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Abstract: In the present paper ,we introduced a new class W(y,p, ¢, 4, B, 8, v) of p-valent functions in the unit disk U={ze C:lzI<1}
defined by Komatu operator .We obtain some certain properties ,like, coefficient inequality ,distortion theorem ,radii of starlikeness and
convexity ,Hadamard product properties ,convex linear combinations and integral mean inequalities for the fractional integral.
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1. Introduction

Let M,, denote the class of the functions of the form:

f(z) =zF — Z Aapz™™P (s 20pEN={12,..}),(1.1)

n=1
which are analytic and p-valent in the unit disk U.

A function f € M, is said to be in the class S*(«) if

zf ' (2)
Rei———t>a,(0<a<1;z€Ul).(1.2)
f(@)

The elements of this class are called starlike functions of order «.

A function f € M, is said to be in the class C(a) if

Re {1+Zf—(z)}>a 0<a<p;zel).(1.3)
f (@ T '

The elements of this class are called convex functions of order.

We shall use the Komatu operator[4] Kg,, of the function f given by (1.1) defined by
+p) d rz  o_ Zos_

Kepf (2) = 1oz 3 do t€71 (log P f (D)t

w +
=zP — anl(cipin)‘sanwz”ﬂ’ (c>-p,6>0)(1.4)

Definition(1.1):Let f € M, given by(1.1).Then the class W(y, p, ¢, 4, B, 6, v) is defined by
W(y,p,c,4,B,8,v)

( Kg;lf(z) \
P\ ke !
={f €M, —— <v,0Ssy<1,0<A<1,0<B<land0<v<1;.(L5)
VKC'F’—f(Z)+(A+B+y)
\ K2 ,f(2) )

The p-valent functions studied by several authors for another classes ,like,[1],[2],[3],[6], and [7].
2. Coefficient Inequality

The following theorem gives a sufficient and necessary condition for a functionf to be in the class
W(y,p,c, A B,6,v) .
Theorem(2.1): Let f € M, Then f € W(y,p, c, A, B,5,v) ifand only if

iv(y(c+p)+(A+B+y)(c+p+n))+pn c+p

4 (c+p+n) c+p+n
=

where0 <y <1,0<4<10<B<l0<v<landp€eN.

proof : Suppose that the inequality (2.1) holds true and |z| = 1. Then , we have

|p(1<é;1f<z> ) 1)\ |, K@
K2, f(2)

———+ (A+B+ ]/)‘
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Y a4y <V(A+B+2y),(2.1)

K, f(2)
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Y | s LS
s \p+c+n/\c+p+n P

n=

e 5

c+p c+p

avBranz =y (o) o) s

(A+B+2y)z N\ 6% Crpin +(A+B+y))anpz
n=

%

X c+p \°
Z <p+c+n>(c+p+n) nplzl” —v(A+ B +2y)|zP

C c+p \° c+
+ D 0 (= ) (o) + A B A el
n=1

— ct+p+n ct+p+n
O ctp N pn ) ( c+p )
= S A4+ B § n+pP
Z(c+p+n) ((p+c+n vy c+p+n +V(A+ B +7y)")an, 2]
n=

—v(A+ B + 2y)|z|?

B = viy(c+p)+(A+B+y)(c+p+n)+pn| c+p
_Z[ (c+p+n) lc+p+n

Yaniy —V(A+B+2y) <0

by hgpothesis .
Hence , by maximum modulus principle , f € W(y,p,c,A,B,§5,v) .
Conversely , suppose that f € W(y,p, c, A, B, 8, v). Then from (1.5) , we have

K23 f (@) )
p( KCpf(Z) 1
6+1f( )

kS ) KC,pf( )

+(A+B+y)
Ln=1 (p +an+ n) (c -|C- -[I)_-Ila- n)6 a”+pzn+p

c+p \° c+p .
A+B+207 =52 (i) O (Gipim) + A+ B+ )G,

<v.

Since Re(z) < |z| forall (z € U), we get
B

Re n=1 (p +pcn+ n) (c -IC-;;-II)— n) Anap2™ ™7 <v.

5
(A+B+2y)zP = )7 (%) 6% (%) + A+ B +y)ay,z"*P

We choose the value of z on the real axis and Letting z — 17, through real values , we

obtain the inequality (2.1) .

Corollary(2.1): Let f € W(y,p,c, A, B,6,v) . Then

v(A+ B+ 2y) 29

_[V(y(c+p)+(A+B+y)(c+p+n))+pn] c+p 5'(')

(ct+p+mn) (c—i-p—l—n)

The equality in (2.2)is attained for the function f given by the sharp for the function
£2) v(A+ B+ 2y) " (2.3)

Z) = zV — Z .

[V(y(c+p)+(A+B+y)(c+p+n))+pn]( c+p )

(c+p+n) c+p+n

3. Distortion Theorem
In the following theorem , we obtain the distortion bounds for the function f in the class W(y, p, ¢, 4, B, §, v).

Theorem (3.1): Let the function f € W(y,p,c, A, B,§,v).Then
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2] — v(A+ B+ 2y) 2P < 1F ()]
vpletp)+ A+ B+y)(cHprm)+pn] _c+p
(c+p+n) c+p+n
< 2P + v(A+ B+ 2y) 2P+
< [V(y(c+p)+(A+B+y)(c+p+n))+pn]( c+p X )
(c+p+n) c+p+n

3.1
The result is sharp for the function f given by

f(z) =zP — v(A+B+2y) Lot

[v(y(c+p) +(A+B+y)(c+p+n))+pn]( c+p )8
(c+p+n) c+p+n
Proof: We have
f(2) = 2P — X5 ay4, 2" 7P, then
If ()| < |zIP + X5-1 apyplz|P*™ and since f € W(y,p, ¢, A, B, 6, v),
then by Theorem(2.1) , we have
V(y (c+p)+(A+B+y)(c+p+n))+pn e+ \% oo
[ (c+p+n) ] (c+p+n) Zn=1 Antp S
viy(c+p)+(A+B+y)(c+p+n))+pn ctp s
< .
Z (c+p+mn) crptn) G SVATBH2Y)
1

n=
Hence

ia - V(A+ B +2y) -

n+p = v(y(c+p)+(A+B+y)(c+p+n))+pn] c+p s

" (c+p+n) Crpn

Thus |f(2)] < |zIP + |z|P*" X5_1 @y
< |z|P + |z|P*" v(A+B+2r) .(3.3)
< [v(y(c+p)+(A+B+y)(c+p+n))+pn]( c+p %
(c+p+n) c+p+n
Similarly , we have
@I 212l =) aplalP*
n=1
> |z|P — |2|P*" X Anyp -
> |z|P — |z|P*" v(A+B+2y) .(3.4)
[v(y(c+p)+(A+B+)/)(c+p+n))+pn ( c+p )e
(c+p+n) c+p+n

From Combining (3.3) and (3.4), we get (3.1).

4. Radii of starlikeness and convexity

In the following theorems, we obtain the radii of starlikeness and convexity of the class W(y, p, c, 4, B, 6, v).
Theorem (4.1): Let f € W(y,p,c,A,B,5,v)Then f is multivalent starlike of order 8,(0 < 8 < p) in the disk |z| <r =
n(y,p, ¢, A, B,6,B,v), where

1
([Viy(c+p)+ (A+B+y)(c+p+n))+pn c+p V)"
' [ Cc+p+n) ](p_ﬁ)(c+p+n)
n(v.p.c.A.B,8,4,v) =inf (m+p-BVA+B+2)) '
\ )

n=12...(41)
The result is sharp for the function f given by (2.3).
Proof: It is sufficient to show that

2f'(2) _ _
o p| <p—B, for|z] <r.(42)

But
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— +p n
' / Z nan+pzn Z Nan+pan |z]
2f' @ | _|of '@ -pf@) _
f@) f(z) c B - '
- Z an+pzn+p 1- Z an+p|Z|n
n=1 n=1
Thus , (4.2) will be satisfied if
nan+pan|z|n
n=1
- < p— ﬁ’
1_2 an+p|z|n
n=1
or if
i1 (B5F) auaplzl” < 1.(43)
Since f € W(y,p,c, 4, B,§,v) ,we have
. [v(y(c+p)+(A+B+y)(c+p+n))+pn] c+p s
z (c+p+n) (c+p+n) <1
v(A+ B+ 2y) Inip =

n=1
Hence , (4.3) will be true if

[V(V(C+p)+(A+B+y)(c+p+n))+pn]( c+p )5
n+p-— Bl "< (c+p+n) ctp+n

- B v(A + B+ 2y)

or equivalently

([viy(c+p)+ (A+B+y)(c+p+n)+pn
(c+p+n) (p—ﬂ)

lz] <

c+p
ct+tp+n

n+p—-pFL)VA+B+2y)

nx=1.

which follows the result.
Theorem (4.2): Let f € W(y,p, ¢, 4, B,6,v)Then f is multivalent convex of order 8,(0 < B <p)in|z| <r =
r(y,p, ¢, A, B, 8, B, v),where

Tz(y,p,C,A,B,ﬂ’d’y) — lnf{[ (c+p+n)
n

ct+p+n

,n=>1

1
v(y(c+p)+(A+B+y)(c+p+n))+pn]p(p_ﬁ) c+p )5 /n
(n+p)(n+p—B)v(A+B+2y) }

The result is sharp for the function f given by (2.3).
Proof: It is sufficient to show that

f'@@)
But

zf "(z)

p|<p—B.forizl <7, (44)

0

- Z nn+p)a,,z"?

zf"(2) 2f' D+ (1 =p)f'@) n1

f'(2) f'(2) 2

pr - Z (n + p)an+pzn+p

n=1

+1—p‘

0

>, n(n+ p)applzl”

n=1

b— Z (Tl + p)an+p IZln

n=1

Thus, (4.4) will be satisfied if
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o]

n(n+planiplz|®
n=1

N < p_ﬁv
p— Y. (tplanylzlt
n=1
or if
v (R (n+p-)pB n <
i () Gnspl2l” < 1.(45)

Since f € W(y,p,c, A, B, §,v) ,we have

V(y(c+p)+(A+B+y)(c+p+n))+pn]( c+p )5

[ ctp+n c+p+n

E. (ctp+n) p Gy < 1.
4 v(A+ B+ 2y)

ne

Hence , (4.5) will be true if

viy(c+p)+(A+B+y)(c+p+n))+pn c+p s
(n+p)(n+p—)ﬁlzln<[ (c+tp+n) ](c+p+n)

p(p —B) v(A+B+2y)
or equivalently

1

Ifv(y(c+p)+(A+B+y)(c+p+n))+pn n
(c+p+n)

12l <

\
|
L (n+p)(n+p—p)v(A+B+2y) J} ’

b - 9 (-t L)

n=>1.
Which follows the result.

5. Convex linear Combination
Theorem (5.1): The class W(y, p, ¢, 4, B, §, v)is closed under convex linear combinations.

Proof: Let f and g be the arbitrary elements of W(y, p, c, 4, B, §, v) Then for every t
(0<t<1),weshowthat (1 —-t)f(2) +tg(z) € W(y,p,c, A, B,&5,v). Thus, we have
o0

(1= OF () +1g() = 22 = ) [(1 = 1) Gy + t by 127
n=1
Therefore
0 [V(V(C+p)+(A+B+y)(C+p+n))+pn]( c+p
n=l (c+p+n) c+p+n

)5 [(1 - t)an+p +t bn+p]
6

B - viy(c+p)+ (A+B+y)(c+p+n))+pn c+p
_(1_t);[ (c+p+n) l(c—i—p-l—n) P

N V(Y(C+P)+(A+B+y)(c+p+n))+pnl c+p \°
tr l n+
2 () oo

(c+p+n) c+p+n

<A+t)v(A+B+2y)+tv(A+B+2y) =v(A+B+2y)
This completes the proof.

6. Hadamard Product Properties:

Theorem (6.1): Let the functions f; (j = 1,2)defined by

fi(2) = 20 = By Gy 2" (i 20.0€ N,j = 12) (6.1)

be in the class W(y,p,c,A,B,5,v).Then f; x f, € W(y,p,c, 4, 0,5, v),where
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c+ 8
G<(A+2y)(c+p£n) —v(c+p+n)(vy(c+p)+pn+V(A+B+)/)(A+y))
< 5 .
2 2 c+p
vie+p+n) (c+p+n)

Proof: We have to find the largest o such that

" [V(y(c+p)+(A+G+y)(c+p+n))+pn] c+p O

ctp+n ) -,
Z v(A+ 0 +2y) Intp1Gnipz = &
n=1

Since f; e W(y,p,c,A,B,8,v)(j = 1,2),we get

'[v(y(c+p)+(A+B+y)(c+p+n))+pnl( c+p )6
(c+p+n)

v(A+ B+ 2y)

Antp,j <1 (62)

M
(o)
+
=
+
S
———

By Cauchy-Schwarz inequality, we have

'[v(y(c+p)+(A+B+y)(c+p+n))+pn
(c+p+n)

w 1
Z V(A + B + Zy) Jl an+p'1an+p’2 S 1. (6-3)
n=

We want only to show that
)

o [V(V(C+P)+(A+O'+)/)(C+p+n))+pn] cHp
Z (C+p+n) (C+p+n)
=1 v(A+0+2y) An+p,1%n+p,2
) “V(V(C-l-p)+(A+B+y)(c+p+n))+pn( iy )5]|
(c+p+n) cFrp+n
S;[ v(A+ B+ 2y) Jm

This equivalently to
A+oc+2n)[v(y(c+p)+(A+B+y)(c+p+n)+pn]
f < .
Intp1tntp2 = A B 12 W(r(c +p) + A+ 0 +71)(c +p + 1) + pn]

From (6.3), we get

- v(A+ B+ 2y)
Ja a < )
nip 1 ntp.2 v(y(c+p)+(A+B+y)(c+p+n))+pn( c+p )5
(c+p+n) c+p+n
Thus, it is sufficient to show that
v(A+ B+ 2y)
v(y(c+p)+(A+B+y)(c+p+n))+pn( c+p )5
(c+p+n) c+p+n

A+o+2)[v(y(c+p)+ (A+B+y)(c+p+n))+pn]
T A+B+2Y)[vy(c+p)+A+o+y)(c+p+n)+pn]’

which implies to
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c+p

s
m) —vic+p+n)(vy(c+p)+pn+v(A+B+y)A+7))

8

“A+2n)(

o<

c+
vie+p+m? = (i)

Theorem (6.2): Let the functions f; (j = 1,2)defined by (6.1)be in the class W(y, p, ¢, 4, B, 6, v).Then ,the function h defined
by

B() =20 = ) (@ + Cha2) 277 (6.4)

n=1
belongs to the class W(y, p, ¢, A, €, 6, v) , where

“+2y) (8
<

C+p+n) ((v(y(c+p)+(A+B+y)(c+p+n))+pn)2—2v(A+B+2y)2(v(c+p+n)(A+y)+v(A+B+y)+pn)

2v2(A+B+2y)%(c+p+n)— (m)
Proof: We must find the largest ¢ such that
v(y(c+p)+(A+s+y)(c+p+n))+pn]( c+p )0

[ (c+p+n) c+p+n
ZI V(A+ <+ Zy) (a127.+p,1 +a721+p,2) S 1'

Since f; € W(y,p,c,A,B,6,v)(j = 1,2),we get

(v(y(c+p)+(A+B+y)(c+p+n))+pn)2

o [V(V(C+p)+(A+B+V)(C+p+n))+pn] c+p X
Z (c+p+n) (c+p+n a2
- v(A+ B +2y) nip.l
" [v(y(c+p)+(A+B+y)(c+p+n))+pn]( c+p ) z
(c+p+n) c+p+n
SZ v(A+ B + 27) Gipr | < 1,(6:5)
n=1
and
" [V(y(c+p)+(A+B+y)(c+p+n))+pn] c+p )
Z (c+p+n) (c+p+n o2
~ v(A+ B + 2y) np.2
- [v(y(c+p)+(A+B+y)(c+p+n))+pn]( c+p % z
c+p+n ct+p+n
SZ ( €(A+)B+2y) s Anipz | <1.(6.6)

Combining the inequalities(6.5)and(6.6) , gives

w [V(y(c+p)+(A+B+y)(c+p+n))+pn]( c+p %
zl (c+p+n) c+p+n
2 v(A+ B +2y)

n=1

(a121+p,1 + a121+p,2) <1. (67)

Buth € W(y,p,c, A4, ¢, 6,v),if and only if

[V(y(c+p)+(A+£+y)(c+p+n))+pn]( c+p %
ZI T V| 1y b 80y < 1.68)

The inequality(6.8) will be satisfied if

[V(y(c+p)+(A+s+y)(c+p+n))+pn]( c+p )

(c+p+n) c+p+n
V(A+ e+ 2y)
(v(y(c+p)+(A+B+y)(c+p+n))+pn)2( D
(c+p+n) c+p+n
= 2v2(A+ B + 2y)? ’

(n=1,2,...), so that
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(A+2y)(ci;£n)6((v(y(c+p)+(A+B+y)(c+p+n))+pn)2—2v(A+B+2y)2(v(c+p+n)(A+y)+V(A+B+y)+pn)
<
ZVZ(A+B+2y)2(c+p+n)—(Ci;f_n)ﬁ(v(y(c+p)+(A+B +y)(c+p+n))+)on)2

7. Integral Mean Inequalities for the Fractional Integral

Definition(7.1)[8]: the fractional integral of order A(4 > 0)is defined for a function f by:
1 f@®
-2 —
D f(z) = F(A)J;, =i dt,(7.1)
Where f is an analytic function in a simply-connected region of the z-plane containing the region ,and the multiplicity of
(z—t)'* is removed by requiring log(z-1) to be real ,when Re(z-1)>0. In 1925, Littlewoods [5] proved the following
subordination theorem:

Theorem(7.1) [5]: If f and g are analytic in U with g < f , then for @ >0
andz=re? (0<r<1)

21 21
f F(2)|%d8 < f 19(2)| %9 . (7.2)
0 0

Theorem(7.2): Let f € W(y,p, ¢, 4, & 6,v) and suppose that f, ., is defined by
v(A+ B+ 2y)

3 B n+

fp(2) = 27 vc+p+@+B+ct+p+m)+pn|, ctp V. K
c+p+n) (c+p+n)

(n=1).(7.3)

Also let

VA+B+2p)I(n+DI'(p+A+n+2)
v(y(c+p)+(A+B+y)(c+p+n))+pn]( c+p

)gl"(n+77+/'l+ DIp—n+1)
(7.4)

Z(m+p_n)n+1am+P <
=1
" [ (c+p+n) c+p+n

For 0 <n<m+p, 4>0, where (m + p — 1), ;;denote the Pochhammer symbol defined by

m+p-—mp1=Mm+p-—n(im+p—n+1)..mbp.(75)
If there exists an analytic function w defined by
v(y(c+p)+(A+B+y)(c+p+n))+pn]( c+p

n_ (c+p+n) c+p+n
(w(2)" = v(A+B+2y)(n+1)

XYm=1(m +p =y Hm + p)ay 4, 2™, (7.6)
where m + p>n and

_  T(m+p-n)
H(m +p)= ol (4> 0,m 21) (7.7)
Then, forz=reP and0 <r < 1
2 2
"D a9 < [ o 49 (1> 0,8 > 1) (7.2
D, " f(2)] < |D;" " £, (2)| (4>082=1)((72)
0 0

Proof: Let

5
) T'(n+n+1+1)
X

[oe]

f(z) =2F — Z A 4pZ™ 7P,
n=1
For n> 0 and definition (7.1) , we get
Ay = LD () g Ton+raein)
D," f(@) = T(1+A+n) a z:m=1r(1)r(m+r,+/1+1) m+p
ZP+A-n oo
= m(1'2m=1 FrA+2A2+n)m—n)yHMm)ayp z™),
where
H(m):M (1>0,m>1)
I(m+n+i+1)’ ! - )
Since H is a decreasing function of m , we have
r(1-n)
< < = -
0<HmM<HD)= 15
Similarly , from (7.3) and definition(7.1) ,we get

Zm+p)

pin f (Z)_m)zf’ﬂ—n 1 v(A+B+2y)I(n+1)T(1+A+7) n
z = - A+B g ’
r(1+2A+n) vy (c+p)HC (J:+;31()C+p+n))+pn](ci;in) MO (4 +4-+1)
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for@>0and z =re” (0 <r < 1), we must show that
2m S T(1+A+7)
— —— —_ m

J;) 1 Z F(l) (m n)r]-l-lH(m)am-i-P Z

2m
< f 1

0

VAA+B+2))T(n+ DI(L + 1+ 1) o g

- [ Z .

)
V(Y(C-I_p)+(A(-Ic_f;9_-|)i)rg+p+n))+pnl( ctp )F(l)F(n+n+/1+1)

dd

c+p+n

by applying Littlewood s Subordination Theorem , it would suffice to show that
w T'(+2+1n)

1- Zm:l T k (m - n)n+1H(m)am+P " <

Vv(A+B+2y)I(n+1T'(1+A+n)

n

V(V(C+p)+(A(JCri:QI()c+p+n))+P"](Ci;in)gr(l)r(nﬂ +1+1)
By setting
= r1+1+n)
D D Dy Hma 4 2"

VA+B+2p)I(n+ D1 +1+n)

1-— (w(2)".
lv(y(c+p)+(A+B+y)(c+p+n))+pnl( c+p )5F(1)F(n+n+/1+1)

(c+p+n) ETE—
We find that
v(y (e+p)+@A+B+Y) (ctp+n))tpn | c+p |0
(W(z))n = (c+p+n) ](C+p+n) r(n+n+l+1)><
v(A+B+2y)I(n+1)

XYm=1(m +n)y 1 Hm)am 4, 2™,
which readily yields w(0). For such a function w ,we obtain

V(y(c+p)+(A+B+y)(C+p+n))+pn] ctp \9
w(z)]| "< (c+p+n) (c+p+n) F(n+17+/1+1)x
- V(A+B+2y)I'(n+1)

XYm=1(m =My tHm)an 4 2™
[v(y(c+p)+(A+B+y)(c+p+n))+pn]( c4p
(c+p+n) c+p+n
B v(A+B+2y)[(n+1)
xH (1) | z | Ym=1(M+ 1)y 1 4p

V(y(c+p)+(A+B+y)(c+p+n))+pn]; c+p \O
oy (C = +n) C(n+n+A+ 1)r(1—n)><
V(A+B+2y)I(n+ 1) (24+n+A)
XTomo1(m + 1y s1am < | 2] <1,
This completes the proof of the theorem.
By taking =0 in the Theorem (7.2) , we have the following corollary:-

6
) I'n+n+1+1)
< X

= ||

Corollary(7.1): Let f € W(y,p,c, 4, €,8,v) and suppose that £, is defined by (7.3). Also let
i (m+p)a,.p < v(A+B+2I(n+ DI'2+2)
. m+P_[v(y(C+p)+(A+B+)/)(C+p+n))+pn]( c+p

)5 M(n+A+ 1)‘

(c+p+n) c+p+n
(n>=1).
If there exists an analytic function , w is defined by
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v(y (c+p)+A+B+Y) (cHp+m))+pn ]/ c4p \O
(W(Z))n _ y(ctp (c+p1n) L 14 ](c+pin) F(n+,1+1)x
- v(A+B+2y)I(n+1)
xZ%:l(m + p)n_HH(m + p)am+P zm,
__Tntn)
where H(m + p)= TmtptiiD) (A>0,m>1),

then, forz=re” and 0 <r < 1

2 2
f ID;7f ()| a9 sf D7 f,(2)|"d9 . (1> 0,8 > 0).
0 0
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