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1. Introduction

Let A denote the class of functions of the form :

= e

f=) =z—Z gz, (ax = 0.keN) (1)

k=2

which are analytic and univalent in the open unit disk
U={zeC:|z|< 1}.

Definition (1)[3,4]: A function fe A is said to be in the
classSy(uniformly a-starlike functions) if it satisfies the
condition:
zf'(z)
Re{ f } = o

zf' (z)
fiz)

f@
Definition (2)[5,6]: A function f € A is said to be in the class

UCV (uniformly a-convex functions) if it satisfies the
condition :

1‘ +8.(zel, &= 0)(2)

= & + ZE (]
fr {,z:l fr {z:] o !

For a function f € A given by(1) and g € A defined by
9@ =2-) bt

k=2
we define the Hadamard product of f and g by

I:J'F'xg:]{z =E—Z GREJ;‘ZR N ZEU. {‘1‘:]

Lemma(1)[2]: Let w= u+iv .Then Re w > o if and only if
w—-(1+a)<|w+ (1 —a)|,whereaeR.

Lemma(2)[2]: Let w= u+iv and o, B are real numbers.Then
Re w > a|lw —1|+B if and only if Re{w(1l+ae®®)—
ae}>B .

Definition(3): For0<pB<1,0<y<1,6>0,1>0,a
function f € A is said to be in the class a-UCV(p,y,a,b) if it
satisfies the inequality

@ - [ (7 @h)f@) + (o7 @nr@) |+ [z (08 @ b)) + (o1 @ b)) ]

-1

“ - (D7 @b)F@) +v (0] @ b)f @)
@ -z (o7 @hr@) + (0 @nr@) | +v [z (07 @ b)) + (07 @ b)f@) |
o - (DM @b @) +v (DI @b @)
O
where D™ (a,b)f(2) = Q" (a,b;2) * f(z) =z+ 2. Coefficient Estimates

e [1+5(k—1)+l]m (@1
k=2 1+ (-1

and introduced by (cf.[l])D{"'5 (a,b): A(n) » A(n)and

a,z" , is a linear operator defined

m,8 LN _ v 1+6(k—1)+l]m @k-1 _k "
Q" (a,b;z) = X7, [ " ol a,b are positive

real numbers, me Z and (x), is the Pochhammer Symbol
defined by (x), = { (e + 1)...(x1+ k—1) ,kkiNO '

In the following theorem, we obtain the sufficient and
necessary condition to be the function f in the class a-
UCV(B,y,a,b) .

Theorem(2.1): Let the function f(z) be defined by (1).Then
f(2) is in the class a-UCV(B,y,a,b) if and only if
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1+6(k—1)+l

whereU,, (k,6,1,a,b) = [ ™

l(@)k—1(5)k—1 .

Z U, (k, 8,1 a,b)k[k(1 + ) — (B + )] | [+ syte-+
k=2

=@+va-p, (6) The result (6) is sharp .

Proof: By Definition (3) and let |z| =1 ,we have
{(1—y>[z(D,’"'5(a,b)f(z)) (o7 @b @ ]+y[ DI @b)f @) +(0] T @h)f @) ]}
Re >

a0 @) @) 41 (0] (wrf @)

(1—}/)[2(0{"’5(11,11)}‘(2))" o @)@ ]+y[ (o7 4 @b @) +(o ’"*”(ab)f(z))}

a -1

+5.

=p)(0]"* @b @) +r (D" @b)f ()
ByLemma(2), we have

-z (o7 @nr@) + (07 @nr@) | +7 [ (07 @ mf@) + (07 @ b)) |

Re : (1+ ae®)
1 -» (D@ b)f @) +v (D] (@, b)f(2))
—ae? > p
Hence
lu—y)[z(D{""‘(a,b)f(n)" (o1 @b>r @) ]+y[ (o7 @pyr@) +(o ’"+”(ab)f<z))] (1+ae'?)
Re : _
’ a-n(p" @h)f @) + (P @h)r @)
B T O B s )]
rreomf ol o]
- (D] @b)f @) + (D" @b)f )
Let ,, A@) + (1 = BB@)|=I| - Ty U (k, 8,10, b) s ek -
A(z) = [(1 -7 [z (Dl’"'6 (a, b) f(z)) lakzk—11+aeif
+ (Dlm'5 (a, b)f(Z)) ] “ +1— z U, (k,8,,a, b)(l—_li_l)kakzk_l
4y [2 (07 @ b)f ) k=
: 1-p|1
+ (Dlm+1.5(a, b)f(Z)) ]] (1 + aeig) + ( £) [
— qe' [(+115— 7 (01" (@ b)f @) Z Un (k6,1 0,0) Gy )kakzk-l
o +y (07 @b @) | =— ¥y, U, (k6,1 a, b)(1 l)k(k—l)akz -1_
By simplify A(z) becomes ” ae® Y2 U (k6,1 a, b)ﬁk(k DagzE1 +1—
m,§
Alz) = [(1 —1z [(Dl (@,b)f @) ] 5, U (k6,1 a, b)ﬁkakzk Ly (1-p) -
+yz[(Dlm“"s(a,b)f(z))"” (1 (1~ B) Bt Un (.8, 0,b) i kai2 ™ =] 2~ ) -
+ aei®) Zk o Un (k,6,L,a,b) — (1 D [k +1 —ﬁ]akzk_l -
+ (1= (D (@ b)f (D)) ae’® ¥i_, Un(k, 6, a, b)mk(k ~ Day 2|
+y (Dlmﬂ,a(a, b)f(z))’ >2=B) =X, U, (k,6,1,a, b)ﬁk[k +1-
B(z) = pakzk—1—  ak=2colmk,dLabll+lkk—1akzk—1

A= (B @b @) +72(D (@b ().
ByLemma(l), (7)is equivalent to and so
|A(z) + (1 - B)B(2)| = |A(z) — (1 + B)B(2)| , 0
DFA=PEDIZ MG A BB@L o0 ) — (4 PB@ I~ 57 U 5,0, b)
lakzk—11+aell

n z)k(k -
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kaka_l

- 1
I—ZU k5. a,b)———
+ , m(k, 8, La,b) 7=

-1+p|1

1

- 1
- Z U, (k,8,1,a,b) ﬁkakzk_

==X, Uy (k, 6, 1 a,b) T l)k(k— Da,z1 —

ae® ¥ U, (k,8,1,a, b)ﬁk(k - Dazk1+1-
Y, Un(k, 8,1, a, b)(1 l)kakzk L—@a+p)+

1+ P)Ei2Un(k, 6, a, b)(1 D

2|8 = Sia Un (e, 8,1 @, b) skl — (1 +

Llakzk—1+ aelbl=2colmk,d,labll+lik—1akzi—1

kaka -1 |

<B+3¥r, U, (k, 6lab)ﬁk[k—(1+

Llakzk—1+ ak=2col/mk,dlabll+lk—1akzk—1.

Therefore ,

|A(z) + (1 - B)B(2)| - IA(Z) - (1+pB)B(2)| =
2[(2 - ) - T Un (K, 8,1, a,b) i klk +1 -
pakzk—1—
ak=2c0lm#k,dLabl1+lkk—1akzi—1—LF+r=2000mk,d,]
@011+ lek—(1+LF)akzl—1+ak=2c00mk,d L abll+lik—
lakzi—1

=21 - B)-2>7, U, (k(Slab)(Hl) [k — Bla, —
25, Uy (k,6,1,a,b) (1+l)k(k 1)ak
=221 - B)-2>7, U, (k(Slab) [k(1+a)—

F+a)]ak=0
This is equivalent to

Z U, (k, 8,1, a, b)k[k(1 + @) — (B + @)]ay
kzZ < A-pA+D

Conversely suppose that (6) holds, then we must show

(la-p [z (o (a, b)f(z))" + (D™ (a, b)f(z))l] +y [z (D +**(a, b) f(z))" + (D" (a, ) f(z)),” (1+aei)

i

-1 (D1 @BF@) +7 (DI (@ b)F @)

ae? |- (P @hF @) +v (P @ b)f @) |
-9 (D @b)F@) +7 (DI (@ b)f @)
By simplify and choosing the values of z on the positive real
axiswhere 0 < z=r <1, the above inequality reduces to
— k-1 _ i0
e [ Yro U, (k8,1 q, b)(1 z)k(k Dapr " +r-Y7 2U (k,6,,a, b)(1 l)kakr ](1+ae )
r—Yr,Un (k6lab) kakrk
B [r -7, Un(k,6,,a,b)— (1+z) ka,r ] (,8 + ae”’)
r—Yv,Un(k,8,1a, b)mkakrk
Since Re(—e™) > —|e??| = —1,, the inequality is correct

for all zeU, letting r — 1‘yie|ds

. — 2 Un (6,8, L a,b) g

k(k—1)ak+1—zk , Uy (k, 8,1, a,b) —

(1+l)

1- Y%, Up(k 8,1, a,b)—

aYyoUn(k,6,1a, b)mk(k

(1+l)

1)ak+ﬁ ,BZk 2Un(k,8,La,b)—

(1+l)

— ¥, Uy (k, 8,1, a,b) —

and so by the mean value theorem, we have

(1-8)- ZU(k(Slab) k[k(1 + @) — (B

1+D
+a)]a, =0 .
Sowehave
ZU(kalab)( [ klk(L+ @) = (8 + @)la,
<1-8.

(1 l)

Finally, the result is sharp for the function
1+Da-p8) k
f(z2)=z- z“,
U, (k,61,a,bklk(1+a)— (B + a)]
k>2.

Corollary(2.1): Let the functionf (z) is in the class o-
UCV(B,y,a,b).Then

Volume 4 Issue 4, April 2015
WWWw.ijsr.net

Paper ID: OCT141609

Licensed Under Creative Commons Attribution CC BY

1269



www.ijsr.net
http://creativecommons.org/licenses/by/4.0/

International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438

(1+H0-8)
Un(k,6,La,Dklk(1+a)—(B+a)] '
>2.

akS k

3. Closure Theorems

In the next theorems, we will prove the closure property for
the class a-UCV(,y,a,b).

Theorem(3.1): Let the
functionf; (z) = z — ¥y, ayjz* ,(j = 1,2,...,s)be in the
class a-UCV(B,y,a,b).Then h(z) =z — Xy , by z" ,(ay; >
0) belong to the class o-UCV(B,y,a,b) , where
by = %Z;:l Ay -

Proof: Sincef; (z)e a — UCV(B,v,a,b), (j = 1,2,...,s) , then

Z Up (k, 8,10, DYk[k(1 + @) — (B + @)]ay,

- <A+DA-p)
Therefore
z U, (k, 8,1, a, b)k[k(1 + @) — (B + )by

k=2
s

= 1
- Z U, (k, 8,1, a, b)k[k(1 + &) — (B + a)](gz a,)
=2 i=1

IEANIAN U, (k,8,1,a b)k[k(1
=52, kzz n(k,8,La, DK[K(L + @) — (B + @)] | @,
<@+DA-p)
Theorem(3.2): Let i@ =z-Y a2 (=

1,2,..,s)and0<cy<1 such that/=1sc/=1 . Then/z defined
byF(z) = ¥j-1 ¢ fj(2)is also in the classa-UCV(B,y,a,b) .

Proof: Sincef; €a-UCV(B,y,a,b)for everyje{1,2, ..., s} , then

[oe]

Upn(k,8,La,b)k[k(1+ a) — (B + a)]ay,; <1
g; A+ -p) o
Since
F@ =) 6@ =) glz= ayz]
j=1 j=1 k=2
=z ca,; |z*
35w
Then
 Up (K, 8,1, 0, Dk[K(L + @) — (B + D]y, X
D, A+D0-p) Z G
k=2 j=1
N [B U (8, L a, D)K[k(L + @) — (B + )]
-EP% A+D1—-p) “”]
j=1
< c=1.

Hence F(z)ea-UCV(B,y,a,b) .0
4. Extreme Points

In the next theorem , we obtain the extreme points of the
class a-UCV(p,y,a,b) .
Theorem(4.1):Let f;(z) = zand

(oe]

(1 + l)(]- - B) Zk
LUy (k,5,L,a, k(L + @) = B+ )]
k=>2.
Then fe a — UCV(B, v, a,b) if and only if it can be expressed
as follows :

fi2) =z—

[ee]

f(2) = Z ofr(z) , where g

k=1 -
>0 and Z o, =1
k=1

Proof: Suppose that f(z) is expressed in the form :

@)= afi@

k=1

= 01Z

N 1+D0-p)
+ kzzzok [z U (k,8,1,a,b)k[k(1+a) — (B + a)]Zk
=z|loy + o

(o220
B A+DA-p) L

o U, (k,8Labk(k(1+a)— (B +a)] o
=Z
- z dyz* ,where d,

k=2

~ 1+DA-p)
T ULk, S, La,bk[k(L+a) — (B +a)] 7
Hence fe a — UCV(B,v,a,b), since

oo

Z di U, (k,8,La,b)k[k(1+a)— (B + a)]
a+0Da-p)

k=1

=Zak=1—01<1 @)
k=1
Conversely , suppose that fea— UCV(B,y,a,b) , then
From(6), we have
_ Up(k,6,La,b)k[k(1+a) — (B + a)]

%k a+D0-p). v ok
<2and1 - O, =07 .
kzzzk 1
Then
f@)=z- a,z*
o) kz:z k
_, (1+D0-p) .

" LUn (8, Ve, bk + @) — (B + @)] OZ

= Z—fok(z_fk(z))

k=2
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[oe]

= Uﬂ"‘Zkak(Z) = Zakfk(z) .0
k=2

k=1

5. Weighted Mean
Definition (5.1): Letand g e « — UCV (B, v, a, b) , where

f(2)=z- Z a,z and g(z) =z— Z by z*
k=2 k=2
Then the weighted mean E; (z) of f and g is given by

Ei(z)=%[(1—i)f(z)+(1+i)g(z)], 0<i<1.

In the theorem below ,we will show the weighted mean for
this class:

Theorem(5.2): If f and gbe in the class a—
UCV(B,y,a,b), then the weighted mean of f and g is also in
the classa — UCV (B,v,a,b) .

Proof: By Definition (5.1), we have

1
E(@2) =50 -Df@+ 1 +Dg(2)]

E(z) = ! [(1 -0 (z — Z akzk>

k=2

+(@1+1) (z - Z bkzk>l
%[ Z(l—l)akz +Z—Z(1+1)bkz ]

—z— Z % [(1 = Day + (1 + Db, ]z

k=2
Since f and g are in the class « — UCV (B, v, a, b) so by
Theorem(2.1), we get

i U, (k, 8,1, a,b)k[k(1 + a) — (B + )]

Z, A+00a - w=t
and
U, (k, 8,1 a,b)k[k(1 + a) — (B + )] b <1
; 1+01-p) S
Then
> U, (k, 8,1 a, b)k[k(1 + @) — (B + )]
kZZ 1+D(1-p8) ( (A= Day

+(1+ i)bk])
~ li Un(k, 8, a,bk[k(1+a) — (B + )]

— 1+DA-p) 1 —iay
1 Uy (k, 8,1 a, b)k[k(1 + @) — (B + )] .
+Ez aA+Da-p (1 + )by

1 1
Sz(l—i)+§(1+i)=1 .0

6. Radii of starlikeness and convexity

In the next theorems , we obtain the radii of starlikeness and
convexity for the class a-UCV(,y,a,b) .

Theorem(7.1):Let the function f(z) defined by (1) be in the
class a-UCV(B,y,a,b). Then f(z) is starlikeness of order
p (0 <p<1)indisk |z| < r(B,Y,aD,p), where
r(B,v,a,b,p)

i 1-pUu, (k6lab)k[k(1+a)—(,8+a)]}k 1

22 (k—p)(1+D(1 - )
The result is sharp for the function
f) =z 1+D0-p) 2 (9

U, (k,8,1a, b)k[k(l +a)— (B +a)]

f (Z)

Proof: We must show that 1| <1 - pfor|z| <

(B, v, a,,b, p) , we have
zf () 1| < Zi=a(k — Day|z*!
f(2) T 1-Ealzk !
(10) is bounded above by 1 — p if
Z EII Z;a IZF <1 . D
Also from Theorem (2.2), if f e a — UCV(B,v,3a,b), then
i U, (k, 8,1 abk[k(l+a)— (B + )] .
A+0a-P) (12)

(10)

aj <1
k=2

In view of (12), we notice that (11) holds true if

(k—p) o < Un(k,8,La,b)k[k(1+a) — (B + a)]
(1-p) B 1+DA -5
That is , if

|z] )

- {(1 -p)U,(k,6,La,bk[k(1+a)— (B + a)]}m
B k=p)A+DA-5)

Setting|z| = r; , we get the desired result .0

Theorem(7.2): Let the function f (z) defined by (1) be in the
class a-UCV(B,y,a,b). Then f(z) is convex of order p (0 <
p < 1)indisk |z| < r,(B,v,a,b,p), where
r2(B,v,a,b,p)
{(1 —p)U,(k,6,La,b)[k(1+a)— (B + a)]}k 1
= in .
k>2

(k—p)A+DA-p)
The result is sharp for the function given by (9) .
Proof: It is sufficient to show that

zf (2)

f@
we have
2f @) _
'@

< 1_p ) |Z| <r2(8!y131b1p)

Yoo k(k = Dayz"!
1— 3, kagzk1
_ Sreo ke = Daylz*
T 1=Xi kaglz|
(13) is bounded above by 1 — p if
k(k —p)
— (1—p)
Also from Theorem (2.1), if f e « — UCV(B,v,a,b), then
we have (12)
In view of (12), we notice that (14) holds true if
kk=p) s o Unle 8 La kKA +0) = (6 + )]
Z s .
1-p) 1+DA -8

(13)

aglz*t<1. (14)

That is, if
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lz| < {(1 - P)Um(k. f,1a, b)[k(l +a)— B+ (X)]}ﬁ
- k—p)A+DA-B) .

Setting |z| = 7, , we get the desired result . O

7. Distortion Theorems

In the next theorems , we obtain the growth and distortion
bounds for the function f € a-UCV(B,y,a,b) .

Theorem(8.1):Let the function f(z) defined by (1) be in the
class a-UCV(B,y,a,b). Then
1+DH1-p)
C Up(k,6,L,a,b)k[k(1 + a) — (B + )]
<|z| +
1+HA-p)
U,(k,6,,a,b)klk(1+a) — (B + a)]
The result is sharp for the function
o —sm 1+D(1-p)
I@ =2 G sl a 220+ @) = (B + )]
Proof: Since f(z)e a-UCV(B,y,a,b), then

Z U, (k, 5,1, a, b)k[k(1 + @) — (B + a)]a,
= <(1+D1-p)

U, (2,6,1,ab)2[2(1 + a) — (B + @)] z ay
k

=2

2| < If (@]

|z|

|z|* , lzl<1

z2 (15)

< U,k 6,La,b)klk(1+a)— (B

+a)]a, <A +DA-pB).

Then
Z 1+D@A-p)
a, <
o 220+ a)— (B + 0)]U,,(2,6,L,a,b)

Now

If (@)

> |z|

[oe]

12 ) ay

= 1+ —p)
2A+a)- (B +a)]U,2,6Lab) "’

> || - l2l?

and

If (@)

< |z|

[ee]

12 ) ay

k=2
1+DA-p)
221+ a)— (B + )]U,,(2,6,1,a,b)
Theorem (8.2): Let the function f(z) defined by (1) be in
the class a-UCV(B,y,a,b).Then
1 20+D(A -p)
U, (k,6,La,bklk(1+a)— (B + a)]
<1+
20+ DA -p)
U,(k,8,1,a,bklk(1+a)— (B + a)]
The result is sharp for the function given by (15) .
Proof: The proof similar to the Theorem(8.1) .

< lzl + 12/

|zl < If (@)

|z|

8. Convolution

In the following theorem , we obtain Hadamard product
property for the class a-UCV(p,y,a,b) .

Theorem(9.1):Let f, g € a-UCV(B,y,a,b).Then f = g is also
in the classa-UCV(t,y,a,b) , and

- U,k 8La,bklk(1+a)—B+a))>—A+DA-pL)2[k(1+a)—a]

t= U, (k,8,La b)k[k(1+a)— (B +a)]? — (L + D - B)?

Proof: Sincef, g € a-UCV(p,y,a,b) , we have

[oe]

Z U,(k,8,1,ab)k[k(1+a)— (8 +a)] o <1
- 1+DA-4) et
and

i U8 Va Kk +@) = (B+a)],

- A+01 -4 S
We have to find the largest T such that

i U0 Labkk(+a) - @+a@)]

A+D1-1) Kok =

k=2
By Cauchy-Schwarz inequality , we get

oo

U, (k, 8,1, a b)k[k(1 + @) — (B + a)]
Z (1+D(1—B) Vb

<1. (16)
We want to show that

k=2

U, (k,61Labk[k(1+a)—(t+a)] b
1+D(1 -1 He Dk

_Un(k8,La bkk(1 +a) ~ B+ @) —

= aA+DaA-p) Dk -

This equivalently to
(1-7k(1+a)—-(B+a)]
Vo S T pRA+ 0 -+ @)l
From (16), we get

1+HA-p)
Vb < g s e kKA ¥ ) = B+ )]
Thus it is enough to show that
1+DHA-p)
Un(k,6,La,b)k[k(1+a) — (B + a)]
LA-9kA+a) - B +a)
TA-pPkA+a)-(+a)]’

which is simplified to

- U, (k,8,La,bklk(1+a)—(B+a)>? -1 +DA—-L)?[k(1+a)—al
t= U, (k,6,Lab)k[k(L+a) — (B +a)]? — (1 + D(1 - B)2
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