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dynamics, presented with illustrations derived from thgysten with contol is given by tle nonlinear differential

Matlab graphs program. The conclusiodgrived from the
numerical simulations, are resumed in section5.

2.Mathematical Model

As any infedion disease modelthe total popuation is
divided into epidemiological subgroupswe onside in this
mode|] four disessestate conpatmerts: usceptible
individuals (S), people wheoan catch the diseasse exposed
individuals (E) are pegole who have comeinto contact with
the diseasebut are not yet infedive or infedious, infective
individuals (I), pemple who lawe the disease ard can
transmit the wease; recoered ndviduals (R) pegle who
hawe recoered from the disease We asame tha an
individua can be infect® only through contacts with
infedious indviduds and tha immunity is permarent.
The parameters el in the model orsideral areidentified

by:

p is the rateof contact. It is defined as the average
numbe of effedive contacts with other individuals
(susceptible) per infedive unit time;

& is the rate at which the exposed individuals
becomeinfective or infectious,

y is the rate at which the infectious indviduals
recover perunittime;

M is the birthard deat rate.

We nsider the tuberculoss model developed by I.K.
Dontwil [1]. The dynamics of the model are gwerned by
the following system of differential equations subjed to
nortnegative initia conditions
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We alsodenote by N (t) the tothnumbe individuals at time
tard is givenby

N{O =9 +H) {9 R

As mechanis) of control, we usetreatmentof the infeaed
individuals We represent this adion by a control u into
the model (1) tha for mathematica resm is take as
Lebesgue masirable funcion. The control u represents the
rate at which infectious individuals are treated aktachtime
period.

We @sune tha all infeded individuals tha we treat are
trarsfered diredly to the removed class. The mathematical

equétions
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with S(0)> 0,1(0)> 0, E(0)> 0, andR(0) > Oare

given.
3.0Optimal Control Problem

Our goal inthis optimal control problem isto find the hest
strategy in terms of efforts in treatment ha would
minimize the number of pple who die from Tubercodis
while at the sametime minimizing the cost of treatmentof
the pgulation,considering theinitial population sizes of all
four classes, S(0), E(0)1,(0) and R(0) given. Nturaly,
thee are vaious ways of expressing such a goal

mathematiclly. In this paperfor afixed termind time t;
we onsider the following objedive function:

3= %uz(t)) dt

Where A>0 represents the weight congtart of the control

ard time respedively. We seek aroptimal control U’ such
that

3

J(u*):min{J(u):uT U} (4)

Where U isthe st of admssibk controls defined by

U:{u(t):o u Kt [ e }]
With U is measurable.

Portryagin’s Maximum Principd converts (2), (3) and(4)
into a problem ofminimizing a Hamiltonian, defined by

A 4
H=1I ?uz > Af (5)
i=1

Where fi is the right side ofthe diferential equation of
the " state varialde.

By applyingth e Pontryaginsmaximumprinciple P,
we obtain the following thearem:

Theorem 1 Given an optimal control u  an optimal
termind timet, , and solutions S,I,E and R of the

coregponding state system, there exists anadoint vector

A=[ 4 ,4 3 A saishying
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S(9, ED, 1(0), R(9,4,.(0, 4(D, .49, , (& And the
, | control u(t) .
A =( 4 - zﬂ ng + A u In addition, the &orithm we wead proceeds as flows:

Algorithm 2

=4 K A=) 4 ¢
: S Choose iitial guess of thestate variables the adoint
=04 -0 ng 5 AMH P (AatyjuA4 variables and the catrol;
Foward solving of the state system
Backward soVing of the adoint system;
Updae the control using the characterizéion (6);

A= 4 U
With the transversdty conditions

j1(tf): g(tf) =3@f) :4(“') 0

The fdlowing parameters and initid values are wsead for
the smulation, which we hawe taken from [1]:

The peria of the teamentefforts is250days
e |Initial conditions:

Furthrermore, the optimd control u is given by S(0) = 300,E(0) =400J (0) 42R (0)

I we remdr that in absere of treatment th
ndividuad with Tuberculos
A-l OoH ases in thefjrst 50 days,to grow highly after.
- oS’
nce oftreatment, thenumber | of
i oH from the first day, in
2 OoE’ e of individuals | infedtious with TB at
) oH 1400nfedion in the case
A:a = _8| ) ith control
_ aH Infected I(t) Infected I(t)
4= T 1400 60
oR
The optima control U’ can be%fro the optimality 1200 Texts 1 so :
condtion, 1000
oH i
— =0 800 '
ou 30h
that is 600 |
oH 2of!
— = Au _,qg| .%J 0 400 '
ou ‘ol
. o * . 200 '.
By the bounds in the control U, it is easy to obtdinn the
form of (6) 00 50 100150 200 250 00 5!; 100 150 200 250
Time (days) Time (days)

4.Numerical Simulations Figure 1: The infected group with and without control

The optimality systens sdved using an iterative method [16].

Numical algorithm presented below is a semi-implicit finit& '9Ure 2 gives a representation of the optimal conttoifor
difference method. the treatment representing the effort to treat actively infected

] ] . . ) individuals with drug-resistant TB, in order to reduce the
We discretizehe interval [tO’tf athe wints t; =t 1 nympber of infected individual.

(i=0,1,..n whee h is the time dgep such that
t,=t;, [11]. Next, we dedine the state and adoint
varialdes
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