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Abstract: This paper presents the high efficiency and low complexity MUItiple Signal Classification (MUSIC) algorithms for accurate
direction of arrival (DOA) estimation. In this work, we proposed modified MUSIC algorithm for high resolution DOA estimation of
coherent source signals under low signal to noise ratio (SNR) scenario using less array elements and snapshots. The subspace based
method requires intensive calculations especially for large arrays to compute singular vector decomposition (SVD) of sample
covariance matrix (SCM). The proposed Nystrém based MUSIC method computes SVD of SCM without computing SCM. This reduces
the computational complexity and makes it more robust. The simulated results are compared with existing algorithms which shows that

the proposed methods are computationally efficient and simple.
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1. Introduction

The Music [1] algorithm for DOA estimation in array signal
processing is popular, efficient and relatively simple method.
It has many variations and is perhaps the most studied
method in its class [2]. But this algorithm deviates from its
performance under low SNR conditions and for small
snapshots. For large arrays and snapshots, subspace based
algorithm like MUSIC require intensive computations for
calculations of sample covariance matrix (SCM) and Eigen
Vector Decomposition (EVD) to evaluate signal subspace
and noise subspace [3]. The complexity of MUSIC needs to
be reduced in order to make it more suitable for practical
applications  like mobile communication, RADAR,
biomedical, satellite etc. Many algorithms and modifications
have been proposed in the literature to reduce the
computational cost and to enhance the DOA resolution.
Cheng Qian et al [3] have proposed improved DOA
estimation using pseudo-noise resampling (PR) for high
resolution estimations for small snapshots. DOA estimation
in an impulsive noise is always a challenging task. Zeng et al
[4] have proposed Ip-MUSIC which replaces the Frobenius
norm of conventional MUSIC by the Ip —norm of the residual
error matrix for DOA estimation. Frequency selective
MUSIC (F-MUSIC) [5] shows increased robustness under
low SNR and colored noise. It uses frequency selective data
model for subspace decomposition.

Application of Nystrom approximations to subspace methods
increases the speed of algorithms by generating low rank
approximations [7]-[10]. In this work we proposed the two
algorithms namely modified MUSIC and Nystrém based
MUSIC methods for increasing the resolution of DOA
estimation and to reduce the computational complexity for
large arrays.

2. Problem Formulation
2.1 System Model

Let us consider system model with uniform linear array
(ULA) consisting of ‘M’ isotropic sensors. Let ‘m’ (m<M) be

the unconstrained signal with frequency f_ impinging on a
ULA. Consider ‘d” as element spacing between array
elements and its value in this work is A/2.
Here A =c/ f, where ‘c’ is the speed of light and f is the

frequency of received signals respectively. Consider Cx1
dimension steering vector for DOA estimation for Azimuth

directions 0(01,02 ,...,Qm) in far fields and Nx1 dimension

array observation vector which can be modeled for K
snapshots as:

x(1) =Bs(l)+n(l) 1=12,..K )

where s(1) =[s,(1),...s,,(1)]" is source vector, here ()"
is the transpose; N(l) € C ™! is the complex noise vector
and it is given by n(l) =[n,(1),n,(1),....n, (1)]" is the
noise vector; B = [b(@l),b(é?z),...,b(em )] is the steering

matrix with steering vector
b(6) = [l, pi2zsin@)d/ 2 eszr(M—l)sin(e)dM]

Let us assume that the noise is white Gaussian with zero
2 R
mean and o, variance.

2.2 Conventional MUSIC algorithm

The SCM of received signal is given by
H
®=EX x," | @)
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Here () is the expectation which can be obtained from K
snapshots as:

) —iixxH—iXXH 3)
k&g K

Here ()H denotes the Hermetain transpose. Since noise and
signal has no correlation, SCM can be written as:

®=Ejxx," =B B" +o71, (@

Where @, = E{SjsjH } is the source matrix.

2.3 Modified MUSIC Algorithm

Conventional MUSIC algorithm deviates from its
performance under low SNR condition especially for large
arrays. Either it makes bad estimation or fails completely to
estimate DOA of required signals. To overcome this problem
we proposed Modified MUSIC method which incorporates
Jordon canonical matrix as follows.

7 =[papz,
Consider the transition matrix T, T of the M" order as:

O 0 — 1
0O 0 — O

T = (5)
1 0 — O

Let, Y = X", Where X" js the complex conjugate of X.
Then we define CDy = E[YYH] =TO X'T

Then the SCM using above relations can be written as:

¥Y=0,0, =[® B"T]*T+201, (6)
The matrices @, CDyand Y provides new subspace for

the construction of spatial spectrum which gives accurate
DOA estimation even under low SNR condition.

2.4 Nystrom Method

Consider Z € C™™ as acquire matrix. Let us decompose Z

as:
7= {le ZlZ:| (7)
ZZl Z22

Here:Z,, eC'*,  Z,, eC™M™ 7, e CMO
and Z,, e CMOMK) consider PAP™ as EVD of Z,,,

where Z € C"* is the matrix of eigenvectors and

A € C* is the matrix of eigen values. The main aim is to
obtain the eigenvectors of column of Z with respect to P.

Now let us define

f) = ZzlAil (8)

and

W=A"P'Z, 9)

Let us extend equation (8) and (9) into matrix 13 and W as
below:

~ P
P =
{ZMPA}

Now we can represent Nystréom form as follows:
A A A P
V =PAW { _1} A [PiATPZ,
Z,PA
= {Z“ 12 } (10) Here (-)* represent pseudo
ZZl ZZlZlJrlZlZ

inverse. We should note that the values Zy;, Z;, and Z,; are
not affected by the Nystrdm method, but at the same time Z,,

is replaced by Z,,Z,,Z .

2.5 Proposed Nystrom based MUSIC Algorithm

The SCM @ = E{Xj X; H } can be written as:

o o
®= [ o 12} (11)
q)lz (D 22
The received matrix ‘S’ can be portioned as [3]:
S, I3
S :{ 1} ) (12)
S

Where S, € C*"" and S, € C“™" are sub matrices of

data obtained from the first u array elements and (M-u) array
elements respectively. Here we should note that u is the user
defined parameter [3] that satisfies ue (1, 2,...M).

Let us define
q)ll = E[SlSlH ] q)12 :E[SlszH ] ,q)zz :E[stzH ]

The main objective of this research is to approximate the
eigenvalues and eigenvectors using low complexity method.

Let us assume that @, is the nonsingular matrix and its

Sll

rank is ‘m’. Consider G :[SH }51_11/2 be the EVD of
12

matrix GG which is PGAGPGH Let

Q = AL’PIP AL? and EVD of Qis PQAQPQH , now the
signal subspace P; € C™" is Py = GPgAS'*P, Hence

from the above equations we can obtain the covariance
estimator of Nystrém based approximation is:

XNce = PSAGPSH
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:|:Sll SlZ :| (13)
Sz S12SuSi,

315)Simulation Results

We developed Modified MUSIC and Nystrém based MUSIC
methods using MATLAB software. Let us assume that the

noise is white Gaussian with zero mean and 0'52 variance.

Root Mean Square Error (RMSE) of all methods is computed
using Monte Carlo simulation. The simulation results
obtained are compared with conventional and other MUSIC
algorithms.

Modified

3.1 Performance MUSIC

Algorithm

Analysis  of

Modified MUSIC algorithm can be used for DOA estimation
of coherent source signals under severe environmental
scenario. Let us consider four coherent source signals with
azimuth angles -20°, 0°, 20° and 40° impinges a ULA of array
elements M=10, array element spacing is d=0.5 A , snapshots
K=100 and SNR=5dB. The simulated result obtained for
conventional and Modified MUSIC algorithms for above
data is shown in figurel and 2 respectively.

Clasical MUSIC for Coherent Source signals

MUSIC spectrum in dB
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DOA angle 6/ in degree

Figure 1: Spectrum of Classical MUSIC for coherent source

signals
Modified MUSIC for DOA Estimation

-40+

MUSIC spectrum in dB
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DOA angle 0/ in degree
Figure 2: Spectrum of Modified MUSIC for coherent source

signals

From figure 1 and 2, it is clear that the conventional MUSIC
can make the good estimation when the signals are
uncorrelated. For coherent sources it loses its effectiveness
and deteriorates from its performance.

3.2 Performance Analysis of Nystrom method based
MUSIC Algorithm

Let us consider two narrowband source signals of true DOA
10° and 20° impinges a ULA of array elements M=20, array
element spacing d=0.54, snapshots K=100 and SNR is
varied from -40dB to 20dB. RMSE is evaluated using Monte
Carlo simulation using trails L=500. The RMSE can be
calculated as:

1 L
RMSE = IZ

m=1

2

0 -0.| @4

Figure 3 and 4 shows RMSE versus SNR for various
algorithms for small and large array cases respectively.

RMSE Versus SNR
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Figure 3: RMSE performance versus SNR for small array

case (M =10, m =2, K=100, SNR = -40: 20)
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Figure 4: RMSE performance versus SNR for large array

case (M =10, m = 2, K =100, SNR = -40: 20)

Angle error performance of various MUSIC algorithms over
SNR varying from -40dB to 20dB in figure 3 and 4 reflects
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that the proposed Modified MUSIC and Nystrdm method
based MUSIC algorithms have almost similar performance as
compared to existing methods.

3.3 Complexity of computation

The conventional MUSIC requires
O(M 3)+ O(I\/I 2K)flops to compute SVD of SCM.
Whereas proposed Nystrom based MUSIC method computes
SVD of SCM without computing SCM. Hence it
requiresO(Mm2 + Mm) flops, provided that m < M.

The complexity of commutation for five mentioned MUSIC
algorithms versus number of array elements is shown in
figure 5. Time complexities of all methods are processed
using intel i3-3110M CPU with 2.40GHz capacity.
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Figure 5: Complexity of computation versus number of array
elements. (M =10, m =2, K =100, SNR = 20 dB,
u=[5,10,15])

From figure 5 we observe that the proposed Nystrdm based
MUSIC method is computationally efficient and simple.

4. Conclusion

A smart antenna for DOA estimation using low complexity
method has been devised. The proposed modified MUSIC
method provides the high resolution DOA estimation under
low SNR condition for fewer snapshots. This makes
communication system efficient and robust. The proposed
Nystrom based MUSIC method is computationally efficient

and simple which requires onIyO(Mm2 + Mm) flops to
compute SVD of SCM which is very less as compared to

existing methods. This makes it more suitable for practical
array signal processing applications.
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