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Abstract: In this paper, we employ the exp (—go(f)) method to find the exact traveling wave solutions involving parameters of a

nonlinear the system of shallow water wave equations. Comparison between this two method and another method which have been solved
it. When these parameters are taken to be special values, the solitary wave solutions are derived from the exact traveling wave solutions. It
is shown that the proposed methods provides a more powerful mathematical tool for constructing exact traveling wave solutions for many

other nonlinear evolution equations.
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1. Introduction

The nonlinear partial differential equations of mathematical
physics are major subjects in physical science [1]. Exact
solutions for these equations play an important role in many
phenomena in physics such as fluid mechanics,
hydrodynamics, Optics, Plasma physics and so on. Recently
many new approaches for finding these solutions have been
proposed, for example, tanh - sech method [2]-[4], extended
tanh - method [5]-[7], sine - cosine method [8]-[10],
homogeneous balance method [11, 12], the modified simple
equation [13] ,F-expansion method [14]-[15], exp-function
method [16, 17], trigonometric function series method [18],

G
(E) — expansion method [19]-[22], Jacobi elliptic function

exp  (=9(S))

method [23]-[26], The
method[27]-[29] and so on.

-expansion

The objective of this article is to apply the exp (—@(<))

-expansion method for finding the exact traveling wave
solution of the system of shallow water wave equations which
play an important role in biology and mathematical physics.

The rest of this paper is organized as follows: In Section 2, we
give the description of The exp (—¢(&)) -expansion method.

In Section 3, we use this method to find the exact solutions of
the nonlinear evolution equations pointed out above. In
Section 4, conclusions are given.

2. Description of Method

Consider the following nonlinear evolution equation

F(u,u,,u,,u,,u,,....) =0, 1)

where F is a polynomial in u(x,t) and its partial

derivatives in which the highest order derivatives and
nonlinear terms are involved. In the following,we give the
main steps of this method

Step 1. We use the wave transformation

ux,t)=u(s), &=x-ct, @

where ¢ is a positive constant, to reduce Eg.(1) to the
following ODE:

P(u,u’,u”,u”,....) =0, (3)
u(¢) and

where P is a polynomial in its total

d
derivatives,while '= d_ )

Step 2. Suppose that the solution of ODE(3) can be expressed
by a polynomial in exp(—¢@(&)) as follows

u(§) = a, @p(-e)" + ... 8, %0, (@
where @(&) satisfies the ODE in the form

?'(&) = exp(—p(S)) + 1exp(p(E) + 4, (5)
the solutions of ODE (5) are

when 2> =44 >0, u#0,

2
— |22 =44 tanh M;‘”‘(gml) .y

@(&)=1In »
(6)
when A —4u>0, =0,
_ A
7= 'n(exp(z(&cl))—l} ¥
when A2 —4u=0,u#0,4#0,
_ i 24 +C)+2)
¢(§) - In{ /12 (4§+Cl) ]’ (8)
when A2 —4u=0,u=0,1=0,
o(&) =In( +C,), ©)
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when 2> —4u<0,

J4u— 72 tan V4”2_/12 (E+C)|-2
@(&)=1In 2 :

(10)
where a_,...., A, i are constants to be determined later,
Step 3. Substitute Eq.(4) along Egq.(5) into Eq.(3) and
collecting all the terms of the same power exp(—me(&)),
(m=0,1,2,3,....) and equating them to zero, we obtain a
system of algebraic equations, which can be solved by Maple
or Mathematica to get the values of @, .

Step 4. substituting these values and the solutions of Eq.(5)
into Eq.(4) we obtain the exact solutions of Eq.(3).

3. The System of Shallow Water Wave
Equations

Here, we will apply the exp ( -() ) -expansion method

described in sec.2 to find the exact traveling wave solutions
and then the solitary wave solutions for the system of shallow
water wave equations.

We first consider the system of the shallow water wave
equation[30] in order to demonstrate the exp(—¢(&))
-expansion method

{u +@v), +v,, =0,v,+u, +w, =0. (11

We use the wave transformation
u(x,t) =u(&),& =x—ct to reduce Egs.(l11) to the
following nonlinear system of ordinary differential equations:

{—cu'+w'+uv' +Vv" =0,u'—cv' +W =0, (12)
where by integrating once the second equation with zero
constant of integration, we find

u -cv—ﬁ (13)
2

substituting Eq.(13) into the first equation of Eq.(12) we
obtain
2

3v
V" +(3cv —T—cz)v' =0. (14)
Integrating Eq.(14) with zero constant of integration, we find
3 1
V' +=ovi —=vi—civ =0. (15)
2 2

Balancing V" and V? in Eq.(15) vyields, N +2=23N
= N =1. This suggests the choice of V(&) in Eq.(15) as

V(&) = ay +aexp(-¢(5)), (16)
where @(&) satisfies the second order linear ODE (5).
Substituting Eq.(16) and its derivative by using (5) in Eq.(15)
and rationalization of the resultant expression with respect to
the powers of exp(—¢(&)) yield the following set of
algebraic equations

1
exp(=3¢(&)) : 23, —Eaf’ =0, (17)
o (-20(0)):328, + S0a" 22’ =0, (1)

3
exp(—1p(&)): al(ﬂu2 + 2,u)+ 3ca,a, —anza1 —c%a, =0,
(19)
. 3 2 1 5 5 _
exp(—0¢(&)): Aua, +Eca0 —an —c“a, =0. (20
On solving the above set of algebraic equations, we have
Case 1.
1 1,
C :c,/1=l,y:i§/1ao—zao,ao =c*tA,q =+2,

Now, with the help of (6)-(10) and (16) , we obtain the
following types of traveling wave solutions of Eq.(15).

V(&) = c+ A+ 2(exp(—9(£))),

1
u(@) =clex 2+ 2(exp(-(E)) -3 e 2 £ 2xp (@)
So that by using Eq.(6)-(10) the exact solution of Eq.(15) can be written in the form :

When 22 —4u>0, u#0,

V(&) =ct A+ Au

—J 2 —4u tanh[“ﬂzz_hl(éﬂrcl)}—/l

, (21)

u(¢)=clctit 44

2
—\J22 =4y tanh MZ_‘”‘(§+C1) )
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I P ap

2
7 —agtanh| VE T ) |-a

2
When A2 —41>0,u=0,
24

exp(A(£+C,))-1°

v(&)=ctit (23)

) 21
”@)_{é‘liam2@+cﬁriJ
1

2
22
e = . 24
e oo
When A —44=0,u+#0,1#0,

g AlE+C)
O ey @
_ _2(E+C)
u(é) —c(ciﬂ+ (/1(§+Cl)+2)j
i, 2E+c) )
2(°“*<z<5+cl>+z>j' “
When 12—4;1:0,;1:0,1:0,
V(é:):Ciﬂim, 27)
_ 2 V1,2
u@%¢&iﬂi@+qﬂ Z&iii@+qﬂ'
(28)
When 4> —44 <0,
_ Au (29)
v()=ct A1+ = :
Jau-2 tan(“‘”z_/JL (z;+cl)J—/1
_ 4y (30)
u(t)=clcti+ :
Jau-2 tan["ﬂ”uz_/l (§+cl)]—,1
et i CD)

2

. (22)

[Eq.(21)] [Eq.(23)] [Eq.(25)]
Figure 1: Solitary traveling wave solution of Egs.(21),
(23)and (25)

[Eq.(27)] [Eq.(29)]
Figure 2: Solitary traveling wave solution of Egs. (27) and
(29)

4. Conclusion

The exp (-() ) -expansion method has been successfully used

to find the exact traveling wave solutions of some nonlinear
evolution equations. As an application, the traveling wave
solutions for the system of shallow water wave equations
which have been constructed using the exp ( -() ) -expansion

method. Fig.[1 and 2] show the solitary wave solution of the
system of shallow water wave equations. Let us compare
between our results obtained in the present article with the
well-known results obtained by other authors using different
methods as follows: Our results of the system of shallow
water wave equations are new and different from those
obtained in [30]. It can be concluded that this method is
reliable and propose a variety of exact solutions NPDEs. The
performance of this method is effective and can be applied to
many other nonlinear evolution equations.
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