]

1
= |ag|lz|"[ |z| _Ia_ol{(ao —a))+(a; —ay) +

(az - a3) + et (an—m - an—m—l) + (an—m -
an—m+1+..+ an—3—an—2+ an—2—an—1+
an—1—an+|an| }]

if both n and (n-m) are even or odd

1
= |ag|lz]"[ |zl —m{ao + lay| —ay +513]

0
where Si=2[(ay+as+ -+ ap_pmot+a,_n)—
(al taz+-+ a3t an—m—l)]

1
= R(z) > 0if |z| >m{a0 + |a,| —a, + 5}
0
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This shows that all the zeros of R(z) whose modulus is
greater than 1 lie in the closed disk

|Z| {aO + |an| an + Sl}

But those zeros of R(z) whose modulus is less than or equal
to 1 already lie in the above disk.Therefore, it follows that
all the zeros of R(z) and hence J(z) lie in

|Z| {aO + |an| an + Sl}

Since P(z) = z"J(%) it followed by replacing z by 2 :
all the zeros of P(z) lie in
lao|
apg+ |la,| —a, +S;°

|z| =

if both n and (n-m) are even or odd.

Hence all the zeros P(z) does not vanish in the disk
lao|
ap + |an| —Qn +Sl

lz| <

if both n and (n-m) are even or odd
where 51 = 2[ (az +as+-+ ap_pmt+ an_m) -
(al taz+-+ ap_pm3t an—m—l)]

Similarly we can also prove for if n is even and (n-m) is odd
(or) if nis odd and (n-m) is even degreepolynomials. For
this we can rearrange the terms of the given polynomial and
compute as above. That is all the zerosP(z) does not vanish
in the disk.

ol
ap + |an| —ay +52

|| <

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where S, =2[(ay+ay++ a3+ an_m_1)—
(al taz+ -+ appygt an—m—Z) ]

This completes the proof of the Theorem 1.
Proof of the Theorem 2.

Let P(@)= a,z"+a,_1z" '+-+a;z+a, be a
polynomial of degree n

Let us consider the polynomial J(z) = ané)

and R(z) = (z—1)J(2) so that
R(z)=(z—-1D(apyz" + alzn—1 Fo am_lzn—m+1 +
amzn—m + am+1zn—m—1 + -4 a, 12 + an)

= aOZ"+1 - { (ao - al)Zn + (a1 - az)Zn_l + -+
(am—l - am)zn—m+1 + (am - am+1)Zn_m + -t (an—l -
a,)z+a,}

l<f07’l—012 -1

Alsoif |z| > 1 then =
Now
a||z]" 7+ Ay —
A |2]"7" 4 Ha g —

IR@)| = laollzI"™* = { lag — ay||z|" + |ay —
A 12" + |2y, —
aylz| + |an | }

> Jaollzl"[ 2] = o= {lag — @y | + 22 2l
IaTZ|3a4| 4ot laT |Tln fiml + IamI l|1n11n+1| Tt Ianlzslna;z 2| +
Ianlzzlnf;—ﬂ_l_ IaTZ;tjnl-l_:j_rnl}]

2 |ao|lz]" 14 i |{|ao —ap|+lay —az| + fa; —
azl+|ag —ag|l + -+ |lam_1 — apl+la, — apeq| + o+
|an—3 — anal + lan—2 — ay1l+lan1 — ay| + | anl| ]

1
= |ag|lz|"[ |z _Ia_ol{( a; —ap) +(a; —ay) +

(a3 - aZ) +-+ (an—m—l - an—m) + (an—m -
an—m+1+..+ an—3—an—2+ an—2—an—1+
an—1—an+|an| }

if both n and (n-m) are even or odd

1
= |ao|lz|"[ |z| _m{|an| —a, —ay+Ti}]
0

where T1 = 2[ ((11 +az3+-+ ap_pm_3+ an—m—l) -
(az+as++ Grpmat+an;ma)l

1
= R(z) > 0if |z| > —{la,| — a,

lag |

This shows that all the zeros of R(z) whose modulus is
greater than 1 lie in the closed disk

—ay+ Ty}

1
|Z|—| |{|an| an_a0+Tl}

But those zeros of R(z) whose modulus is less than or equal
to 1 already lie in the above disk. Therefore, it follows that
all the zeros of R(z) and hence J(2) lie in

lz| < P {Ia | = an —ao +T1}

ol
Since P(2) = z"J(%) it followed by replacing z by % ,
all the zeros of P(z) lie in

lao|
B |an|_an_aO+Tl‘

if both n and (n-m) are even or odd.

Hence all the zeros P(z) does not vanish in the disk
lao|

|an|_an_a0+T1

|z| <
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if both n and (n-m) are even or odd
where T1 = 2[ ((11 +az+-+ a3+ an—m—l) -
(aZ tag++ appmg t an—m—Z) ]

Similarly we can also prove for if n is even and (n-m) is odd
(or) if n is odd and (n-m) is even degreepolynomials. For
this we can rearrange the terms of the given polynomial and
compute as above. That is all the zeros P(z) does not vanish
in the disk.

laol
|an| —ap — Qo +T2

|z| <

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where TZ = 2[(a1 +az3+-+ a2+ an_m)— (az +
ad+...+ an—m—3+an—m—1.

This completes the proof of the Theorem 2.

Proof of the Theorem 3.

Let P(@)= a,z"+a,_1z" '+-+a;z+a, be a
polynomial of degree n

Let us consider the polynomial J(z) = z"P(i)

and R(z) = (z—1)J(z) so that

R(Z) = (Z —D(ayz™ + alzn_1 + ot Ay gn—m+l 4

AnZ" ™ + A2Vt a,, 1z+an)

= agz" — { (ap —a))z" + (a; —ay)z" L+ +

(am—l - am)Zn_m+1 + (am - am+1)zn_m + -+ (an—l -
a,)z+a,}

—1.
Now IR(2)| = lagllz|™** = { |ag — ayl|z|* + |a; —

allz|" 7+t @y = @12+ |y, —
am+1||Z|n_m + "'+|an—1 - anllzl + |an| }

> Jaollzl"[ 2] = o= {lag — @y | + 2 4 Pl
% . |aTZ—|;—jm| + Iam| ‘l’;;n+1| ot Ianlz3lna; -2l
et e

> |agllz|" [lz| _m‘“ao ail+la; — az| + |a; —
azl+|az —ay| + -+ |ap_1 — apl+lan — app + -+
lan—3 — an—z| + |an—2 — an_ql+la, 1 — ay| + 1 a,| ]

1
= |aollz|"[ |z —m{( ay—ay) +(a; —ay) +

(az - (13) +-- (an—m - an—m—l) + (an—m+1 -
an—m+...+ an—2—an—3+ an—1—an—2+
an—an—1+|an| }]

if both n and (n-m) are even or odd

1
__{aO + Ianl + an + Ul}]
laol
Where Ul = 2[ (az + a, + -+ Ay _m—4 + an—m—Z) -
(al taz+-+ app3t an—m—l) ]

= laollz|"[ |zl

1
{ap + |a,| + a, + Ui}

=>R(z)>01f|z|>| N

This shows that all the zeros of R(z) whose modulus is
greater than 1 lie in the closed disk

1
a |{a0+ |a,| + a, + U}

2| <

But those zeros of R(z) whose modulus is less than or equal
to 1 already lie in the above disk. Therefore, it follows that
all the zeros of R(z) and hence J(z) lie in

1
|z] < {a0+ |a,| + a, + U}

la
Since P(z) = z”J(%) it followed by replacing z by 3 ,

all the zeros of P(z) lie in
|z| =

laol
ap + |a,| +a, +U;’

if both n and (n-m) are even or odd.

Hence all the zeros P(z) does not vanish in the disk

laol
|z] <
ag + |a,| +a, + Uy

if both n and (n-m) are even or odd
where Uy=2[(a;+as++ ap_ms+ayu_pmz) —
(al taz+-+ app3t an—m—l) ]

Similarly we can also prove for if n is even and (n-m) is odd
(or) if n is odd and (n-m) is even degreepolynomials. For
this we can rearrange the terms of the given polynomial and
compute as above. That is all the zeros P(z) does not vanish
in the disk.

laol

ag+ |la,| +a, +U,

lz| <

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where Uy,=2[(a,+as+ -+ a3+ an_m_1) —
(al taz+ -+ a_pmat an—m) ]

This completes the proof of the Theorem 3.
Proof of the Theorem 4.

Let P@)= a,z"+a,_1z" '+-+a;z+a, be a
polynomial of degree n
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Let us consider the polynomial J(z) = ané)
and R(z) = (z—1)J(z) sothat

R(z)=(z-1(ayz" +a;z" 1+ +a,_z" ™1 +
AnZ" ™+ Q2"+t a2+ ay)

= aozn+1 —_ { (ao - al)Zn + (al - az)Zn_l + -+
(am—l - am)zn—m+1 + (am - am+1)Zn_m + et (an—l -
a,)z+a,}

Also if |z| > 1 then—— < fori=0,12,..,n— 1.

|Z|n—l

Now . IR(2)| = lag||z|"** —{ |1a0 = aq|lz" + |a; —
||z + e g — a2+ ay, —
A |12]" 7™ + - Flan_ — ayllz] + |a,| }

1 lai—az| | laz—as|

= |aollz]*[ |z| = —{lag —a;| + ——=+ +
| | orl [ || |aol{llol 1 ||Z| | e |
asz—as Am—-1—"am aAm —Am+1 aAn-3—an-2

23 + |z[m=1 + |z|™ o |z|n—3 +
lan—2—an-1l lan—1—an| lan|

|Z|n—2 + |Z|n—1 |z|™ }]

1

2 |ag|lz]" [lz] {lap — a1l+lay — az| + laz —

" laol
az|+lag — ag| + -+ |ap_1 — apl+lay — apyp| + -+
|an—3 - an—2| + |an—2 - an—1|+|an—1 - anl + | anl }]

1
|a—0|{(a1 —ap) +(a —az) +
(a3 - az) +t (an—m—l - an—m) + (an—m+1 -
an—m+..+ an—2—an—3+ an—1—an—2+
an—an—1+|an| }]
if both n and (n-m) are even or odd

2 |aollz]"[ |z| -

1
= laollz|"[ 2] —m{|an| +a, —ag +V1}]
0
where V1 = 2[ (a1 +az3+--+ ap_p_3+ an—m—l) -

(aZ tag++ apppt an—m) ]

1
= R(z) > 0if |z| >_|a I{lan|+an —ay+ 1}
0

This shows that all the zeros of R(z) whose modulus is
greater than 1 lie in the closed disk

1
|Z| < m{lanl +a, —ag +V1}

But those zeros of R(z) whose modulus is less than or equal
to 1 already lie in the above disk. Therefore, it follows that
all the zeros of R(z) and hence J(z) lie in

1
|Z| < m{lanl +a, —ag +V1}

since P(z) = 2" it followed by replacing z by -,
all the zeros of P(z) lie in

Iz| = lag|
T a,l+a, —ay+V;’

if both n and (n-m) are even or odd.

Hence all the zeros P(z) does not vanish in the disk
laol
la,| +a, —ay+V;

lz| <

if both n and (n-m) are even or odd
where Vi=2[(a+az3+ -+ aupmsz+an_m_1) —
(aZ tat+-+ aypy ot an—m) ]

Similarly we can also prove for if n is even and (n-m) is odd
(or) if n is odd and (n-m) is even degreepolynomials. For
this we can rearrange the terms of the given polynomial and
compute as above. That is all the zeros P(z) does not vanish
in the disk.

lao |
|an| +a, —a +V2

2| <

if n is even and (n-m) is odd (or) if n is odd and (n-m) is
even

where Vz = 2[ (al ‘+az+-+ a,_pgt an_m_z) -
(aZ tag+-+ a3t an—m—l) ]

This completes the proof of the Theorem 4.
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