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1. Introduction   
   

In 1965, Zadeh.L.A[12] introduced the study of fuzzy sets. 

Mathematically a fuzzy set on a set X is a mapping µ into [0, 

1] of real numbers; for x in X, µ(x) is called the membership 

of x belonging to X. The membership function gives only an 

approximation for belonging but it does not give any 

information of not belonging. To avoid this, Gau.W.L and 

Buehrer.D.J[4] introduced the concept of vague sets. A vague 

set A of a set X is a pair of functions (tA, fA), where tA and fA 

are fuzzy sets on X satisfying tA(x) + fA(x) ≤ 1, for all x in X. 

A fuzzy set tA of X can be identified with the pair (tA, 1 - tA). 

Thus the theory of vague sets is a generalization of fuzzy 

sets. M.K.Rao[9] introduced the concept of Γ-semiring as a 

generalization of Γ-ring by Nobusawa.N[10] as well as 

semiring. After that Γ-semirings have been analyzed by many 

of the mathematicians. It is well known that ideals play an 

important role in any abstract algebraic structures. The 

properties of an ideal in semirings and Γ-semirngs were 

somewhat different from the properties of the usual ring 

ideals. Moreover the notion of Γ-semiring not only 

generalizes the notions of semiring and Γ-ring but also the 

notion of ternary semiring. However many authors like 

Jayanta Ghosh, Samanta.T.K, Dutta.T.K, Sujit Kumar Sardar 

were developed the theory of fuzzy Γ-semirings. Further on 

Γ-semirings, the study properties of fuzzy ideals, fuzzy prime 

ideals, fuzzy semiprime ideals and their generalizations play 

an important role in their structure theory. The notion of a bi-

ideal was first introduced for semigroups by Good.R.A and 

Hughes.D.R[5]. After that Lajos.S and Szasz.F[7] initiated 

the idea of bi-ideals in a ring. In this paper, we introduce the 

concepts of vague bi-ideal and vague quasi ideal of a Γ-

semiring and we proved intersection of a right vague ideal 

and a left vague ideal of a Γ-semiring is a vague quasi ideal 

of a Γ-semiring and we characterize regular Γ-semiring in 

terms of vague bi-ideals and vague quasi ideals. 

 

2. Preliminaries 
 

In this section we recall some of the fundamental concepts 

and definitions, which are necessary for this paper. 

 

Definition 2.1: Let R and Γ be two additive commutative 

semigroups. Then R is called Γ-semiring if there exists a 

mapping R × Γ × R  R image to be denoted by ab for a, b 

 R and   Γ satisfying the following conditions. 

1. a(b + c) = ab + ac 

2. (a + b)c = ac + bc 

3. a( + β)c = ac + aβc 

4. a(bβc) = (ab)βc,  a, b, c  R; , β  Γ. 

 

Definition 2.2: A Γ-semiring R is said to be regular if for all 

x  R, there exists a  R and ,   Γ such that x = xax. 

A Γ-semiring R is said to be intra-regular if for all x  R, 

there exists a, b  R and , ,   Γ such that x = axxb. 

 

Definition 2.3: A sub Γ-semiring S of a Γ-semiring R is said 

to be a bi-ideal of R if SΓRΓS ⊆ S. A nonempty subset S of a 

Γ-semiring R is said to be a quasi ideal of R if (RΓS)(SΓR) 

⊆ S. 

 

Definition 2.4: Let X be any non-empty set. A mapping µ : 

X  [0,1] is called a fuzzy subset of R. 

 

Definition 2.5: A vague set A in the universe of discourse U 

is a pair (tA, fA), where tA : U  [0, 1], fA : U [0, 1] are 

mappings such that tA(u) + fA(u)  1,  u  U. The functions 

tA and fA are called true membership function and false 

membership function respectively. 

 

Definition 2.6: Let A be a vague set of a universe U with 

true membership function tA and false membership function 

fA. For , β  [0,1] with    β, the (, β)- cut or vague cut 

of a vague set A is the crisp subset of U is given by  

A(,β) = {x  U/ VA(x)  [, β]} 

i.e., A(,β)= {x  U/ tA(x)   and 1 − fA(x)  β}. 

 

Definition 2.7: Let R1 be a Γ1-semiring and R2 be a Γ2-

semiring. Then (f, g) : (R1, Γ1) → (R2, Γ2) is called a 

homomorphism if f : R1 → R2 and g : Γ1 → Γ2 are 

homomorphisms of semigroups such that  

f(xγy) = f(x)g(γ)f(y),  x, y  R1; γ  Γ1. 

 

Definition 2.8: Let R be a Γ-semiring. A non empty  set S of 

R is called an idempotent if SΓS = S. A vague set A of a Γ-

semiring R is called idempotent if AΓA = A. 
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Definition 2.9[1]: Let R be a Γ-semiring. A vague set A = 

(tA, fA) on R is said to be vague Γ-semiring if the following 

conditions are true: 

For all x, y  R;    Γ,  

VA(x + y)  min{VA(x), VA(y)} and  

VA(xy)  min{VA(x), VA(y)} 

i.e., (i). tA(x + y)  min{tA(x), tA(y)}, 

          1 − fA(x + y)  min{1 − fA(x), 1 − fA(y)} and 

       (ii). tA(xy)  min{tA(x), tA(y)},       

          1 − fA(xy)  min{1 − fA(x), 1 − fA(y)}. 

 

Definition 2.10[2]: A vague set A = (tA, fA) on R is said to be 

left (right) vague ideal of R if the following conditions are 

true: 

For all x, y  R; γ  Γ,  

VA(x + y) ≥ min{VA(x), VA(y)} and  

VA(xγy) ≥ VA(y) (≥ VA(x)) 

 i.e., (i). tA(x + y) ≥ min{tA(x), tA(y)}, 

          1 − fA(x + y) ≥ min{1 − fA(x), 1 − fA(y)} and 

       (ii). tA(xγy) ≥ tA(y) (≥ tA(x)), 

           1 − fA(xγy) ≥ 1 − fA(y) (1 − fA(xγy)  ≥ 1 − fA(x)). 

 

3. Vague Bi-ideal of a Γ–Semiring 
 

Throughout this paper unless otherwise mentioned R is a Γ-

semiring and χ is the characteristic function of R. In this 

section we introduce the concept of vague bi-ideals of R and 

we characterize regular Γ-semiring in terms of vague bi-

ideals. 

 

Definition 3.1: A vague Γ-semiring A = (tA, fA) of R is called 

a vague bi-ideal of R if VA(xyz)  min{VA(x), VA(z)},  

x, y, z  R; ,   Γ. 

 i.e., tA(xyz)  min{tA(x), tA(z)} and  

1 - fA(xyz)  min{1 - fA(x), 1 - fA(z)} 

 

Definition 3.2: A vague Γ-semiring A = (tA, fA) of R is called 

a vague (1,2)-ideal of R if VA(xw(yz))  min{VA(x), 

VA(y), VA(z)},  x, w, y, z  R; , ,   Γ.  

i.e., tA(xw(yz))  min{tA(x), tA(y), tA(z)} and  

1 - fA(xw(yz))  min{1 - fA(x), 1 - fA(y), 1 - fA(z)}, 

 

Example 3.3: : Let R be the set of negative integers and Γ be 

the set of negative even integers. Then R, Γ are additive 

commutative semigroups. 

Define the mapping R × Γ × R  R by ab usual product of 

a, , b,  a, b  R;   Γ. 

Then R is a Γ-semiring. 

Let A = (tA, fA), where tA : R  [0, 1] and fA : R  [0, 1] 

defined by 

tA(x) = 









 -2 x if0.9,
-2 x if0.7,
1-  xif0.5,

  and  fA(x) = 









 -2 x if0.1,
-2 x if0.2,
1-  xif0.5,

 

Then A is a vague bi-ideal of R. 

  

Theorem 3.4: A necessary and sufficient condition for a 

vague Γ-semiring A = (tA, fA) of R to be a vague bi-ideal of R 

is that tA and 1 − fA are fuzzy bi-ideals of R. 

 

Proof: Suppose A = (tA, fA) is a vague bi-ideal of R. 

Let x, y, z  R;  ,   Γ. 

By theorem:3.5[1], tA and 1 − fA are fuzzy Γ-semirings of R. 

We have VA(xyz)  min{VA(x), VA(z)} 

i.e.,  tA(xyz)  min{tA(x), tA(z)} 

        1 − fA(xyz)  min{1 − fA(x), 1 − fA(z)} 

Hence tA and 1 − fA are fuzzy bi-ideals of R. 

The converse part is obvious from the definition. 

 

Theorem 3.5: A vague set A = (tA, fA) of R is a vague bi-

ideal of R if and only if for all , β  [0, 1], the vague cut or 

(, β) - cut of A, A(, β) is a bi-ideal of R. 

 

Proof: Suppose A is a vague bi-ideal of R. 

From theorem:3.6[1], A(, β) is a sub Γ-semiring of R. 

Let x, y  A(, β), z  R ; ,   Γ. 

VA(x)  [, β] and VA(y)  [, β] 

Now, VA (xzy)  min{VA(x), VA(y)}  [, β] 

 xzy  A(, β). 

Hence A(, β) is a bi-ideal of R. 

  Conversely suppose that A(, β)  is a bi-ideal of R. 

from theorem:3.6[1], A is a vague Γ-semiring of R. 

Let x, y, z  R and  ,   Γ. 

Let VA(x) = [1, β1] and VA(y) = [2, β2]. 

put [, β] = min{[1, β1], [2, β2]}. 

Then x, y  A(, β)   

 xzy  A(, β) 

 VA (xzy)  min{VA(x), VA(y)} 

Hence A is a vague bi-ideal of R. 

 

Theorem 3.6: Let S be a non-empty subset of R. Then the 

characteristic set of S, δS is a vague bi-ideal of R if and only 

if S is a bi-ideal of R. 

 

Proof: Suppose δS is a vague bi-ideal of R.  

From theorem:3.9[1], S is a sub Γ-semiring of R 

Let x, y ∈ S, z  R and ,  ∈ Γ.  

We have 
S

V (xzy) ≥ min{
S

V (x), 
S

V (y)} = [1,1]. 

which implies that xzy ∈ S.  

Hence S is a bi-ideal of R. 

  Conversely assume that S is a bi-ideal of R.  

From theorem:3.9[1], δS is a vague Γ-semiring of R. 

Let x, y, z ∈ R and ,  ∈ Γ. 

If x, y ∈ S, then xzy ∈ S.   

So, 
S

V (xzy) = [1,1] = min{
S

V (x), 
S

V (y)}. 

If x, y  S, then VA(x) = VA(y) = [0, 0].  

So, 
S

V (xzy)  min{
S

V (x), 
S

V (y)}. 

If x  S and y ∈ S, then VA(x) = [0, 0] and VA(y) = [1,1].  

So, 
S

V (xzy)  min{
S

V (x), 
S

V (y)}. 

A Similar argument for x ∈ S and y  S. 

Hence δS is a vague bi-ideal of R. 

 

 

Theorem 3.7: If R is regular, then every vague bi-ideal of R 

is a vague Γ-semiring of R. 

 

Proof: Let A = (tA, fA) be a vague bi-ideal of R. 

Let x, y  R and   Γ. 

Then VA(x + y)  min {VA(x), VA(y)} 
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Since R is regular, we have y = yzy, where z  R and ,  

 Γ. 

Now, VA(xy) = VA(x(yzy)) = VA(x(yz)y)  min 

{VA(x), VA(y)}. 

Hence A is a vague Γ-semiring of R.  

 

Theorem 3.8: Let R be regular and let A = (tA, fA) be a vague 

set of R. Then A is a vague bi-ideal of R if and only if A is a 

(1,2)-ideal of R. 

 

Proof: Suppose A is a vague bi-ideal of R. 

Let x, w, y, z  R and , ,   Γ. 

Now, VA(xw(yz)) = VA((xwy)z)  

                                    min{ VA(xwy), VA(z)} 

                                    min{ VA(x), VA(y), VA(z)}.   

Thus A is a (1,2)-ideal of R. 

  Conversely suppose that A is a (1,2)-ideal of R. 

Let x, y, z  R and ,   Γ. 

Since R is regular, we have xy  xΓRΓx, that implies xy = 

xsx, for some s  R and ,   Γ. 

Now, VA(xyz) = VA((xsx)z) 

                            = VA(xs(xz))  

                             min{VA(x), VA(x), VA(z)}  

                            = min{VA(x), VA(z)}. 

Hence A is a vague bi-ideal of R. 

 

Theorem 3.9: Let A = (tA, fA) and B = (tB, fB) be vague bi-

ideals of R. Then AB is also a vague bi-ideal of R. 

 

Proof: From theorem:3.13[1], AB is a vague Γ-semiring R. 

Let x, y, z  R; ,   Γ. 

Now, VAB(xyz) = min{VA(xyz), VB(xyz)} 

    min{min{VA(x), VA(z)}, min{VB(x), VB(z)}} 

   = min{min{VA(x), VA(z), VB(x), VB(z)}} 

   = min{min{VA(x), VB(x)}, min{VA(z), VB(z)}} 

   = min{VAB(x), VAB(z)} 

Hence AB is also a vague bi-ideal of R. 

 

Theorem 3.10: : Let f be a homomorphism from a Γ1-

semiring R1 onto a Γ2-semiring R2. Let B be a vague bi-ideal 

of R2. Then the pre-image of B, f
−1

(B) is a vague bi-ideal of 

R1. 

 

Proof: From theorem:3.1[3], f
−1

(B) is a vague Γ1-semiring of 

R1. 

Let x, y, z  R1; ,   Γ1. 

Now, 
 Bf

V 1 (xyz) = VB(f(xyz))  

                                    = VB(f(x)g()f(y)g()f(z))  

                                    ≥ min{VB(f(x)), VB(f(z))}  

                                   = min{
 Bf

V 1 (x), 
 Bf

V 1 (z)} 

Hence f
−1

(B) is a vague bi-ideal of R1. 
 

Theorem 3.11: Let f be an epimorphism from a Γ1-semiring 

R1 onto a Γ2-semiring R2. Let A be a vague bi-ideal of R1. 

Then the homomorphic image of A, f(A) is a vague bi-ideal 

of R2. 

 

Proof: Let x, y, z  R2; ,  Γ2. 

If either f
−1

(x) or f
−1

(y) is empty then the result is trivially 

satisfied. 

Suppose neither f
−1

(x) nor f
−1

(y) is non-empty. 

Let x0  f
−1

(x) and y0  f
−1

(y) be such that VA(x0) = sup 

VA(a) where a ∈ f
−1

(x) and VA(y0) = sup VA(b) where b ∈ 

f
−1

(y).  

From theorem:3.2[3], f(A) is a vague Γ2-semiring of R2. 

Now, Vf(A)(xyz) =
 zyxfz 1

sup


VA(z)   

                               ≥ VA(z), z ∈ f
−1

(xyz) 

                               = VA(x01y01z0), 1, 1 ∈ Γ1  

                                               ≥ min{VA(x0), VA(z0)}  

                               = min{Vf(A)(x), Vf(A)(z)}. 

Hence f(A) is a vague bi-ideal of R2. 

 

Theorem 3.12: Let A = (tA, fA) be a vague set of R. If A is a 

vague bi-ideal of R then AΓA ⊆ A and AΓBΓA ⊆ A, where 

B is a vague characteristic set of R. 

 

Proof: Suppose A is a vague bi-ideal of R. 

Let x  R. 

Now, VAΓA(x) = sup{min{VA(y), VA(z)}/ x = yγz, where y, z 

∈ R; γ ∈Γ} ≤ VA(yγz) = VA(x). 

Thus AΓA ⊆ A. 

Also,  

VAΓBΓA(x) = sup{min{VAΓB(y), VB(z)}/ x = yγz} 

                 = sup{min{sup{min{VA(p), VB(q)/ y = pq}},   

                            VB(z)}/ x = yγz} 

                 = sup{min{VA(p), VB(z)}/ x = pqγz} 

                 ≤ VA(pqγz) 

                 = VA(x). 

Thus AΓBΓA ⊆ A. 

 

Theorem 3.13:  Suppose R is regular. Then the following 

conditions are equivalent: 

1. Every bi-ideal of R is a left(right) ideal of R.  

2. Every vague bi-ideal of R is a left(right) vague ideal of R. 

 

Proof: Suppose every bi-ideal of R is a left ideal of R. 

Let A = (tA, fA) be a vague bi-ideal of R. 

Let x, y  R and   Γ. 

We have yΓRΓy is a bi-ideal of R. 

By our assumption, yΓRΓy is a left ideal of R. 

Now, xy  RΓ(yΓRΓy) ⊆ yΓRΓy. 

So, xy = yzy, where zR and ,   Γ. 

Now, VA(xy) = VA(yzy)  min{VA(y), VA(y)} = VA(y). 

Hence A is a left vague ideal of R. 

  Conversely suppose every vague bi-ideal of R is a left 

vague ideal of R. 

Let I be a bi-ideal of R. 

By theorem:3.6, vague characteristic set of I is a vague bi-

ideal of R. 

By our assumption, vague characteristic set of I is a left 

vague ideal of R. 

By theorem:3.10[2], I is a left ideal of R. 

Hence every bi-ideal of R is a left ideal of R. 

Similarly we can prove right ideals also. 
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4. Vague Quasi Ideal of a Γ-Semiring 

 
  In this section we introduce the concept of vague quasi ideal 

of R and we proved intersection of a right vague ideal and a 

left vague ideal of R is a vague quasi ideal of R and we 

characterize regular Γ-semiring in terms of vague bi-ideals 

and vague quasi ideals. 

 

Definition 4.1: A vague set A = (tA, fA) of R is said to be a 

vague quasi ideal of R if for all x, y  R;    Γ, 

1. VA(x + y)  min{VA(x), VA(y)} and  

2. (A Γ χ)  (χ Γ A) ⊆ A. 

  

Example 4.2: Let R be the set of natural numbers with zero 

and Γ be the set of positive even integers. Then R, Γ are 

additive commutative semigroups. 

Define the mapping R × Γ × R  R by ab usual product of 

a, , b,  a, b  R;   Γ. 

Then R is a Γ-semiring. 

Let A = (tA, fA), where tA : R  [0, 1] and fA : R  [0, 1] 

defined by 

 tA(x) = 



 

 negative is x if0.4,
positive is x if0.5,
0  xif0.8,

  and  

fA(x) = 



 

 negative is x if0.5,
positive is x if0.3,
0  xif0.1,

 

Then A is a vague quasi ideal of R. 

 

Theorem 4.3: A vague set A = (tA, fA) of R is a left(right) 

vague ideal of R if and only if for all  x, y  R,  

(i).VA(x + y)  min{VA(x), VA(y)} 

(ii). χ ΓA ⊆ A (AΓχ ⊆ A).  

 

Proof:  Suppose that A is a left vague ideal of R. 

Then (i) is satisfied. 

Let x  R. 

VχΓA(x) = sup{min{Vχ(y), VA(z)}/ x= yz, y, z  R;   Γ} = 

VA(z) ≤ VA(yz) = VA(x). 

Thus χ ΓA ⊆ A. 

  Conversely suppose that (i) and (ii) are satisfied. 

Let x, y  R;   Γ. 

VA(xy)  VχΓA(xy) = sup{min{Vχ(x), VA(y)}} = VA(y). 

Hence A is a left vague ideal of R. 

Similarly we can prove other case also. 

 

Theorem 4.4: Any left(right) vague ideal is a vague quasi 

ideal and any vague quasi ideal is a vague bi-ideal of R. 

 

Proof: Let A = (tA, fA) be a left(right) vague ideal of R. 

Then from theorem:4.3, for all  x, y  R, (i).VA(x + y)  

min{VA(x), VA(y)} and (ii). χ ΓA ⊆ A (AΓχ ⊆ A). 

That implies (A Γ χ)( χ Γ A) ⊆ χ Γ A(AΓχ ⊆ A) ⊆ A. 

Hence A is a vague quasi ideal of R. 

Let A be a vague quasi ideal of R. 

Let x, y, z  R and ,   Γ. 

Since  A is a vague quasi ideal of R, we have VA(x + y)  

min{VA(x), VA(y)}.   

Also, VA(xy)  V(A Γ χ)  (χ Γ A)(xy) 

 = min{VA Γ χ(xy), Vχ Γ A(xy)} 

 = min{sup{min{VA(x), Vχ(y)}, sup{min{Vχ(x), VA(y)}}      

 = min{VA(x), VA(y)} 

Thus A is a vague Γ-semiring of R. 

Now, VA(xyz)  V(A Γ χ)  (χ Γ A)(xyz)  

= min{VA Γ χ(xyz), Vχ Γ A(xyz)}                                                                                        

= min{sup{min{VA(x), Vχ(yz)}, sup{min{Vχ(xy), VA(z)}}                                                                                                                                                                               

= min{VA(x), VA(z)} 

Therefore VA(xyz)  min{VA(x), VA(z)}. 

Hence A is a vague bi-ideal of R. 

 

Theorem 4.5: If R is regular, then every vague bi-ideal of R 

is a vague quasi ideal of R. 

 

Proof: Suppose A = (tA, fA) is a vague bi-ideal of R. 

Let x, y  R. 

Then VA(x + y)  min{VA(x), VA(y)}. 

We have to prove that (AΓχ)(χΓA) ⊆ A. 

  Case (i). Suppose VAΓχ(x) ≤ VA(x), then  

V(AΓχ)(χΓA)(x) = min{VAΓχ(x), VχΓA(x)} ≤ VAΓχ(x) ≤ VA(x). 

So (AΓχ)(χΓA) ⊆ A. 

Hence A is a vague quasi ideal of R. 

  Case (ii). Suppose VAΓχ(x) > VA(x), then  

VA(x) < VAΓχ(x) = sup{min{VA(a), Vχ(b)}/ x= ab} = VA(a). 

i.e., VA(x) < VA(a). 

Now, VχΓA(x) = sup{min{Vχ(c), VA(d)}/ x= cd} = VA(d). 

Since R is regular, there exists s  R and ,   Γ such that x 

= xsx. 

Since A is vague bi-ideal of R, we have 

VA(x) = VA(xsx) = VA((ab) s(cd)) =  VA(a(bsc)d) 

 min{VA(a), VA(d)}. 

If min{VA(a), VA(d)} = VA(a), then VA(x)  VA(a). 

Which is a contradiction. 

So, min{VA(a), VA(d)} = VA(d). 

i.e., VA(x)  VA(d). 

Now, V(AΓχ)(χΓA)(x) = min{VAΓχ(x), VχΓA(x)} ≤ VχΓA(x) ≤ 

VA(d) ≤ VA(x). 

Therefore (AΓχ)(χΓA) ⊆ A. 

Hence A is a vague quasi ideal of R. 

 

Theorem 4.6: Intersection of a right vague ideal and a left 

vague ideal of R is a vague quasi ideal of R. 

  

Proof: Let A =(tA, fA) be a right vague ideal of R and B = (tB, 

fB) be a left vague ideal of R. 

Let x, y  R. 

Then VAB(x + y)  min{VAB(x), VAB(y)}. 

Since A is a right vague ideal and B is a left vague ideal of R, 

A Γ χ ⊆  A and χ Γ B ⊆ B. 

Therefore ((AB) Γ χ)( χ Γ(AB)) ⊆ (A Γ χ)( B Γ χ) ⊆ 

AB. 

Hence AB is a vague quasi ideal of R. 

   

Theorem 4.7: Let S be a non-empty subset R. Then vague 

characteristic set of S, δS is a vague quasi ideal of R if and 

only if S is a quasi ideal of R. 

 

Proof: Suppose δS is a vague quasi ideal of R. 

Let x, y  S. 

We have 
S

V (x + y) ≥ min{
S

V (x), 
S

V (y)} = [1, 1]. 

which implies that x + y ∈ S.  
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Let x  (SΓR)(RΓS). 

 x  SΓR and x  RΓS. 

 x = ab = cd, where a, d  S; b, c  R and ,   Γ. 

We have 
S

V (x)  )()( SS
V   (x)  

 = min{  S
V (x), 

S
V  (x)}  

= min{sup{min{
S

V (a), V (b)}}, sup{min{ V (c), 

    
S

V (d)}}} 

= [1, 1]. 

Therefore x  S. 

Hence S is a quasi ideal of R. 

  Conversely suppose that S is a quasi ideal of R. 

Let x, y  R. 

If x, y ∈ S, then x + y ∈ S and xγy ∈ S.   

So, 
S

V (x + y) = [1,1] = min{
S

V (x), 
S

V (y)}  

If x, y  S, then VA(x) = [0,0] = VA(y).  

So, 
S

V (x + y) = [0,0] = min{
S

V (x), 
S

V (y)}  

If x  S and y ∈ S, then VA(x) = [0,0] and VA(y) = [1, 1].  

So, 
S

V (x + y) = [0,0] = min{
S

V (x), 
S

V (y)} 

A Similar argument for x ∈ S and y  S. 

Now, let x  R. 

If x  S, then 
S

V (x) = [1, 1]. 

We have )()( SS
V   (x) ≤ [1, 1] = 

S
V (x). 

Suppose x  S, then 
S

V (x) = [0,0]. 

Now, x  S implies x  (R ΓS)(S ΓR). 

Then 3 cases arise. 

          Case (i). x  RΓS  and x  SΓR. 

          Case (ii). x  RΓS and x  SΓR. 

          Case (iii). x  RΓS and x  SΓR. 

Case (i). x  RΓS and x  SΓR. 

Then x = ab and x = cd, where b, c  S; a, d R and ,  

 Γ. 

Now, )()( SS
V   (x) = min{  S

V (x), 
S

V  (x)} 

 = min{sup{min{
S

V (c), V (d)}}, sup{min{ V (a),  

     
S

V (b)}}} 

= [0, 0]  

= 
S

V (x). 

Case (ii). x  RΓS and x  SΓR. 

Then x = ab and x = cd, where c  S; b  S; a, d R and 

,   Γ. 

Now, )()( SS
V   (x) = min{  S

V (x), 
S

V  (x)} 

= min{sup{min{
S

V (c), V (d)}}, sup{min{ V (a), 

     
S

V (b)}}} 

= [0, 0]  

= 
S

V (x). 

Case (iii). x  RΓS and x  SΓR. 

Similar to case(ii). 

Therefore in any case (S Γ χ)(χ Γ S) ⊆ S. 

Hence S is a vague quasi ideal of R. 

 

Theorem 4.8: R is regular and intra-regular if and only if 

every quasi ideal of R is idempotent. 

 

Proof: Suppose R is regular and intra-regular. 

Let S be a quasi ideal of R. 

Then (R ΓS)(S ΓR) ⊆ S. 

Therefore S ΓS ⊆ S. 

Let x  S. 

Since R is regular and intra-regular, there exists a, p, q  R 

and , , , ,   Γ such that x = xax and x = pxxq. 

So, x = xax  

         = xaxax  

         = xa(pxxq)ax  

         = (xapx)(xqax)  SΓS. 

 S ⊆ S ΓS. 

Therefore S = SΓS. 

Hence every quasi ideal of R is idempotent. 

  Conversely suppose that every quasi ideal of R is 

idempotent. 

Let x  R. 

Consider the quasi ideal S[x] = {x}(xΓR  RΓx) generated 

by x of R. 

By our assumption S[x] = S[x] Γ S[x]. 

So, x  S[x]ΓS[x] = (xΓx)  (xΓ(xΓR  RΓx))  ((xΓR  

RΓx)Γx)  ((xΓR  RΓx)Γ(xΓR  RΓx)). 

That implies x = xax and x = pxxq, for some a, p, q  

Rand , , , ,   Γ. 

Hence R is regular and intra-regular. 

 

Lemma 4.9: Suppose A and B are non empty subsets of R. 

Then χAΓχB = χAΓB, where χA is the characteristic set of A and 

χB is the characteristic set of B. 

 

Theorem 4.10: Every quasi ideal of R is idempotent if and 

only if every vague quasi ideal of R is idempotent. 

 

Proof: Every quasi ideal of R is idempotent. 

Let A = (tA, fA) be a vague quasi ideal of R. 

We have AΓA ⊆ (A Γχ)(χ ΓA) ⊆ A. 

From theorem:4.8, R is regular and intra-regular. 

Let x  R. 

Therefore x = xax and x = pxxq, for some a, p, q  R 

and , , , ,   Γ. 

Now, x = xax = xa(xax) = xa( pxxq)ax = 

(xapx)(xqax). 

Since every vague quasi ideal is a vague bi ideal of R, we 

have 

VAΓA(x) = VAΓA((xapx)(xqax)) 

              =sup{min{VA(xapx), VA(xqax)}} 

               min{VA(xapx), VA(xqax)} 

              = min{min{VA(x), VA(x)}, min{ VA(x), VA(x)}} 

              = VA(x)  

That implies A ⊆ AΓA. 

Therefore A = AΓA. 

Hence every vague quasi ideal of R is idempotent. 

 Conversely suppose every vague quasi ideal of R is 

idempotent. 

Let S be a quasi ideal of R. 

By theorem:4.7, S is a vague quasi ideal of R. 

Therefore S = SΓS  = SΓS. 
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that implies SΓS = S. 

Hence every quasi ideal of R is idempotent. 

 

Theorem 4.11: The following are equivalent. 

1.R is regular and intra-regular. 

2. Every vague quasi ideal of R is idempotent.  

3. Every vague bi-ideal of R is idempotent. 

 

Proof: (1)  (3)  

Suppose R is regular and intra-regular. 

Let A = (tA, fA) be a vague bi-ideal of R. 

Let x  R. 

Then x = xax and x = pxxq, for some a, p, q  Rand , 

, , ,   Γ. 

Now, VAΓA(x) = VAΓA((xax) 

                      = VAΓA(xaxax)  

                      = VAΓA((xapx)(xqax)) 

                      = sup{min{VA(xapx), VA(xqax)}} 

                       min{VA(xapx), VA(xqax)} 

                      = min{min{VA(x),VA(x)}, min{ VA(x),VA(x)}} 

                      = VA(x) 

Therefore A ⊆ AΓA. 

Also, VAΓA(x) = sup{min{VA(y), VA(z)}/ x = yz} ≤ VA(yz)  

                       = VA(x). 

Therefore A = AΓA. 

Hence every vague bi-ideal of R is idempotent. 

(3)  (2) 

Suppose every vague bi-ideal of R is idempotent. 

Since every vague quasi ideal of R is vague bi-ideal of R, we 

have every vague quasi ideal of R is idempotent. 

(2) (1) 

Suppose every vague quasi ideal of R is idempotent. 

By theorem:4.8 and 4.10, R is regular and intra-regular. 

Hence (1)  (2)  (3). 
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