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Abstract: The natural convection heat transfer of laminar nanofluid flow is investigated numerically taking copper as nano particles
and the water as based fluid in a three dimensional annulus enclosure filled with porous media between two horizontal concentric
cylinders. 12 annular fins of 3mm length and 2.4 mm thickness attached to the inner cylinder under steady state condition and different
wall temperature boundary conditions. The governing equations used Darcy law and Boussinesq’s approximation is transformed to
dimensionless equations, then the finite difference approach is used to obtain the results using the MATLAB. The parameters affected
on the system are modified Rayleigh number (10 ≤Ra *≤ 500), the copper volume fraction 0    0.3 and for the sinusoidal
temperature boundary condition, the parameters are the dimensionless amplitude 0  a  0.8 , the constant dimensionless time τ΄=0.2
and dimensionless period η΄ (0.005 – 0.05). The results show that For Ra*=500; adding Cu nanoparticles with φ= 0.3 cause 268.18%
enhancement in heat transfer and For Ra*=500; adding Cu nanoparticles with φ= 0.3 cause 268.18% enhancement in heat transfer and
applying sinusoidal temperature boundary condition causes 1.7% increase in heat transfer than that of constant wall temperature. A
correlation for Nu in terms of Ra*, volume fraction (φ) and amplitude (a) has been developed.
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the oscillation period of heat generation affects the maximum
operational temperature of the heat source.

1. Introduction
Coupled heat and mass transfer driven by buoyancy due to
temperature and concentration variations in fluid-saturated
porous media has been of growing interest during the last
several decades because of its great practical applications in
modern industry, such as the design of building components
for energy consideration, control of pollutant spread in
groundwater, compact heat exchangers, solar power
collectors and food industries [1]. For the first time [2]
investigated the buoyancy driven flows in a square enclosure
with periodic heat flux and examined the effects of
oscillation frequency of heat generation on natural
convection. Other researchers carried out similar studies by
considering a clear base fluid within the enclosure as in [3]
and [4]. [5] Showed that introducing nanofluids containing
nanoparticles
with
substantially
higher
thermal
conductivities improves the heat transfer performance. The
results of this study have also been confirmed by other
researchers [6], [7] and [8]. [9] Studied numerically laminar
conjugate heat transfer by natural convection and conduction
in a vertical annulus formed between an inner heat
generating solid circular cylinder and an outer isothermal
cylindrical boundary. It is assumed that the two sealed ends
of the tube to be adiabatic. The governing equations have
been solved using the finite volume approach, using
SIMPLE algorithm on the collocated arrangement.
[10] Examined the periodic natural convection in an
enclosure filled with nanofluids. Whilst a heat source with
oscillating heat flux is located on the left wall of the
enclosure, the right wall is maintained at a relatively low
temperature and the other walls are thermally insulated. The
utilization of nanoparticles, in particular Cu, enhances the
heat transfer especially at low Rayleigh numbers. In addition,
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[11] Investigated numerically Natural convection fluid flow
and heat transfer inside C-shaped enclosures filled with CuWater nanofluid using finite volume method and SIMPLER
algorithm. It was found from the obtained results that the
mean Nusselt number increased with increase in Rayleigh
number and volume fraction of Cu nanoparticles regardless
aspect ratio of the enclosure. Moreover the obtained results
showed that the rate of heat transfer increased with
decreasing the aspect ratio of the cavity. Also it was found
that the rate of heat transfer increased with increase in
nanoparticles volume fraction.
[12] Analyzed the heat transfer and fluid flow of natural
convection in a cavity filled with Al2O3/ water nanofluid that
operates under differentially heated walls. The heat transfer
rates are examined for parameters of non-uniform
nanoparticle size, mean nanoparticle diameter, nanoparticle
volume fraction, Prandtl number, and Grashof number.
Heat transfer and fluid flow due to buoyancy forces in a
partially heated enclosure using nanofluids is carried out by
[13] using different types of nanoparticles. The flush
mounted heater is located to the left vertical wall with a
finite length. The temperature of the right vertical wall is
lower than that of heater while other walls are insulated. The
finite volume technique is used to solve the governing
equations.
[14] Investigated the heat transfer performance in an
enclosure including nanofluids with a localized heat source.
The hydrodynamics and thermal fields are coupled together
using the Boussinesq's approximation.
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2. Objective of Research
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In the present study, the heat transfer by natural convection
of nanofluid taking copper as nano particles and the water as
based fluid in a three dimensional annulus enclosure filled
with porous media between two horizontal concentric
cylinders under steady state condition and for thermal
boundary condition of two cases constant or sinusoidal
temperature oscillation at the wall of the inner cylinder and
for modified Rayleigh number (10 ≤Ra*≤ 500) and the
volume fraction 0    0.3 .

And the energy equation will be:
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3. Mathematical Model

And fin equation will be [19]:

The effective thermal conductivity of the nano-fluid is
approximated by Maxwell-Garnetts model:
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For the vector potential field, the boundary conditions are
given in Fig. 1.

The use of this equation is restricted to spherical nanoparticles where it does not account for other shapes of nanoparticles. This model is found to be appropriate for studying
heat transfer enhancement using nanofluid [9] and [15]
The thermo-physical properties of pure water and
nanoparticles are given in Table 1 [10].
Table 1: Thermo-physical properties of pure fluid and
nanoparticles.
physical properties
Ρ(kg/m3)
Cp(J/kg K)
K(W/m K)
Β(1/K)

Pure water
997.1
4179
0.613
21x10-5

(a)

Cu
8933
385
400
1.67x10-5

The viscosity of the nanofluid can be approximated as
viscosity of a base fluid µf containing dilute suspension of
fine spherical particles and is given by [16]:
f
(2)
 nf 
1   2.5
The governing equations used are continuity, momentum and
energy equations which are transformed to dimensionless
equations and the vector potential equation was obtained in
the dimensionless form as [17] and [18]:
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(4)

(5)
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(b)
Figure 1: (a) Annulus boundary conditions (b) Fins
boundary conditions

4. Computational Technique
The equations were transformed into the finite difference
approximation, where the upwind differential method in the
left hand side of the energy equation and the centered –
space differential method for the other terms were used, and
solved by using (SOR) method.
A computer program was built using MATLAB to meet the
requirements of the problem. The value of the vector
potential  calculated at each node, in which the value of
vector potential is unknown, the other node will appear in the
right hand side of each equation.
The Fig. 2 illustrate the influence of number of grid points
for a test case of Ra* =500, a=0.8, η=0.01and φ =0.3. The
figure shows the average Nusselt number for point located
on the inner hot cylinder. The number of grid points used
was 21 grid points in the R – direction, 31 in the  –
direction and 301 in the Z – direction
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Case 1: Constant wall temperature
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6. Calculation of the Local and Average
Nusselt Number

140

Nu average

120
100

The local Nusselt number Nu1 and Nu2 on the inner and the
outer cylinders are written in the form:
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The average Nusselt number Nuin and Nuout on the inner and
the outer cylinders are defined as:
1 L    
(12)
Nu in  1  R1      d dZ
L 0 0  R  R  R
1 L    
(6.4)
Nu out  1  R1      d dZ
L 0 0  R  R 1

(b)
Figure 2: (a) Grid Size Study at the inner hot cylinder along
the length and in R direction (b) grid generation in the
direction

5. Hydraulic
Conditions

and

Thermal

Boundary

The effect of the nanofluids on heat transfer rate introduced
as a variable called Nusselt number ratio (NUR) with its
definition given as:
𝑁𝑢 𝑜𝑢𝑡 𝑛𝑎𝑛𝑜𝑓𝑙𝑢𝑖𝑑
𝑁𝑈𝑅 =
(13)
𝑁𝑢
𝑜𝑢𝑡 𝑝𝑢𝑟𝑒 𝑓𝑙𝑢𝑖𝑑

A correlation for Nu in terms of Ra, φ and dimensionless
amplitude (a) has been developed for inner hot cylinder as
follow:
Nu =13.07 (Ra*) 0.4304 φ0.533 a0.4003

5.1 Dimensionless Hydraulic Boundary Conditions:
1 
R   0
R R

Z

0

At S1 for any R and S2 for any R
at R  R1 ,1

−𝑘𝑓𝑖𝑛

𝜕𝑍 𝑓𝑖𝑛

= −𝑘𝑛𝑓

𝜕𝜃
𝜕𝑍 𝑛𝑓

at Z  0, L

And for the fin, the boundary conditions are given as:
1 
R  r     Z  0
R R
 Z

7. Results and Discussion
7.1. Temperature, Streamlines and Velocity Fields

On the fin faces which were located on the following planes:
At R = R1
for (fin base)
At r = rin+Hf

for (fin tip)

5.2. Dimensionless Thermal Boundary Conditions:

 0

𝜕𝜃

at R  R2  1
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The dimensionless temperature distribution and the axial
velocity within the enclosure are presented in a contour map
form. For isotherms, one section was selected in the (Z-R)
plane along the length of the annulus, and the other in the (Rϕ) plane, in a manner allowed studying the temperature
distribution and streamlines within each plane. For
comparison purposes, parameters are selected of constant
wall temperature, Ra*=500 and φ=0 in the Fig. 3 and φ=0.3
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in the Fig. 4. The Fig. 3 shows the temperature distribution
for pure fluid where the isotherms shift towards the outer
(cold) cylinder and a thicker cold layer in the lower region of
the annulus wall exist while a high temperature exist in the
upper half of the annulus where the waviness in temperature
distribution is due to the existence of the fins. The figure
Fig.4 illustrates the enhancement in heat transfer where the
temperature decrease clearly in the regions between fins. For
the streamlines it can be seen from figures that one vortex
occur which indicates that the heated flow moves up from
the inner heated cylinder of the enclosure and impinges to
the cold outer cylinder. The difference between nanofluid
and pure fluid cases are the higher intensity of streamlines in
nanofluid. The velocity field shows a clear decrease in the
axial velocity due to the enhancement in heat transfer caused
the fluid to be cooled and as a result the velocity decreased.

c. Axial velocity along annulus length
Figure 4: Ra=500, a=0 and φ=0. 3
For sinusoidal oscillation in the inner cylinder wall
temperature, a selected case is taken for dimensionless
amplitude a= 0.8, η=0.01, Ra*=500, φ=0 in the Fig. 5 and
φ=0.3 in the Fig. 6.
The Fig. 5 shows the temperature distribution for pure fluid
and that the increase in amplitude cause to enhance heat
transfer so the values of isotherms decrease and a decrease in
the axial velocity and streamlines intensity observed. In the
Fig. 6 as φ increase to 0.3 an extra enhancement in heat
transfer obtained and the enclosure cooled with more
decrease in the velocity and streamlines intensity.

a. Isotherms along annulus length

a. Isotherms along annulus length

b. isotherms (left), streamlines (right)

b. isotherms ( left), streamlines (right)

c. Axial velocity along annulus length
Figure 5: Ra=500, a=0.8, η=0.01 and φ=0

c. Axial velocity along annulus length
Figure 3: Ra=500, a=0 and φ=0
a. Isotherms along annulus length

a. Isotherms along annulus length
b. isotherms (left), streamlines (right)

b. isotherms (left), streamlines (right)
c. Axial velocity along annulus length
Figure 6: Ra=500, a=0.8, η=0.01 and φ=0. 3
The Fig. 7 and Fig. 8 illustrate the variation of Local Nusselt
number along the length of the inner cylinder. It is clear from
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these figures, as mentioned previously that heat transfer
enhances by sinusoidal oscillation boundary condition and
adding nano particles to the pure fluid causes extra
enhancement in heat transfer.

in heat transfer is 1.327% for constant wall temperature and
1.42% for sinusoidal oscillation boundary condition for
amplitude equal 0.8.

(a) Dimensionless amplitude (a) =0
(a) φ = 0

(b) φ = 0.3
Figure 7: The variation of Local Nusselt number along the
length of the inner cylinder for Ra*=500 and for constant
wall temperature boundary condition (a=0)

(b) Dimensionless amplitude (a) =0.8
Figure 9: The variation of the average Nu with the modified
Rayleigh number for various volume fractions (φ)
The Fig. 10 shows the variation of the average Nu with the
modified Rayleigh number for various dimensionless
amplitudes in pure fluid and in nanofluid with volume
fraction φ = 0.3. For constant wall temperature with Ra *=10,
as the dimensionless amplitude increase from zero to 0.8 the
enhancement percent in heat transfer is 0.78 % where in
nanofluid with φ=0.3 the enhancement percent is 0.857 %.
The variation of the average Nusselt number with the
dimensionless period 𝜂 for dimensionless amplitude a=0.8
and Ra*=300 is shown in the Fig. 11; where it is clear that
Nu decrease with the increase of the dimensionless period 𝜂.
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Figure 8: The variation of Local Nusselt number along the
length of the inner cylinder for Ra*=500 and sinusoidal
oscillation temperature boundary condition (a=0.8)
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The variation of the average Nu with the modified Rayleigh
number for various volume fractions (φ) and with various
wall temperatures boundary condition is illustrated in the
Fig. 9. This figure shows that for Ra*=10, as the volume
fraction increase from zero to 0.3 the enhancement percent
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(b) φ =0.3
Figure 10: The variation of the average Nu with the
modified Rayleigh number for various dimensionless
amplitudes (a)
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Figure 11: The variation of the average Nusselt number with
the dimensionless period 𝜂 for dimensionless amplitude
a=0.8 and Ra*=300
The Fig. 12 shows that the Nusselt number ratio (NUR)
increase with the modified Rayleigh number increase until
Ra* equal about 100 and then the values (for various volume
fractions (φ) and a=0.8) reach a steady state. In the Fig. 13
the variation of the Nusselt number ratio with the
dimensionless amplitude (a) for various volume fractions (φ)
and Ra*=500 is illustrated and it is clear that NUR is nearly
constant with the dimensionless amplitude and increase
when adding more copper particles.

Figure 12: The variation of the Nusselt number ratio with
the modified Rayleigh number for various volume fractions
(φ) and a=0.8

Figure 13: The variation of the Nusselt number ratio with
the dimensionless amplitude (a) for various volume fractions
(φ) and Ra*=500

8. Conclusion
From the present work results and for the annulus that
described previously, the following conclusions can be
obtained:
1) The increase in the dimensionless amplitude cause to
enhance heat transfer which causes the values of the
isotherms to decrease and as consequent a decrease in the
axial velocity values and the streamlines intensity
observed.
2) Adding copper particles to the pure fluid cause an extra
enhancement in heat transfer and the enclosure cooled
with more decrease in the velocity and streamlines
intensity.
Paper ID: 15041501

3) For Ra*=10, as the volume fraction increase from zero to
0.3 the enhancement percent in heat transfer is 1.327%
for constant wall temperature and 1.42% for sinusoidal
oscillation boundary condition.
4) For constant wall temperature with Ra *=10, as the
dimensionless amplitude increase from zero to 0.8 the
enhancement percent in heat transfer is 0.78 % where in
nanofluid the enhancement percent is 0.857 %.
5) For Ra*=500; adding Cu nanoparticles with φ= 0.3 cause
268.18% enhancement in heat transfer. It is found that
applying sinusoidal temperature boundary condition
causes 1.7% increase in heat transfer than that of constant
wall temperature.
6) As Ra* increase, the Nusselt number ratio (NUR) increase
until Ra* equal about 100 where it reaches a constant
value.
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