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4. Vague Quasi Ideal of a Γ-Semiring 

 
  In this section we introduce the concept of vague quasi ideal 

of R and we proved intersection of a right vague ideal and a 

left vague ideal of R is a vague quasi ideal of R and we 

characterize regular Γ-semiring in terms of vague bi-ideals 

and vague quasi ideals. 

 

Definition 4.1: A vague set A = (tA, fA) of R is said to be a 

vague quasi ideal of R if for all x, y  R;    Γ, 

1. VA(x + y)  min{V A(x), VA(y)} and  

2. (A Γ χ)  (χ Γ A) ⊆ A. 

  

Example 4.2: Let R be the set of natural numbers with zero 

and Γ be the set of positive even integers. Then R, Γ are 

additive commutative semigroups. 

Define the mapping R × Γ × R  R by ab usual product of 

a, , b,  a, b  R;   Γ. 

Then R is a Γ-semiring. 

Let A = (tA, fA), where tA : R  [0, 1] and fA : R  [0, 1] 

defined by 

 tA(x) = 



 

 negative is x if0.4,
positive is x if0.5,
0  xif0.8,

  and  

fA(x) = 



 

 negative is x if0.5,
positive is x if0.3,
0  xif0.1,

 

Then A is a vague quasi ideal of R. 

 

Theorem 4.3: A vague set A = (tA, fA) of R is a left(right) 

vague ideal of R if and only if for all  x, y  R,  

(i).VA(x + y)  min{V A(x), VA(y)} 

(ii). χ ΓA ⊆ A (AΓχ ⊆ A).  

 

Proof:  Suppose that A is a left vague ideal of R. 

Then (i) is satisfied. 

Let x  R. 

VχΓA(x) = sup{min{Vχ(y), VA(z)}/ x= yz, y, z  R;   Γ} = 

VA(z) ≤ VA(yz) = VA(x). 

Thus χ ΓA ⊆ A. 

  Conversely suppose that (i) and (ii) are satisfied. 

Let x, y  R;   Γ. 

VA(xy)  VχΓA(xy) = sup{min{Vχ(x), VA(y)}} = V A(y). 

Hence A is a left vague ideal of R. 

Similarly we can prove other case also. 

 

Theorem 4.4: Any left(right) vague ideal is a vague quasi 

ideal and any vague quasi ideal is a vague bi-ideal of R. 

 

Proof: Let A = (tA, fA) be a left(right) vague ideal of R. 

Then from theorem:4.3, for all  x, y  R, (i).VA(x + y)  

min{V A(x), VA(y)} and (ii). χ ΓA ⊆ A (AΓχ ⊆ A). 

That implies (A Γ χ)( χ Γ A) ⊆ χ Γ A(AΓχ ⊆ A) ⊆ A. 

Hence A is a vague quasi ideal of R. 

Let A be a vague quasi ideal of R. 

Let x, y, z  R and ,   Γ. 

Since  A is a vague quasi ideal of R, we have VA(x + y)  

min{V A(x), VA(y)}.    

Also, VA(xy)  V(A Γ χ)  (χ Γ A)(xy) 

 = min{VA Γ χ(xy), Vχ Γ A(xy)} 

 = min{sup{min{VA(x), Vχ(y)}, sup{min{Vχ(x), VA(y)}}      

 = min{VA(x), VA(y)} 

Thus A is a vague Γ-semiring of R. 

Now, VA(xyz)  V(A Γ χ)  (χ Γ A)(xyz)  

= min{VA Γ χ(xyz), Vχ Γ A(xyz)}                                                                                        

= min{sup{min{V A(x), Vχ(yz)}, sup{min{Vχ(xy), VA(z)}}                                                                                                                                                                               

= min{VA(x), VA(z)} 

Therefore VA(xyz)  min{V A(x), VA(z)}. 

Hence A is a vague bi-ideal of R. 

 

Theorem 4.5: If R is regular, then every vague bi-ideal of R 

is a vague quasi ideal of R. 

 

Proof: Suppose A = (tA, fA) is a vague bi-ideal of R. 

Let x, y  R. 

Then VA(x + y)  min{V A(x), VA(y)}. 

We have to prove that (AΓχ)(χΓA) ⊆ A. 

  Case (i). Suppose VAΓχ(x) ≤ VA(x), then  

V(AΓχ)(χΓA)(x) = min{VAΓχ(x), VχΓA(x)} ≤ VAΓχ(x) ≤ VA(x). 

So (AΓχ)(χΓA) ⊆ A. 

Hence A is a vague quasi ideal of R. 

  Case (ii). Suppose VAΓχ(x) > VA(x), then  

VA(x) < VAΓχ(x) = sup{min{VA(a), Vχ(b)}/ x= ab} = VA(a). 

i.e., VA(x) < VA(a). 

Now, VχΓA(x) = sup{min{Vχ(c), VA(d)}/ x= cd} = VA(d). 

Since R is regular, there exists s  R and ,   Γ such that x 

= xsx. 

Since A is vague bi-ideal of R, we have 

VA(x) = VA(xsx) = VA((ab) s(cd)) =  VA(a(bsc)d) 

 min{V A(a), VA(d)}. 

If min{V A(a), VA(d)} = VA(a), then VA(x)  VA(a). 

Which is a contradiction. 

So, min{VA(a), VA(d)} = VA(d). 

i.e., VA(x)  VA(d). 

Now, V(AΓχ)(χΓA)(x) = min{VAΓχ(x), VχΓA(x)} ≤ VχΓA(x) ≤ 

VA(d) ≤ VA(x). 

Therefore (AΓχ)(χΓA) ⊆ A. 

Hence A is a vague quasi ideal of R. 

 

Theorem 4.6: Intersection of a right vague ideal and a left 

vague ideal of R is a vague quasi ideal of R. 

  

Proof: Let A =(tA, fA) be a right vague ideal of R and B = (tB, 

fB) be a left vague ideal of R. 

Let x, y  R. 

Then VAB(x + y)  min{V AB(x), VAB(y)}. 

Since A is a right vague ideal and B is a left vague ideal of R, 

A Γ χ ⊆  A and χ Γ B ⊆ B. 

Therefore ((AB) Γ χ)( χ Γ(AB)) ⊆ (A Γ χ)( B Γ χ) ⊆ 

AB. 

Hence AB is a vague quasi ideal of R. 

   

Theorem 4.7: Let S be a non-empty subset R. Then vague 

characteristic set of S, δS is a vague quasi ideal of R if and 

only if S is a quasi ideal of R. 

 

Proof: Suppose δS is a vague quasi ideal of R. 

Let x, y  S. 

We have 
S

V (x + y) ≥ min{S
V (x), 

S
V (y)} = [1, 1]. 

which implies that x + y ∈ S.  
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Let x  (SΓR)(RΓS). 

 x  SΓR and x  RΓS. 

 x = ab = cd, where a, d  S; b, c  R and ,   Γ. 

We have 
S

V (x)  )()( SS
V   (x)  

 = min{ S
V (x), 

S
V  (x)}  

= min{sup{min{
S

V (a), V (b)}}, sup{min{ V (c), 

    
S

V (d)}}} 

= [1, 1]. 

Therefore x  S. 

Hence S is a quasi ideal of R. 

  Conversely suppose that S is a quasi ideal of R. 

Let x, y  R. 

If x, y ∈ S, then x + y ∈ S and xγy ∈ S.   

So, 
S

V (x + y) = [1,1] = min{
S

V (x), 
S

V (y)}  

If x, y  S, then VA(x) = [0,0] = VA(y).  

So, 
S

V (x + y) = [0,0] = min{
S

V (x), 
S

V (y)}  

If x  S and y ∈ S, then VA(x) = [0,0] and VA(y) = [1, 1].  

So, 
S

V (x + y) = [0,0] = min{
S

V (x), 
S

V (y)} 

A Similar argument for x ∈ S and y  S. 

Now, let x  R. 

If x  S, then 
S

V (x) = [1, 1]. 

We have )()( SS
V   (x) ≤ [1, 1] = 

S
V (x). 

Suppose x  S, then 
S

V (x) = [0,0]. 

Now, x  S implies x  (R ΓS)(S ΓR). 

Then 3 cases arise. 

          Case (i). x  RΓS  and x  SΓR. 

          Case (ii). x  RΓS and x  SΓR. 

          Case (iii). x  RΓS and x  SΓR. 

Case (i). x  RΓS and x  SΓR. 

Then x = ab and x = cd, where b, c  S; a, d R and ,  

 Γ. 

Now, )()( SS
V   (x) = min{ S

V (x), 
S

V  (x)} 

 = min{sup{min{
S

V (c), V (d)}}, sup{min{ V (a),  

     
S

V (b)}}} 

= [0, 0]  

= 
S

V (x). 

Case (ii). x  RΓS and x  SΓR. 

Then x = ab and x = cd, where c  S; b  S; a, d R and 

,   Γ. 

Now, )()( SS
V   (x) = min{ S

V (x), 
S

V  (x)} 

= min{sup{min{
S

V (c), V (d)}}, sup{min{ V (a), 

     
S

V (b)}}} 

= [0, 0]  

= 
S

V (x). 

Case (iii). x  RΓS and x  SΓR. 

Similar to case(ii). 

Therefore in any case (S Γ χ)(χ Γ S) ⊆ S. 

Hence S is a vague quasi ideal of R. 

 

Theorem 4.8: R is regular and intra-regular if and only if 

every quasi ideal of R is idempotent. 

 

Proof: Suppose R is regular and intra-regular. 

Let S be a quasi ideal of R. 

Then (R ΓS)(S ΓR) ⊆ S. 

Therefore S ΓS ⊆ S. 

Let x  S. 

Since R is regular and intra-regular, there exists a, p, q  R 

and , , , ,   Γ such that x = xax and x = pxxq. 

So, x = xax  

         = xaxax  

         = xa(pxxq)ax  

         = (xapx)(xqax)  SΓS. 

 S ⊆ S ΓS. 

Therefore S = SΓS. 

Hence every quasi ideal of R is idempotent. 

  Conversely suppose that every quasi ideal of R is 

idempotent. 

Let x  R. 

Consider the quasi ideal S[x] = {x}(xΓR  RΓx) generated 

by x of R. 

By our assumption S[x] = S[x] Γ S[x]. 

So, x  S[x]ΓS[x] = (xΓx)  (xΓ(xΓR  RΓx))  ((xΓR  

RΓx)Γx)  ((xΓR  RΓx)Γ(xΓR  RΓx)). 

That implies x = xax and x = pxxq, for some a, p, q  

Rand , , , ,   Γ. 

Hence R is regular and intra-regular. 

 

Lemma 4.9: Suppose A and B are non empty subsets of R. 

Then χAΓχB = χAΓB, where χA is the characteristic set of A and 

χB is the characteristic set of B. 

 

Theorem 4.10: Every quasi ideal of R is idempotent if and 

only if every vague quasi ideal of R is idempotent. 

 

Proof: Every quasi ideal of R is idempotent. 

Let A = (tA, fA) be a vague quasi ideal of R. 

We have AΓA ⊆ (A Γχ)(χ ΓA) ⊆ A. 

From theorem:4.8, R is regular and intra-regular. 

Let x  R. 

Therefore x = xax and x = pxxq, for some a, p, q  R 

and , , , ,   Γ. 

Now, x = xax = xa(xax) = xa( pxxq)ax = 

(xapx)(xqax). 

Since every vague quasi ideal is a vague bi ideal of R, we 

have 

VAΓA(x) = VAΓA((xapx)(xqax)) 

              =sup{min{VA(xapx), VA(xqax)}}  

               min{V A(xapx), VA(xqax)}  

              = min{min{VA(x), VA(x)}, min{ V A(x), VA(x)}}  

              = VA(x)  

That implies A ⊆ AΓA. 

Therefore A = AΓA. 

Hence every vague quasi ideal of R is idempotent. 

 Conversely suppose every vague quasi ideal of R is 

idempotent. 

Let S be a quasi ideal of R. 

By theorem:4.7, S is a vague quasi ideal of R. 

Therefore S = SΓS  = SΓS. 
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that implies SΓS = S. 

Hence every quasi ideal of R is idempotent. 

 

Theorem 4.11: The following are equivalent. 

1.R is regular and intra-regular. 

2. Every vague quasi ideal of R is idempotent.  

3. Every vague bi-ideal of R is idempotent. 

 

Proof: (1)  (3)  

Suppose R is regular and intra-regular. 

Let A = (tA, fA) be a vague bi-ideal of R. 

Let x  R. 

Then x = xax and x = pxxq, for some a, p, q  Rand , 

, , ,   Γ. 

Now, VAΓA(x) = VAΓA((xax) 

                      = VAΓA(xaxax)  

                      = VAΓA((xapx)(xqax)) 

                      = sup{min{VA(xapx), VA(xqax)}} 

                       min{V A(xapx), VA(xqax)} 

                      = min{min{V A(x),VA(x)}, min{ V A(x),VA(x)}} 

                      = VA(x) 

Therefore A ⊆ AΓA. 

Also, VAΓA(x) = sup{min{VA(y), VA(z)}/ x = yz} ≤ VA(yz)  

                       = VA(x). 

Therefore A = AΓA. 

Hence every vague bi-ideal of R is idempotent. 

(3)  (2) 

Suppose every vague bi-ideal of R is idempotent. 

Since every vague quasi ideal of R is vague bi-ideal of R, we 

have every vague quasi ideal of R is idempotent. 

(2) (1) 

Suppose every vague quasi ideal of R is idempotent. 

By theorem:4.8 and 4.10, R is regular and intra-regular. 

Hence (1)  (2)  (3). 
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