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1. Introduction

In 1965, Zadeh.L.A[12] introduced the study of fuzzy sets.
Mathematically a fuzzy set on a set X is a mapping W into [0,
1] of real numbers; for x in X, p(x) is called the membership
of x belonging to X. The membership function gives only an
approximation for belonging but it does not give any
information of not belonging. To avoid this, Gau.W.L and
Buehrer.D.J[4] introduced the concept of vague sets. A vague
set A of a set X is a pair of functions (ta, fa), Where tyand fa
are fuzzy sets on X satisfying ta(x) + fa(x) < 1, for all x in X.
A fuzzy set ta of X can be identified with the pair (ta, 1 - ta).
Thus the theory of vague sets is a generalization of fuzzy
sets. M.K.Rao[9] introduced the concept of I'-semiring as a
generalization of T'-ring by Nobusawa.N[10] as well as
semiring. After that I'-semirings have been analyzed by many
of the mathematicians. It is well known that ideals play an
important role in any abstract algebraic structures. The
properties of an ideal in semirings and T'-semirngs were
somewhat different from the properties of the usual ring
ideals. Moreover the notion of I'-semiring not only
generalizes the notions of semiring and I'-ring but also the
notion of ternary semiring. However many authors like
Jayanta Ghosh, Samanta.T.K, Dutta.T.K, Sujit Kumar Sardar
were developed the theory of fuzzy I'-semirings. Further on
I'-semirings, the study properties of fuzzy ideals, fuzzy prime
ideals, fuzzy semiprime ideals and their generalizations play
an important role in their structure theory. The notion of a bi-
ideal was first introduced for semigroups by Good.R.A and
Hughes.D.R[5]. After that Lajos.S and Szasz.F[7] initiated
the idea of bi-ideals in a ring. In this paper, we introduce the
concepts of vague bi-ideal and vague quasi ideal of a I'-
semiring and we proved intersection of a right vague ideal
and a left vague ideal of a I'-semiring is a vague quasi ideal
of a I'-semiring and we characterize regular I'-semiring in
terms of vague bi-ideals and vague quasi ideals.

2.Preliminaries

In this section we recall some of the fundamental concepts
and definitions, which are necessary for this paper.

Definition 2.1: Let R and ' be two additive commutative
semigroups. Then R is called I'-semiring if there exists a

mapping R x T' x R — R image to be denoted by aab for a, b
e Rand a e T satisfying the following conditions.

1. ao(b +c) =aab + acc

2. (a+b)ac = aac + bac

3. a(o + B)c = aoc + aPc

4. ao(bfc) = (aab)pc, Va,b,c e R;a, B eT.

Definition 2.2: A I'-semiring R is said to be regular if for all
X € R, there exists a € R and a, B € T such that x = xoapXx.
A T'-semiring R is said to be intra-regular if for all X € R,
there exists a, b € R and a, B, y € I such that x = aaxpxyb.

Definition 2.3: A sub I'-semiring S of a I'-semiring R is said
to be a bi-ideal of R if STRI'S € S. A nonempty subset S of a
I'-semiring R is said to be a quasi ideal of R if (R['S)™(SI'R)
cSs.

Definition 2.4: Let X be any non-empty set. A mapping W :
X — [0,1] is called a fuzzy subset of R.

Definition 2.5: A vague set A in the universe of discourse U
is a pair (ta, fa), where ty : U — [0, 1], fa : U —[0, 1] are
mappings such that ta(u) + fa(u) <1, V u € U. The functions
ta and fo are called true membership function and false
membership function respectively.

Definition 2.6: Let A be a vague set of a universe U with
true membership function t, and false membership function
fa. For o, p € [0,1] with a < B, the (o, B)- cut or vague cut
of a vague set A is the crisp subset of U is given by

A(oc,[}) = {X e U/ VA(X) 2 [a> B]}

i.e., A(a,ﬁ): {X e U/ tA(X) >aand 1 — fA(X) > B}

Definition 2.7: Let R; be a I';-semiring and R, be a I',-
semiring. Then (f, g) : (Ry, Ty) — (Ry, Ty) is called a
homomorphism if f : Ry — R, and g : I, — I, are
homomorphisms of semigroups such that
fxyy) = fx)g(Mf(y), VX, y € Ry y e I'y.

Definition 2.8: Let R be a I'-semiring. A non empty set S of
R is called an idempotent if SI'S = S. A vague set A of a I'-
semiring R is called idempotent if AT A = A.
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Definition 2.9[1]: Let R be a I'-semiring. A vague set A =
(ta, fa) on R is said to be vague I'-semiring if the following
conditions are true:
Forallx,y eR; yeT,
Va(x +y) 2 min{Va(x), Va(y)} and
Va(xyy) =2 min{Va(x), Va(y)}
ie., (i). ta(x +y) = min{ta(x), ta(y)},

1 — fa(X +y) > min{l — fa(x), 1 — fa(y)} and

(ii). ta(xyy) = min{ta(x), ta(y)},
1 = fa(xyy) =2 min{l — fa(x), 1 — fa(y)}.

Definition 2.10[2]: A vague set A = (ta, fa) on R is said to be
left (right) vague ideal of R if the following conditions are
true:
Forallx,yeR;yeT,
Va(x +y) = min{Va(x), Va(y)} and
Va(xyy) = Va(y) (= Va(X))
e, (I). ta(x +y) > min{ta(X), ta(y)},

1 — fa(x +y) > min{l — fa(x), 1 — fa(y)} and

(if). ta(xyy) = ta(y) (= ta(x)),
1= faxyy) 2 1 = fa(y) (1 = falxyy) =1 - fa(X)).

3.Vague Bi-ideal of a I'-Semiring

Throughout this paper unless otherwise mentioned R is a I'-
semiring and y is the characteristic function of R. In this
section we introduce the concept of vague bi-ideals of R and
we characterize regular I'-semiring in terms of vague bi-
ideals.

Definition 3.1: A vague I'-semiring A = (ta, fa) of R is called
a vague bi-ideal of R if Va(Xaypz) > min{Va(X), Va(2)}, V
XY,z2eR;0,B eTl.

i.e., ta(xaypz) > min{ta(x), ta(2)} and

1 - fa(xayPz) > min{l - fa(x), 1 - fa(2)}

Definition 3.2: A vague I'-semiring A = (ta, fa) of R is called
a vague (1,2)-ideal of R if Va(Xawp(yyz)) > min{Va(X),
Vay), Va@}t VX, W, y,2eR; o, B,y eT.

i.e., ta(xawp(yyz)) = min{ta(x), ta(y), ta(z)} and

1 - falxawpB(yyz)) = min{1 - fa(x), 1 - fa(y), 1 - fa(2)},

Example 3.3: : Let R be the set of negative integers and I" be
the set of negative even integers. Then R, I' are additive
commutative semigroups.
Define the mapping R x I x R — R by aab usual product of
ao b VvVabeR ael.
Then R is a I'-semiring.
Let A = (ta, fa), Where ta : R — [0, 1] and fo : R — [0, 1]
defined by

{0.5,ifx=-1 {O.S,ifx:-l
ta(x) = 2 0.7,if x=-2 and fa(x) = 10.2,if x=-2

0.9,if x< -2 0.1,if x<-2

Then A is a vague bi-ideal of R.
Theorem 3.4: A necessary and sufficient condition for a
vague I'-semiring A = (ta, fa) of R to be a vague bi-ideal of R
is that ta and 1 — f, are fuzzy bi-ideals of R.

Proof: Suppose A = (ta, fa) is a vague bi-ideal of R.

Letx,y,zeR; o,B eT.
By theorem:3.5[1], ta and 1 — f4 are fuzzy I'-semirings of R.
We have Va(xaypz) = min{Va(x), Va(2)}
i.e., ta(xayPz) = min{ta(x), ta(2)}
1 — fa(XxayPBz) 2 min{1 — fa(x), 1 — fa(2)}
Hence ta and 1 — f4 are fuzzy bi-ideals of R.
The converse part is obvious from the definition.

Theorem 3.5: A vague set A = (ta, fa) of R is a vague bi-
ideal of R if and only if for all a, B € [0, 1], the vague cut or
(o, B) - cut of A, A, ) is a bi-ideal of R.

Proof: Suppose A is a vague bi-ideal of R.

From theorem:3.6[1], A, p) is a sub I'-semiring of R.
Letx,ye Agp.z2eR;0, B el

:>VA(X) 2 [O“’ B] and VA(y) 2 [(X, B]

Now, Va (xazfy) = min{Va(x), Va(y)} = [a. B]

= XazZPy € Ay, p).

Hence A, p is a bi-ideal of R.

Conversely suppose that A, g is a bi-ideal of R.
from theorem:3.6[1], A is a vague I'-semiring of R.
Letx,y,zeRand a,p T.

Let VA(X) = [(Xl, B]_] and VA(y) = [(12, Bz]
put [o, B] = min{[ou, Ba], [0, B}

Then X, ye A(a, B)

= XozBY € A, p)

= Va (xazfy) =2 min{Va(x), Va(y)}
Hence A is a vague bi-ideal of R.

Theorem 3.6: Let S be a non-empty subset of R. Then the
characteristic set of S, dg is a vague bi-ideal of R if and only
if S is a bi-ideal of R.

Proof: Suppose ds is a vague bi-ideal of R.
From theorem:3.9[1], S is a sub I'-semiring of R
Letx,yeS,zeRanda, B ET.

We have Vss (xazBy) > min{V§S (%), V(SS (Y} =1[1,1].
which implies that xazpy € S.
Hence S is a bi-ideal of R.
Conversely assume that S is a bi-ideal of R.
From theorem:3.9[1], &5 is a vague I'-semiring of R.
Letx,y,ze€Randa, B €T.
If X,y € S, then xazpy € S.
So, V(ys (xazBy) =[1,1] = min{V(SS (%), V(sS )}
If X,y ¢ S, then Va(X) = Va(y) = [0, 0].
So, Vs (xazpy) = min{V; (x), Vs (V)}-
Ifx ¢ Sandy € S, then Va(x) = [0, 0] and Va(Y) = [1,1].
So, V(yS (xazBy) > min{Vb‘S (), Vé‘s W}
A Similar argument forx e Sandy ¢ S.
Hence 85 is a vague bi-ideal of R.

Theorem 3.7: If R is regular, then every vague bi-ideal of R
is a vague I'-semiring of R.

Proof: Let A = (ta, fa) be a vague bi-ideal of R.
Letx,ye Randy eT.
Then Va(x +y) = min {Va(X), Va(y)}
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Since R is regular, we have y = yazpy, where z € Rand o,
el.
Now, Va(xyy) = Va(xy(yozBy)) = Va(xy(yaz)By) = min

{Va(x), Vay)}-
Hence A is a vague I'-semiring of R.

Theorem 3.8: Let R be regular and let A = (ta, fa) be a vague
set of R. Then A is a vague bi-ideal of R if and only if Ais a
(1,2)-ideal of R.

Proof: Suppose A is a vague bi-ideal of R.
Letx,w,y,ze Rand a, B,y € I.
Now, Va(xawB(yyz)) = Va((xawBy)yz)
> min{ Va(xawpy), Va(2)}
> min{ Va(x), Va(y), Va(2)}-
Thus A is a (1,2)-ideal of R.
Conversely suppose that A is a (1,2)-ideal of R.
Letx,y,ze Randa, p T.
Since R is regular, we have xay € xI'RTx, that implies xay =
xysdx, forsomes e Randy, 6 € I
Now, Va(Xaypz) = Va((Xysox)pz)
= Va(xysd(xpz))
2 min{Va(x), Va(X), Va(2)}
=min{Va(x), Va(2)}-
Hence A is a vague bi-ideal of R.

Theorem 3.9: Let A = (ta, fa) and B = (tg, fg) be vague bi-
ideals of R. Then AnB is also a vague bi-ideal of R.

Proof: From theorem:3.13[1], AN B is a vague I'-semiring R.
Letx,y,zeR;a, B eT.
Now, Varg(xayBz) = min{Va(xayBz), Ve(xaypz)}
= min{min{Va(x), Va(2)}, min{Vs(x), Ve(2)}}
= min{min{Va(x), Va(2), Ve(X), Ve(2)}}
= min{min{Va(x), Vg(X)}, min{Va(2), Ve(2)}}
= min{Va-g(X), Va-s(2)}
Hence AnB is also a vague bi-ideal of R.

Theorem 3.10: : Let f be a homomorphism from a T'j-
semiring R; onto a I',-semiring R,. Let B be a vague bi-ideal
of R,. Then the pre-image of B, f'(B) is a vague bi-ideal of
R;.

Proof: From theorem:3.1[3], f '(B) is a vague I';-semiring of
R;.
L(latx, V,Z2e Ry, 0, B el
Now, V., o (xayB2) = Va(f(xayp2))
= Ve(f(x)g(o)f(y)9(B)f(2))
>min{Vg(f(x)), Ve(f(2))}
=min{V )00, V1, @}

Hence f'(B) is a vague bi-ideal of R;.
Theorem 3.11: Let f be an epimorphism from a I';-semiring
R; onto a I'-semiring R,. Let A be a vague bi-ideal of R;.

Then the homomorphic image of A, f(A) is a vague bi-ideal
of R..

Proof: LetXx,y,Z € Ry; o, Be I'.

If either £'(x) or f'(y) is empty then the result is trivially
satisfied.
Suppose neither f'(x) nor f'(y) is non-empty.
Let X, € f'(x) and y, € f'(y) be such that Va(Xo) = sup
V1A(a) where a € f'(x) and Va(yo) = sup Va(b) where b €
().
From theorem:3.2[3], f(A) is a vague I',-semiring of R,.
Now, Viay(XxayBz) = SUP  Va(2)
zet 7 (xaypz)

> Va(2), 2 € f ' (xayBz)

= Va(Xo01YoP1Z0), 011, B1 € Ty

= min{Va(Xo), Va(Zo)}

= min{Vi)(X), Via)(2)}-
Hence f(A) is a vague bi-ideal of R,.

Theorem 3.12: Let A = (ta, fa) be a vague set of R. If A'is a
vague bi-ideal of R then AT'A € A and ATBI'A € A, where
B is a vague characteristic set of R.

Proof: Suppose A is a vague bi-ideal of R.
Letx € R.
Now, Vara(X) = sup{min{Va(y), Va(2)}/ x = yyz, where y, z
€ R; v €T} < Va(yyz) = Va(X).
Thus ATA C A.
Also,
Varera(X) = sup{min{Vars(y), Ve(2)}/ x = yyz}
= sup{min{sup{min{Va(p), Ve(a)/ y = paq}},
Va(2)}/ x = yyz}
= sup{min{Va(p), Ve(2)}/ X = paqyz}
< Va(paqyz)
= Va(X).
Thus ATBT'A € A.

Theorem 3.13: Suppose R is regular. Then the following
conditions are equivalent:

1. Every bi-ideal of R is a left(right) ideal of R.

2. Every vague bi-ideal of R is a left(right) vague ideal of R.

Proof: Suppose every bi-ideal of R is a left ideal of R.
Let A = (ta, fa) be a vague bi-ideal of R.
Letx,ye Randy e T.
We have yI'RTy is a bi-ideal of R.
By our assumption, yI'RI'y is a left ideal of R.
Now, xyy € RI['(y['RT'y) € y['RI'y.
So, xyy = yazPy, where zeRand o, p € T
Now, Va(xyy) = Va(yazfy) = min{Va(y), Va(y)} = Va(y).
Hence A is a left vague ideal of R.
Conversely suppose every vague bi-ideal of R is a left
vague ideal of R.
Let I be a bi-ideal of R.
By theorem:3.6, vague characteristic set of | is a vague bi-
ideal of R.
By our assumption, vague characteristic set of | is a left
vague ideal of R.
By theorem:3.10[2], | is a left ideal of R.
Hence every bi-ideal of R is a left ideal of R.
Similarly we can prove right ideals also.
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4.Vague Quasi Ideal of a I'-Semiring

In this section we introduce the concept of vague quasi ideal
of R and we proved intersection of a right vague ideal and a
left vague ideal of R is a vague quasi ideal of R and we
characterize regular I'-semiring in terms of vague bi-ideals
and vague quasi ideals.

Definition 4.1: A vague set A = (ta, fa) of R is said to be a
vague quasi ideal of Rif forallx,y e R; y e T,

1. Vax +y) = min{Va(x), Va(y)} and

2.(AT ) N (xT A) S A,

Example 4.2: Let R be the set of natural numbers with zero
and I' be the set of positive even integers. Then R, I" are
additive commutative semigroups.

Define the mapping R x T" x R — R by aab usual product of
a,ob VabeR;ael.

Then R is a I'-semiring.

Let A = (ta, fa), where ta : R > [0, 1] and fo : R — [0, 1]
defined by

0.8,if x=0
ta(X) = 5 0.5,if xispositive and
0.4,if xisnegative

0.1,if x=0
fa(x) = < 0.3,if xis positive
0.5,if xisnegative
Then A is a vague quasi ideal of R.

Theorem 4.3: A vague set A = (ta, fa) Oof R is a left(right)
vague ideal of R if and only if for all X,y € R,

(1)-Valx +y) =2 min{Va(x), Va(y)}
(ii). y TA € A (ATy C A).

Proof: Suppose that A is a left vague ideal of R.
Then (i) is satisfied.
Letx € R.
Vra(X) = sup{min{V,(y), Va(@)¥ x=yyz,y, 2 e Rjy e I'} =
Va(z) < Va(yyz) = Va(X).
Thus x 'A € A.
Conversely suppose that (i) and (ii) are satisfied.
Letx,yeR;yel.
VA(XPY) = Vyra(xry) = sup{mingV,(x), Va(y)}} = Va(y).
Hence A is a left vague ideal of R.
Similarly we can prove other case also.

Theorem 4.4: Any left(right) vague ideal is a vague quasi
ideal and any vague quasi ideal is a vague bi-ideal of R.

Proof: Let A = (ta, fa) be a left(right) vague ideal of R.

Then from theorem:4.3, for all x, y € R, (i).Va(x +y) >
min{Va(x), Va(y)} and (ii). yTA € A (Al'y € A).

That implies (AT )n(x T A) Sy T A(AI'y € A) € A
Hence A is a vague quasi ideal of R.

Let A be a vague quasi ideal of R.

Letx,y,zeRanda, B T.

Since A is a vague quasi ideal of R, we have Va(X +y) >
min{Va(x), Va(y)}-

Also, VaA(Xay) = V(s ~ r a(Xay)

= min{VAFx(XOLy)! Vxl‘A(Xovy)}

= min{sup{min{Va(x), V,(y)}, sup{min{V,(x), Va(y)}}

= min{Va(x), Va(y)}

Thus A is a vague I'-semiring of R.

Now, Va(XayBz) = Viary - o r a)(XayB2z)

= min{Vary(xaypz), V, r alxoypz)}

= min{sup{min{Va(x), V,(yB2)}, sup{min{V,(xay), Va(2)}}
=min{Va(x), Va(2)}

Therefore Va(xaypz) > min{Va(x), Va(2)}.

Hence A is a vague bi-ideal of R.

Theorem 4.5: If R is regular, then every vague bi-ideal of R
is a vague quasi ideal of R.

Proof: Suppose A = (ta, fa) is a vague bi-ideal of R.
Letx,y € R.
Then Va(X +y) > min{Va(x), Va(y)}.
We have to prove that (AI'y)N(y['A) € A.
Case (i). Suppose Var,(x) < Va(x), then
Varpnara(X) = Min{Var(X), Vira(x)} < Var(x) < Va(X).
So (AI'y)N(x['A) € A.
Hence A is a vague quasi ideal of R.
Case (ii). Suppose Var(X) > Va(X), then
Va(X) < Var(X) = sup{min{Va(a), V,(b)}/ x= acb} = Va(a).
i.e., Va(X) < Va(a).
Now, V,ra(x) = sup{min{V,(c), Va(d)}/ x= cfd} = Va(d).
Since R is regular, there exists s € R and v, 8 € T such that x
= XYSOX.
Since A is vague bi-ideal of R, we have
Va(X) = Va(xysdx) = Va((aab) ysd(cpd)) = Va(aa(bysdc)pd)
>min{Va(a), Va(d)}.
If min{Va(a), Va(d)} = Va(a), then Va(X) > Va(a).
Which is a contradiction.
So, min{VVa(a), Va(d)} = Va(d).
i.e., Va(x) > Va(d).
Now, Viarprera)(X) = MindVar(X), Viyra(®)} < Viyra(x) <
Va(d) < Va(X).
Therefore (Al'yY)N(x[A) € A.
Hence A is a vague quasi ideal of R.

Theorem 4.6: Intersection of a right vague ideal and a left
vague ideal of R is a vague quasi ideal of R.

Proof: Let A =(ta, fa) be a right vague ideal of R and B = (tg,
fg) be a left vague ideal of R.

Letx,y € R.

Then Va-s(X +Y) = min{Va-s(X), Va-s(y)}.

Since A is a right vague ideal and B is a left vague ideal of R,
AT xS AandyI'BCSB.

Therefore (ANB) T )N(x T(ANB)) S (AT x)n(BT y) S
ANB.

Hence AnB is a vague quasi ideal of R.

Theorem 4.7: Let S be a non-empty subset R. Then vague
characteristic set of S, ds is a vague quasi ideal of R if and
only if S is a quasi ideal of R.

Proof: Suppose s is a vague quasi ideal of R.
Letx,y € S.

We have Vé‘s (x+y) Zmin{V(;S (%), Vé‘s 3} =11, 1].
which implies that x +y € S.
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Let x € (STR)N(RTS).

= X € SR and x € RT'S.

= x=aob =cpd, wherea,d e S;b,ce Randa, p T.
We have Vs () 2 V5 )~ ra,) )

=min{Vy.r, (%), V5, (0}
= min{sup{min{V5S (a), Vl (0)}}, sup{min{VZ (c),

V, (@3
=[1, 1].
Therefore x € S.
Hence S is a quasi ideal of R.
Conversely suppose that S is a quasi ideal of R.
Letx,y € R.
IfX,y € S,thenx+y € S and xyy € S.

So, Vs (x+y) =[L,1] =min{V; (x), Vs ()}

Ifx,y ¢ S, then Va(x) = [0,0] = Va(y).

S0, V,, (x+y) = [0,0] =min{V,;_ (), V;, (1)}

IfX ¢ Sandy € S, then Va(x) =[0,0] and Va(y) = [1, 1].
So, Vs (x+y) =[0,0] =min{V; (x), Vs ()}

A Similar argument forx e Sandy ¢ S.

Now, letx € R.

If x € S, then V(ss ) =1[1,1].

We have Vs 1y rs) 0 <L 11= Vs (%)
Suppose x ¢ S, then V(;S (x) =[0,0].

Now, x ¢ S implies x ¢ (R T'S)N(STR).
Then 3 cases arise.
Case (i). x ¢ RT'S and x ¢ SI'R.
Case (ii). x e RI'S and x ¢ ST'R.
Case (iii). x ¢ RI'S and x € STR.
Case (i). x ¢ RT'Sand x ¢ STR.
Then x = aab and x = cpd, where b, c ¢ S; a,d eRand o,
el.

Now, V(é‘srz)m(zl“&s)(x) = min{Vﬁsrl (), Vlr5s ()}

= min{sup{min{V§S (c), VX (d)}}, sup{min{Vl (a),
Vs, (031}

=10,0]

=V, ().

Case (ii). x € R['S and x ¢ ST'R.

Then x = aab and x = cfd, wherec ¢ S; b € S; a,d eR and
o perl.

Now, V(ésrz)ﬁ(zrb‘s)(x) = min{Vgsrl (), V;(rss ()}

= min{sup{min{V5S (©, V,, (d)}}, sup{min{V , (a),
V,, 0)33

=[0,0]

=V s, ()

Case (iii). x ¢ RI'Sand x € ST'R.

Similar to case(ii).

Therefore in any case (8sT” y)N(yx T 8s) € 8s.

Hence & is a vague quasi ideal of R.

Theorem 4.8: R is regular and intra-regular if and only if
every quasi ideal of R is idempotent.

Proof: Suppose R is regular and intra-regular.
Let S be a quasi ideal of R.
Then (RTS)N(STR) € S.
Therefore STS € S.
Letx € S.
Since R is regular and intra-regular, there exists a, p, 9 € R
and a, B, v, 8, n € I' such that x = xaapx and x = pyxdxng.
S0, X = XaaBx
= Xoapxoapx
= xaaf (pyxoxng)oapx
= (xoappyx)d(xnqaapx) e ST'S.
=ScSTS.
Therefore S = ST'S.
Hence every quasi ideal of R is idempotent.

Conversely suppose that every quasi ideal of R is
idempotent.
Letx € R.
Consider the quasi ideal S[x] = {x}U(xI'R N RI'x) generated
by x of R.

By our assumption S[x] = S[X] T S[x].

S0, X € S[X[I'S[x] = (xI'x) U (XI'(xI'R N RT'x)) U (xR N
RI'x)I'x) U ((XR N RTX)[(xI'R N RI'X)).

That implies x = xaaBx and x = pyxdxnq, for some a, p, q
Rand o, B,y,8,n e T.

Hence R is regular and intra-regular.

Lemma 4.9: Suppose A and B are non empty subsets of R.
Then xal'ys = xars, Where ya is the characteristic set of A and
s IS the characteristic set of B.

Theorem 4.10: Every quasi ideal of R is idempotent if and
only if every vague quasi ideal of R is idempotent.

Proof: Every quasi ideal of R is idempotent.
Let A = (ta, fa) be a vague quasi ideal of R.
We have ATA € (ATY)N(xT'A) € A
From theorem:4.8, R is regular and intra-regular.
Letx € R.
Therefore x = xoaBx and x = pyxdxnq, for some a, p, q € R
and o, B,y,6,n eT.
Now, X = xaapx = xaap(xaapx) = xaaf( pyxéxng)oapx =
(xo@Bpyx)d(xngoapx).
Since every vague quasi ideal is a vague bi ideal of R, we
have
Vara(X) = Vara((xaaBpyx)d(xngoaapx))
=sup{min{Va(xaappyx), Va(xngqoapx)}}
= min{Va(xoappyx), Va(xngoapx)}
= min{min{Va(x), Va(x)}, min{ Va(x), Va(x)}}
= Va(X)
That implies A € ATA.
Therefore A = ATA.
Hence every vague quasi ideal of R is idempotent.
Conversely suppose every vague quasi ideal of R is
idempotent.
Let S be a quasi ideal of R.
By theorem:4.7, 85 is a vague quasi ideal of R.
Therefore 8g = 8sI'ds = dgrs.
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that implies SI'S = S.
Hence every quasi ideal of R is idempotent.

Theorem 4.11: The following are equivalent.
1.Ris regular and intra-regular.

2. Every vague quasi ideal of R is idempotent.
3. Every vague bi-ideal of R is idempotent.

Proof: (1) = (3)
Suppose R is regular and intra-regular.
Let A = (ta, fa) be a vague bi-ideal of R.
Letx € R.
Then x = xaaPx and x = pyxdxng, for some a, p, g € Rand a,
B,y,6,mel.
Now, Vara(X) = Vara((xaapx)
= Vra(xoapxoapx)
= Vara((xoaBpyx)d(xngaaBx))
= sup{min{Va(xaappyx), Va(xngoapx)}}
> min{Va(xaappyx), Va(xngoapx)}
= min{min{Va(x),Va(x)}, min{ Va(x),Va(x)}}
=Va(X)
Therefore A € AT'A.
Also, Vara(x) = sup{min{Va(y), Va(@2)}/ x = yyz} < Va(yyz)
= VA(X).
Therefore A = AT'A.
Hence every vague bi-ideal of R is idempotent.
Q)=
Suppose every vague bi-ideal of R is idempotent.
Since every vague quasi ideal of R is vague bi-ideal of R, we
have every vague quasi ideal of R is idempotent.
(2) =(1)
Suppose every vague quasi ideal of R is idempotent.
By theorem:4.8 and 4.10, R is regular and intra-regular.
Hence (1) < (2) < (3).
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