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Abstract: In the present paper ,we introduced a new class 𝑾(𝜸, 𝒑, 𝒄, 𝑨, 𝑩, 𝜹, 𝒗) of p-valent functions in the unit disk U={z∈ ℂ:IzI<1} 
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1. Introduction 

 
Let 𝑀𝑝  denote the class of the functions of the form:  

 𝑓 𝑧 = 𝑧𝑝 −  𝑎𝑛+𝑝𝑧𝑛+𝑝

∞

𝑛=1

 ,  𝑎𝑛+𝑝 ≥ 0 𝑝 ∈ ℕ = {1,2, … }   , (1.1) 

which are analytic and p-valent in the unit disk U. 
 

A function 𝑓 ∈  𝑀𝑝  is said to be in the class 𝑆∗(𝛼) if  

 𝑅𝑒  
𝑧𝑓 ′ 𝑧 

𝑓 𝑧 
 > 𝛼 ,  0 ≤ 𝛼 < 1 ; 𝑧 ∈ 𝑈 . (1.2) 

The elements of this class are called starlike functions of order 𝛼. 

A function 𝑓 ∈ 𝑀𝑝  is said to be in the class 𝐶(𝛼) if  

 𝑅𝑒  1 +
𝑧𝑓″  𝑧 

𝑓 ′ 𝑧 
 > 𝛼 ,  0 ≤ 𝛼 < 𝑝; 𝑧 ∈ 𝑈 . (1.3) 

The elements of this class are called convex functions of order. 

We shall use the Komatu operator[4] 𝐾𝐶,𝑝
𝛿  of the function 𝑓 given by (1.1) defined by  

  𝐾𝐶 ,𝑝
𝛿 𝑓 𝑧 =

(𝑐+𝑝)𝛿

Γ(𝛿)𝑧𝐶  
𝑑

𝑑𝑧
 𝑡𝐶−1  (𝑙𝑜𝑔

𝑧

𝑡
)𝛿−1𝑓(𝑡)𝑑𝑡 ,

𝑧

0
 

 = 𝑧𝑝 −  (
𝑐+𝑝

𝑐+𝑝+𝑛
)𝛿𝑎𝑛+𝑝𝑧𝑛+𝑝∞

𝑛=1   𝑐 > −𝑝, 𝛿 > 0  (1.4) 

Definition(1.1):Let 𝑓 ∈ 𝑀𝑝  given by(1.1).Then the class W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣  is defined by 

W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 

=

 
 
 

 
 

𝑓 ∈ 𝑀𝑝 :
 
 

𝑝  
 𝐾𝐶 ,𝑝

𝛿+1𝑓 𝑧 

 𝐾𝐶,𝑝
𝛿 𝑓 𝑧 

− 1 

𝛾
 𝐾𝐶,𝑝

𝛿+1𝑓 𝑧 

 𝐾𝐶 ,𝑝
𝛿 𝑓 𝑧 

+  𝐴 + 𝐵 + 𝛾 
 
 

< 𝑣 , 0 ≤ 𝛾 < 1, 0 < 𝐴 ≤ 1 ,0 ≤ 𝐵 < 1 𝑎𝑛𝑑 0 < 𝑣 < 1

 
 
 

 
 

. (1.5) 

 
The p-valent functions studied by several authors for another classes ,like,[1],[2],[3],[6], and [7]. 

 

2. Coefficient Inequality 
 

The following theorem gives a sufficient and necessary condition for a function 𝑓 to be in the class 

W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣  . 

Theorem(2.1): Let 𝑓 ∈ 𝑀𝑝 .Then 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣  if and only if  

  
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
)𝛿𝑎𝑛+𝑝 ≤ v A + B + 2𝛾 ,  2.1 

∞

𝑛=1

 

where 0 ≤ 𝛾 < 1 , 0 < 𝐴 ≤ 1 ,0 ≤ 𝐵 < 1,0 < 𝑣 < 1 𝑎𝑛𝑑 𝑝 ∈ ℕ .  
proof : Suppose that the inequality (2.1) holds true and  𝑧 = 1. Then , we have 

 𝑝  
 𝐾𝐶,𝑝

𝛿+1𝑓 𝑧 

 𝐾𝐶 ,𝑝
𝛿 𝑓 𝑧 

− 1  − 𝑣  𝛾
 𝐾𝐶,𝑝

𝛿+1𝑓 𝑧 

 𝐾𝐶 ,𝑝
𝛿 𝑓 𝑧 

+  𝐴 + 𝐵 + 𝛾   
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=    
𝑝𝑛

𝑝 + 𝑐 + 𝑛
  

𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 
𝛿

𝑎𝑛+𝑝𝑧𝑛+𝑝

∞

𝑛=1

  

−𝑣   𝐴 + 𝐵 + 2𝛾 𝑧𝑝 −   
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 
𝛿

(𝛾  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 + (𝐴 + 𝐵 + 𝛾))𝑎𝑛+𝑝𝑧𝑛+𝑝

∞

𝑛=1

  

≤   
𝑝𝑛

𝑝 + 𝑐 + 𝑛
 

∞

𝑛=𝑝+1

 
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 
𝛿

𝑎𝑛+𝑝  𝑧 𝑛 − 𝑣 𝐴 + 𝐵 + 2𝛾  𝑧 𝑝

+  𝑣  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 
𝛿

(𝛾  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 + (𝐴 + 𝐵 + 𝛾))𝑎𝑛+𝑝  𝑧 𝑛+𝑝

∞

𝑛=1

 

=   
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 
𝛿

( 
𝑝𝑛

𝑝 + 𝑐 + 𝑛
 + 𝑣𝛾  

𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 + 𝑣(𝐴 + 𝐵 + 𝛾)𝛿)𝑎𝑛+𝑝  𝑧 𝑛+𝑃

∞

𝑛=1

 

− 𝑣 𝐴 + 𝐵 + 2𝛾  𝑧 𝑝   

=   
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
)𝛿𝑎𝑛+𝑝 − v(A + B + 2𝛾)  ≤ 0 

∞

𝑛=1

 

by hypothesis . 

Hence , by maximum modulus principle , 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣  .  

Conversely , suppose that 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 . Then from (1.5) , we have  

 
 

𝑝  
 𝐾𝐶,𝑝

𝛿+1𝑓 𝑧 

 𝐾𝐶,𝑝
𝛿 𝑓 𝑧 

− 1 

𝛾
 𝐾𝐶,𝑝

𝛿+1𝑓 𝑧 

 𝐾𝐶,𝑝
𝛿 𝑓 𝑧 

+  𝐴 + 𝐵 + 𝛾 
 
 

=   
  

𝑝𝑛
𝑝 + 𝑐 + 𝑛  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛 

𝛿

𝑎𝑛+𝑝𝑧𝑛+𝑝∞
𝑛=1

 𝐴 + 𝐵 + 2𝛾 𝑧𝑝 −   
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 
𝛿

(𝛾  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛 + (𝐴 + 𝐵 + 𝛾))𝑎𝑛+𝑝𝑧𝑛+𝑝∞
𝑛=1

  

< 𝑣 . 
Since 𝑅𝑒 𝑧 ≤  𝑧  for all  ( 𝑧 ∈ 𝑈 ) , we get  

𝑅𝑒  
  

pn
p + c + n  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛 

𝛿

𝑎𝑛+𝑝𝑧𝑛+𝑝∞
𝑛=1

 𝐴 + 𝐵 + 2𝛾 𝑧𝑝 −   
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛 
𝛿

(𝛾  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛 + 𝐴 + 𝐵 + 𝛾)𝑎𝑛+𝑝𝑧𝑛+𝑝∞
𝑛=1

 < 𝑣 .  

We choose the value of z on the real axis and Letting z → 1−, through real values , we 
obtain the inequality (2.1) .  
Corollary(2.1): Let 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣  . Then 

𝑎𝑛 ≤
v(A + B + 2𝛾)

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛)𝛿

 . (2.2) 

The equality in (2.2)is attained for the function f given by the sharp for the function 

𝑓 𝑧 = 𝑧𝑝 −
v(A + B + 2𝛾)

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛)𝛿

z𝑛+𝑝  (2.3) 

3. Distortion Theorem 
In the following theorem , we obtain the distortion bounds for the function 𝑓 in the class W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 . 

Theorem (3.1): Let the function 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 .Then  
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 𝑧 𝑝 −
 v(A + B + 2𝛾)

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

  𝑧 𝑝+1 ≤  𝑓 𝑧  

≤  𝑧 𝑝 +
 v(A + B + 2𝛾)

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

  𝑧 𝑝+1. 

 (3.1)  
 

The result is sharp for the function 𝑓 given by 

𝑓 𝑧 = 𝑧𝑝 −
v(A + B + 2𝛾)

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

z𝑝+1 

Proof: We have  

 𝑓 𝑧 = 𝑧𝑝 −  𝑎𝑛+𝑝𝑧𝑛+𝑝∞
𝑛=1  , then  

  𝑓 𝑧  ≤  𝑧 𝑝 +  𝑎𝑛+𝑝  𝑧 𝑝+𝑛∞
𝑛=1  and since 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 , 

then by Theorem(2.1) , we have 

  
V 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
  

𝑐+𝑝

𝑐+𝑝+𝑛
 

𝛿
 𝑎𝑛+𝑝

∞
𝑛=1 ≤ 

  
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
)𝛿𝑎𝑛+𝑝 ≤ v A + B + 2𝛾 .

∞

𝑛=1

 

Hence  

 𝑎𝑛+𝑝

∞

𝑛=1

≤
v(A + B + 2𝛾)

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

 . (3.2) 

Thus  𝑓 𝑧  ≤  𝑧 𝑝 +  𝑧 𝑝+𝑛  𝑎𝑛+𝑝
∞
𝑛=1  

  

≤  𝑧 𝑝 +  𝑧 𝑝+𝑛
v(A + B + 2𝛾)

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

 . (3.3) 

 

Similarly , we have 

 𝑓(𝑧) ≥  𝑧 𝑝 −  𝑎𝑛+𝑃 𝑧 𝑝+𝑛  .

∞

𝑛=1

 

 ≥  𝑧 𝑝 −  𝑧 𝑝+𝑛   𝑎𝑛+𝑝  .∞
𝑛=1  

  

 ≥  𝑧 𝑝 −  𝑧 𝑝+𝑛
v(A + B + 2𝛾)

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

. (3.4) 

 

From Combining (3.3) and (3.4), we get (3.1). 

 

4. Radii of starlikeness and convexity 
 

In the following theorems, we obtain the radii of starlikeness and convexity of the class W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 . 

Theorem (4.1): Let 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 Then 𝑓 is multivalent starlike of order 𝛽,  0 ≤ 𝛽 < 𝑝  in the disk  𝑧 < 𝑟 =
𝑟1(𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝛽, 𝑣), where 

𝑟1 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝛽, 𝑣 = inf
𝑛

 
 
 

 
  

v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛
 𝑐 + 𝑝 + 𝑛 

  𝑝 − 𝛽  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 

𝛿

(𝑛 + 𝑝 − 𝛽)(v(A + B + 2𝛾)

 
 
 

 
 

1
𝑛

, 

 𝑛 = 1, 2, …  .  4.1  
The result is sharp for the function 𝑓 given by (2.3). 

Proof: It is sufficient to show that  
  

𝑧𝑓 ′ 𝑧 

𝑓 𝑧 
− 𝑝 ≤ 𝑝 − 𝛽, for  𝑧 < 𝑟1 . (4.2) 

But  
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𝑧𝑓 ′ 𝑧 

𝑓 𝑧 
− 𝑝 =  

𝑧𝑓 ′ 𝑧 − 𝑝𝑓(𝑧)

𝑓 𝑧 
 =

 

 
−

n 1





 𝑛𝑎𝑛+𝑝𝑧𝑛+𝑝

𝑧𝑝 −
n 1





 𝑎𝑛+𝑝𝑧𝑛+𝑝
 

 
≤

n 1





  𝑛𝑎𝑛+𝑝𝑎𝑛  𝑧 𝑛

1 −
n 1





 𝑎𝑛+𝑝  𝑧 𝑛

. 

Thus , (4.2) will be satisfied if 

 
n 1





  𝑛𝑎𝑛 +𝑝𝑎𝑛  𝑧 𝑛

1−

n 1





 𝑎𝑛 +𝑝  𝑧 𝑛

≤  𝑝 − 𝛽, 

or if 

  
𝑛+𝑝−𝛽

𝑝−𝛽
 ∞

𝑛=1 𝑎𝑛+𝑝  𝑧 𝑛 ≤ 1. (4.3) 

 

Since 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣  ,we have 

 
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

v(A + B + 2𝛾)
𝑎𝑛+𝑝 ≤ 1 .

∞

𝑛=1

 

Hence , (4.3) will be true if 

 

𝑛 + 𝑝 − 𝛽

𝑝 − 𝛽
 𝑧 𝑛 ≤  

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

v(A + B + 2𝛾)
 ,  

or equivalently 

 𝑧 ≤

 
 
 

 
  

v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛
 𝑐 + 𝑝 + 𝑛 

  𝑝 − 𝛽  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 

𝛿

(𝑛 + 𝑝 − 𝛽)(v(A + B + 2𝛾)

 
 
 

 
 

1
𝑛

, 

 𝑛 ≥ 1 .  
which follows the result. 

Theorem (4.2): Let 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 Then 𝑓 is multivalent convex of order 𝛽 ,  0 ≤ 𝛽 < 𝑝  in  𝑧 < 𝑟 =
𝑟2(𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝛽, 𝑣),where 

𝑟2  𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛽, 𝛿, 𝑣  = inf
𝑛

 
 

v 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
 p 𝑝−𝛽  

𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

 𝑛+𝑝  𝑛+𝑝−𝛽 v A+B+2𝛾 
 

1
𝑛 

, 𝑛 ≥1  

The result is sharp for the function 𝑓 given by (2.3). 
Proof: It is sufficient to show that  
  

𝑧𝑓″ 𝑧 

𝑓′ 𝑧 
+ 1 − 𝑝 ≤ 𝑝 − 𝛽, for  𝑧 < 𝑟2. (4.4) 

But 

 
𝑧𝑓″ 𝑧 

𝑓′ 𝑧 
+ 1 − 𝑝 =  

𝑧𝑓″ 𝑧 + (1 − 𝑝)𝑓′ 𝑧 

𝑓′ 𝑧 
 =

 

 
−

n 1





 𝑛(𝑛 + 𝑝)𝑎𝑛+𝑝𝑧𝑛+𝑝

𝑝𝑧𝑝 −
n 1





 (𝑛 + 𝑝)𝑎𝑛+𝑝𝑧𝑛+𝑝
 

 

≤
n 1





 𝑛(𝑛 + 𝑝)𝑎𝑛+𝑝  𝑧 𝑛

𝑝 −
n 1





 (𝑛 + 𝑝)𝑎𝑛+𝑝  𝑧 𝑛

 

Thus , (4.4) will be satisfied if 
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n 1





 𝑛 𝑛+𝑝 𝑎𝑛+𝑝  𝑧 𝑛

𝑝−

n 1





  𝑛+𝑝 𝑎𝑛+𝑝  𝑧 𝑛

≤  𝑝 − 𝛽, 

or if 

   
 𝑛+𝑝 (𝑛+𝑝−)𝛽

𝑝(𝑝−𝛽)
 ∞

𝑛=1 𝑎𝑛+𝑝  𝑧 𝑛 ≤ 1. (4.5) 

Since 𝑓 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣  ,we have 

 
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)
𝛿

v(A + B + 2𝛾)
𝑎𝑛+𝑝 ≤ 1 .

∞

𝑛=1

 

Hence , (4.5) will be true if 

 

 𝑛 + 𝑝 (𝑛 + 𝑝−)𝛽

𝑝(𝑝 − 𝛽)
 𝑧 𝑛 ≤  

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛)𝛿

v(A + B + 2𝛾)
 . 

or equivalently 

 𝑧 ≤

 
 
 

 
  

v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
 p 𝑝 − 𝛽  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿

 𝑛 + 𝑝  𝑛 + 𝑝 − 𝛽 v A + B + 2𝛾 

 
 
 

 
 

1
𝑛

, 

𝑛 ≥ 1 . 
Which follows the result. 

 

5. Convex linear Combination 
 

Theorem (5.1): The class W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 is closed under convex linear combinations.  

 

Proof: Let 𝑓 and 𝑔 be the arbitrary elements of W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 Then for every 𝑡 

 (0 < 𝑡 < 1) , we show that  1 − 𝑡 𝑓 𝑧 + 𝑡𝑔(𝑧) ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 . Thus , we have  

 1 − 𝑡 𝑓 𝑧 + 𝑡𝑔 𝑧 = 𝑧𝑝 −  [(1 − 𝑡)

∞

𝑛=1

𝑎𝑛+𝑝 + 𝑡 𝑏𝑛+𝑝]𝑧𝑝+𝑛 .  

Therefore 

   
v(𝛾(𝑐+𝑝)+ 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛 )+𝑝𝑛

(𝑐+𝑝+𝑛)
 (

𝑐+𝑝

𝑐+𝑝+𝑛
)𝛿∞

𝑛=1    1 − 𝑡 𝑎𝑛+𝑝 + 𝑡 𝑏𝑛+𝑝   

=  1 − 𝑡   
v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 
𝛿

 𝑎𝑛+𝑃

∞

𝑛=1

 

+  𝑡   
v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 
𝛿

 𝑏𝑛+𝑝

∞

𝑛=1

≤  1 + 𝑡 v A + B + 2𝛾 + 𝑡v A + B + 2𝛾 = v A + B + 2𝛾  
This completes the proof. 

 

6. Hadamard Product Properties: 
Theorem (6.1): Let the functions 𝑓𝑗  j = 1,2 defined by 

𝑓𝑗  𝑧 = 𝑧𝑝 −  𝑎𝑛+𝑝 ,𝑗𝑧
𝑛+𝑝  ∞

𝑛=1 , (𝑎𝑛+𝑝 ,𝑗 ≥0,p∈  ℕ, 𝑗 = 1,2) (6.1) 

be in the class W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 .Then 𝑓1 ∗ 𝑓2 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, σ, 𝛿, 𝑣 ,where 
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σ ≤
 𝐴 + 2𝛾  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿

− v 𝑐 + 𝑝 + 𝑛  v𝛾 𝑐 + 𝑝 + 𝑝𝑛 + v 𝐴 + 𝐵 + 𝛾  𝐴 + 𝛾  

𝑣2 𝑐 + 𝑝 + 𝑛 2 −  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 

𝛿
 . 

Proof: We have to find the largest σ such that 

  
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + σ + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)
𝛿

v(A + σ + 2𝛾)
 

∞

𝑛=1

𝑎𝑛+𝑝 ,1𝑎𝑛+𝑝 ,2 ≤ 1. 

Since 𝑓𝑗 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, B, 𝛿, 𝑣  j = 1,2 ,we get 

 

 
 
 
 
  

v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛
 𝑐 + 𝑝 + 𝑛 

  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛 
𝛿

v A + B + 2𝛾 

 
 
 
 
 ∞

𝑛=1

𝑎𝑛+𝑝 ,𝑗 ≤ 1. (6.2) 

By Cauchy-Schwarz inequality, we have 

 

 
 
 
 
  

v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿

v A + B + 2𝛾 

 
 
 
 
 ∞

𝑛=1

 𝑎𝑛+𝑝 ,1𝑎𝑛+𝑝 ,2 ≤ 1. (6.3) 

 

We want only to show that  

   
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + σ + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)
𝛿

v(A + σ + 2𝛾)
 

∞

𝑛=1

𝑎𝑛+𝑝 ,1𝑎𝑛+𝑝 ,2

≤  

 
 
 
 
  

v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿

v A + B + 2𝛾 

 
 
 
 
 ∞

𝑛=1

 𝑎𝑛+𝑝 ,1𝑎𝑛+𝑝 ,2 . 

This equivalently to 

  𝑎𝑛+𝑝 ,1𝑎𝑛+𝑝 ,2 ≤
(A + σ + 2𝛾)[v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛]

 A + B + 2𝛾 [v(𝛾(𝑐 + 𝑝) +  𝐴 + σ + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛]
.  

From (6.3), we get 

  𝑎𝑛+𝑝 ,1𝑎𝑛+𝑝 ,2 ≤
v A + B + 2𝛾 

 
v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿

 .  

Thus, it is sufficient to show that 

v A + B + 2𝛾 

 
v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿

≤
(A + σ + 2𝛾)[v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛]

 A + B + 2𝛾 [v(𝛾(𝑐 + 𝑝) +  𝐴 + σ + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛]
 ,  

which implies to 
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σ ≤
 𝐴 + 2𝛾  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿

− v 𝑐 + 𝑝 + 𝑛  v𝛾 𝑐 + 𝑝 + 𝑝𝑛 + v 𝐴 + 𝐵 + 𝛾  𝐴 + 𝛾  

v2 𝑐 + 𝑝 + 𝑛 2 −  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 

𝛿
 

Theorem (6.2): Let the functions 𝑓𝑗  j = 1,2 defined by (6.1)be in the class W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣 .Then ,the function  defined 

by  

  𝑧 = 𝑧𝑝 −  (

∞

𝑛=1

𝑎𝑛+𝑝 ,1
2 + 𝑎𝑛+𝑝 ,2

2  ) 𝑧𝑛+𝑝  (6.4)  

belongs to the class W 𝛾, 𝑝, 𝑐, 𝐴, 𝜀, 𝛿, 𝑣  , where 

𝜀 ≤  
(𝐴+2𝛾) 

𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

((v 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛 )2−2v 𝐴+𝐵+2𝛾 2 v 𝑐+𝑝+𝑛  𝐴+𝛾 +v 𝐴+𝐵+𝛾 +𝑝𝑛  

2v2 𝐴+𝐵+2𝛾 2 𝑐+𝑝+𝑛 − 
𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

(v 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛 )2
.  

Proof: We must find the largest 𝜀 such that 

  
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝜀 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

v(A + 𝜀 + 2𝛾)
 

∞

𝑛=1

( 𝑎𝑛+𝑝 ,1
2 + 𝑎𝑛+𝑝 ,2

2 ) ≤ 1. 

 Since 𝑓𝑗 ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝐵, 𝛿, 𝑣  j = 1,2 ,we get 

 

  
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

v(A + 𝐵 + 2𝛾)
 

2
∞

𝑛=1

𝑎𝑛+𝑝 ,1
2  

≤   
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

v(A + 𝐵 + 2𝛾)
𝑎𝑛+𝑝 ,1 

2
∞

𝑛=1

≤ 1, (6.5) 

and 

  
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

v(A + 𝐵 + 2𝛾)
 

2
∞

𝑛=1

𝑎𝑛+𝑝 ,2
2  

≤   
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

v(A + 𝐵 + 2𝛾)
𝑎𝑛+𝑝 ,2 

2
∞

𝑛=1

≤ 1. (6.6) 

 

Combining the inequalities(6.5)and(6.6) , gives 

 
1

2
 

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

v(A + 𝐵 + 2𝛾)
 

2
∞

𝑛=1

( 𝑎𝑛+𝑝 ,1
2 + 𝑎𝑛+𝑝 ,2

2 ) ≤ 1 . (6.7) 

 

But  ∈ W 𝛾, 𝑝, 𝑐, 𝐴, 𝜀, 𝛿, 𝑣 , if and only if 

  
 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝜀 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

)𝛿

v(A + 𝜀 + 2𝛾)
 

∞

𝑛=1

( 𝑎𝑛+𝑝 ,1
2 + 𝑎𝑛+𝑝 ,2

2 ) ≤ 1. (6.8) 

The inequality(6.8) will be satisfied if 

 

 
v(𝛾(𝑐 + 𝑝) +  𝐴 + 𝜀 + 𝛾  𝑐 + 𝑝 + 𝑛 ) + 𝑝𝑛

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛)𝛿

v(A + 𝜀 + 2𝛾)

≤

 
(v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛)2

(𝑐 + 𝑝 + 𝑛)
 (

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛)2𝛿

2v2 𝐴 + 𝐵 + 2𝛾 2
, 

(n=1,2,…), so that 
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𝜀 ≤  
 𝐴 + 2𝛾  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿

((v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛)2 − 2v 𝐴 + 𝐵 + 2𝛾 2 v 𝑐 + 𝑝 + 𝑛  𝐴 + 𝛾 + v 𝐴 + 𝐵 + 𝛾 + 𝑝𝑛 

2v2 𝐴 + 𝐵 + 2𝛾 2 𝑐 + 𝑝 + 𝑛 −  
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 

𝛿

 v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛 
2

 

 

7. Integral Mean Inequalities for the Fractional Integral 
 

Definition(7.1)[8]: the fractional integral of order 𝜆(𝜆 > 0)is defined for a function f by: 

𝐷𝒛
−𝜆𝑓 𝑧 =

1

Γ(𝜆)
 

𝑓(𝑡)

(z − t)1−𝜆
𝑑𝑡 , (7.1) 

𝑧

0

 

Where f is an analytic function in a simply-connected region of the z-plane containing the region ,and the multiplicity of 

(z − t)1−𝜆  is removed by requiring log(z-1) to be real ,when Re(z-1)>0.  In 1925, Littlewoods [5] proved the following 

subordination theorem: 

 

Theorem(7.1) [5]: If 𝑓 and 𝑔 are analytic in 𝑈 with 𝑔 ≺ 𝑓 , then for µ >0 

and 𝑧 = 𝑟𝑒𝑖𝜗  (0 < 𝑟 < 1) 

   𝑓(𝑧)  µ𝑑𝜗 ≤   𝑔(𝑧)  µ𝑑𝜗 . (7.2)
2𝜋

0

2𝜋

0

 

Theorem(7.2): Let 𝑓 ∈  W 𝛾, 𝑝, 𝑐, 𝐴, 𝜀, 𝛿, 𝑣  and suppose that 𝑓𝑛+𝑝 is defined by 

𝑓𝑛+𝑝 𝑧 = 𝑧𝑝 −
v A + B + 2𝛾 

 
v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿
𝑧𝑛+𝑝  , 

  𝑛 ≥ 1 . (7.3)  
Also let  

  𝑚 + 𝑝 − 𝜂 𝜂+1𝑎𝑚+𝑃

∞

𝑚=1

≤
v A + B + 2𝛾 Γ 𝑛 + 1 Γ 𝑝 + 𝜆 + 𝜂 + 2 

 
v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛

 
𝛿

Γ 𝑛 + 𝜂 + 𝜆 + 1 Γ 𝑝 − 𝜂 + 1 

 

 (7.4) 

For 0 ≤ 𝜂≤ m+p , 𝜆>0, where (𝑚 + 𝑝 − 𝜂)𝜂+1denote the Pochhammer symbol defined by 

 (𝑚 + 𝑝 − 𝜂)𝜂+1 = (𝑚 + 𝑝 − 𝜂)(𝑚 + 𝑝 − 𝜂 + 1)…m+p. (7.5) 

If there exists an analytic function w defined by 

 𝑤(𝑧) 𝑛 =
 
v  𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
  

𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

Γ 𝑛+𝜂+𝜆+1 

v A+B+2𝛾 Γ 𝑛+1 
× 

 ×  𝑚 + 𝑝 − 𝜂 𝜂+1𝐻(𝑚 + 𝑝)𝑎𝑚+𝑝
∞
𝑚=1 𝑧𝑚 , (7.6) 

where 𝑚 + 𝑝≥ 𝜂 and 

 𝐻(𝑚 + 𝑝)= 
Γ 𝑚+𝑝−𝜂 

Γ 𝑚+𝑝+𝜂+𝜆+1 
 ,( 𝜆> 0, m ≥ 1 ) (7.7) 

Then , for z= 𝑟𝑒𝑖𝜗  and 0 < 𝑟 < 1 

  𝐷𝒛
−𝜆−𝜂

𝑓 𝑧  
 µ
𝑑𝜗 ≤   𝐷𝒛

−𝜆−𝜂
𝑓𝑛 𝑧  

 µ
𝑑𝜗 . ( 𝜆 >  0, µ ≥  1 ) (7.2)

2𝜋

0

2𝜋

0

 

Proof: Let 

𝑓 𝑧 = 𝑧𝑝 −  𝑎𝑚+𝑝𝑧𝑚+𝑝

∞

𝑛=1

. 

For 𝜂≥ 0 and definition (7.1) , we get 

𝐷𝒛
−𝜆−𝜂

𝑓 𝑧 =
Γ 1 

Γ 1+𝜆+𝜂 
(1 −  

Γ 𝑚+1 Γ 1+𝜆+𝜂 

Γ 1 Γ 𝑚+𝜂+𝜆+1 
𝑎𝑚+𝑝𝑧𝑚+𝑝∞

𝑚=1 ) 

 = 
𝑧𝑃+𝜆−𝜂

Γ 1+𝜆+𝜂 
(1- Γ 1 + 𝜆 + 𝜂  𝑚 − 𝜂 𝜂+1𝐻(𝑚)𝑎𝑚+𝑝

∞
𝑚=1 𝑧𝑚 ), 

where 

 𝐻(𝑚)= 
Γ 𝑚−𝜂 

Γ 𝑚+𝜂+𝜆+1 
 ,( 𝜆> 0, m ≥ 1 ). 

Since H is a decreasing function of m , we have  

0 < 𝐻(𝑚)≤ 𝐻(1)= 
Γ 1−𝜂 

Γ 𝜂+𝜆+1 
. 

Similarly , from (7.3) and definition(7.1) ,we get  

𝐷𝒛
−𝜆−𝜂

𝑓 𝑧 =
Γ 1 𝑧𝑃+𝜆−𝜂

Γ 1+𝜆+𝜂 
 1 −

v A+B+2𝛾 Γ 𝑛+1 Γ 1+𝜆+𝜂 

 
v 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
  

𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

Γ 1 Γ 𝑛+𝜂+𝜆+1 
𝑧𝑛 , 
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for µ >0 and 𝑧 = 𝑟𝑒𝑖𝜗   0 < 𝑟 < 1  , we must show that 

  1 −  
Γ 1 + 𝜆 + 𝜂 

Γ 1 
 𝑚 − 𝜂 𝜂+1𝐻 𝑚 𝑎𝑚+𝑃

∞

𝑚=1

𝑧𝑚  

 µ

𝑑𝜗
2𝜋

0

≤   
 1

2𝜋

0

−
v A + B + 2𝛾 Γ 𝑛 + 1 Γ 1 + 𝜆 + 𝜂 

 
v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛 

𝛿

Γ 1 Γ 𝑛 + 𝜂 + 𝜆 + 1 

𝑧𝑛

 

 µ

𝑑𝜗 . 

by applying Littlewood ̓s Subordination Theorem , it would suffice to show that 

1 −  
Γ 1+𝜆+𝜂 

Γ 1 
 𝑚 − 𝜂 𝜂+1𝐻 𝑚 𝑎𝑚+𝑝

∞
𝑚=1 𝑧𝑚 ≺ 

 1 −
v A+B+2𝛾 Γ 𝑛+1 Γ 1+𝜆+𝜂 

 
v 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
  

𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

Γ 1 Γ 𝑛+𝜂+𝜆+1 
𝑧𝑛 . 

By setting 

1 −  
Γ 1 + 𝜆 + 𝜂 

Γ 1 
 𝑚 − 𝜂 𝜂+1𝐻 𝑚 𝑎𝑚+𝑝

∞

𝑚=1

𝑧𝑚

= 1 −
v A + B + 2𝛾 Γ 𝑛 + 1 Γ 1 + 𝜆 + 𝜂 

 
v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛 
  

𝑐 + 𝑝
𝑐 + 𝑝 + 𝑛 

𝛿

Γ 1 Γ 𝑛 + 𝜂 + 𝜆 + 1 

 𝑤(𝑧) 𝑛 . 

We find that 

 

 𝑤 𝑧  
𝑛

=
 

v 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
  

𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

Γ 𝑛+𝜂+𝜆+1 

v A+B+2𝛾 Γ 𝑛+1 
×  

 ×  𝑚 + 𝜂 𝜂+1𝐻(𝑚)𝑎𝑚+𝑝
∞
𝑚=1 𝑧𝑚 , 

which readily yields w(0). For such a function w ,we obtain 

 𝑤(𝑧)]  𝑛≤

 
v 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
  

𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

Γ 𝑛+𝜂+𝜆+1 

v A+B+2𝛾 Γ 𝑛+1 
× 

 ×  𝑚 − 𝜂 𝜂+1𝐻(𝑚)𝑎𝑚+𝑝
∞
𝑚=1 𝑧𝑚  

 ≤

 
v 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
  

𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

Γ 𝑛+𝜂+𝜆+1 

v A+B+2𝛾 Γ 𝑛+1 
× 

 ×𝐻(1)│𝑧│  𝑚 + 𝜂 𝜂+1𝑎𝑚+𝑝
∞
𝑚=1  

 = │𝑧│
 
v 𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
  

𝑐+𝑝
𝑐+𝑝+𝑛 

𝛿
Γ 𝑛+𝜂+𝜆+1 Γ 1−𝜂 

v A+B+2𝛾 Γ 𝑛+1 Γ 2+𝜂+𝜆 
× 

 ×  𝑚 + 𝜂 𝜂+1𝑎𝑚+𝑝
∞
𝑚=1 ≤│𝑧│<1. 

This completes the proof of the theorem. 

By taking 𝜂=0 in the Theorem (7.2) , we have the following corollary:- 

 

Corollary(7.1): Let 𝑓 ∈  W 𝛾, 𝑝, 𝑐, 𝐴, 𝜀, 𝛿, 𝑣  and suppose that 𝑓𝑛  is defined by (7.3). Also let 

  𝑚 + 𝑝 𝑎𝑚+𝑃 ≤

∞

𝑚=1

v A + B + 2𝛾 Γ 𝑛 + 1 Γ 2 + 𝜆 

 
v 𝛾 𝑐 + 𝑝 +  𝐴 + 𝐵 + 𝛾  𝑐 + 𝑝 + 𝑛  + 𝑝𝑛

 𝑐 + 𝑝 + 𝑛   
𝑐 + 𝑝

𝑐 + 𝑝 + 𝑛
 

𝛿

Γ 𝑛 + 𝜆 + 1 

, 

 n ≥ 1 . 
If there exists an analytic function , w is defined by 
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 𝑤(𝑧) 𝑛 =
 
v  𝛾 𝑐+𝑝 + 𝐴+𝐵+𝛾  𝑐+𝑝+𝑛  +𝑝𝑛

 𝑐+𝑝+𝑛 
  

𝑐+𝑝

𝑐+𝑝+𝑛
 
𝛿

Γ 𝑛+𝜆+1 

v A+B+2𝛾 Γ 𝑛+1 
× 

 ×  𝑚 + 𝑝 𝜂+1𝐻(𝑚 + 𝑝)𝑎𝑚+𝑃
∞
𝑚=1 𝑧𝑚 , 

where 𝐻(𝑚 + 𝑝)= 
Γ 𝑚+𝑝 

Γ 𝑚+𝑝+𝜆+1 
 ,( 𝜆> 0, m ≥ 1 ), 

then , for z= 𝑟𝑒𝑖𝜗  and 0 < 𝑟 < 1 

  𝐷𝒛
−𝜆𝑓 𝑧  

 µ
𝑑𝜗 ≤   𝐷𝒛

−𝜆𝑓𝑛 𝑧  
 µ
𝑑𝜗 .   𝜆 >  0, µ >  0  .

2𝜋

0

2𝜋

0
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