International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438

Common Fixed Point Theorem for Eight Mappings
In Menger Space Using Rational Inequality Without
Continuity

Naval Singh', Dilip Kumar Gupta®

!Department of Mathematics, Govt. Science & Commerce College, Benazeer Bhopal (M.P.) India

Department of Mathematics, People’s College of Research & Technology Bhopal (M.P.) India

Abstract: In this paper we establish Common fixed point theorem for eight mappings

compatibility including rational term without continuity

Keywords: Menger space, Weak compatibility, Common fixed point .

1. Introduction

There have been number of generalizations of metric spaces.
One such generalization is Menger space introduced in 1942
by Menger [4] who used distribution functions instead of
nonnegative real numbers as values of the metric. This space
was expended rapidly with the pioneering of Schweizer and
Sklar  [5,6]. This concept plays a vital role in probabilistic
functional analysis , nonlinear analysis and applications [1].
In 1972 , V.M. Sehgal and A.T. Bharucha-Reid [7] obtained
a generalization of Banach contraction principle on a
complete Menger space which is mile stone in development
fixed point theory in Menger space. In 1986, jungck [2]
introduced the notion of compatible mappings in metric
spaces, And this condition has further been weakened by
introducing the notion of weakly compatible mappings by
Jungck and Rhoades [3]

The concept of weakly compatible mappings is most general
as each pair of compatible mappings is most compatible but
the reverse is not true. Recently Singh and jain [8]
established a common fixed point theorem in Menger space
using the concept of weak compatibility and compatibility of
pair of self maps. In this paper we generalize and extend the
result of  Singh and jain [9] for eight mapping opposed to
six mappings in complete Menger space using the concept of
compatibility including rational term without continuity.

2. Preliminaries

Definition 2.1 A probabilistic metric space ( PM-space ) is
an ordered pair (X,F) consisting of a non empty set X and a
function F: X x X —L, where L is the collection of all
distribution functions and the value of F at (u,v) e X x X is
represented by F,, . The function F,,is assumed to
satisfy the following conditions:
(PM-1) F,, (x) =1 forall x>0 ifand only if u=v
(PM' 2) l:u,v (0) :0;
(PM' 3) l:u,v = Fv,u ;
(PM-4) F,, (x) =1 and F,,, (y) =1 then

ww (Xty)=1foralluyv,winXand x,y > 0.

in Menger space using the notion of

Definition 2.2: A mapping t:[0, 1] x [0, 1]
called a t- norm if

@ t(al) =a, t(0,0) =0

(b) t(a,b) =t(b,a) (symmetric property)
() t(cd) =t(ab) forc>a, d>b

(d) t(t(a, b), c) =t(a, t(b, c))

—[0, 1] is

Definition 2.3: A Menger space is a triplet (X, F, t) where
(X, F) is a PM- space and t is a t-norm such
that the inequglity.

Fow X¥Y)= t{ Fy, (), Fyw(y) }  foralluvwinX
and x,y >0

Definition 2.4: Self —-maps A and S of a Menger space (X,
F, t) are said to be weak compatible if they commute at their
coincidence points i.e. if Ap= Sp for some pe N then
ASp=SAp

Lemma (1) : Let {x, } be a sequence in a Menger space
(X, F, t) with continuous t-norm and t(x, x) > X . suppose for
all xe[0, 1] there exists ke (0, 1) such that for all x>0 and ne
N

FXn, Xne1 (kx) > FXq .1, X5 (X).

Then {x, } is a Cauchy sequence in X.

Lemma (2) : Let (X, F, t) be a Menger space . If there exists
ke(0,1) such that for p,q e X

Fpq (kx) = Fp 4 (X). Then p=q
In 2006 , Bijendra Singh and shishir jain [9] introduced
fixed point theorems in Menger space through semi-
compatibility and gave the following fixed point theorem for
Six mappings:

Theorem: Let A, B, S, T, L and M are self mappings on a

complete Menger space (X, F, min ) satisfying:

(@) L(X) S ST(X),M(X) S AB(X).

(b) AB = BA,ST =TS,LB = BL,MT =TM

(c) Either AB or L is continuous.

(d) (L, AB) is semi-compatible and (M, ST) is weak —
compatible.

(e) There exists ke (0, 1) such that
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Fipmg (Kx) = min{Fagy 1p (X), Fsrqmq (X, Fsrqup (BX),
Fagpmq (2 = B)X), Fapp s1q (X}

For all p, geX,>0 and £(0,2). Then A, B, S, T, L, M have a
unique common fixed point in X.

Now we are prove the following result.

3. Main Results

Theorem (3.1): Let A, B, S, T, L, M, P and Q are self
mappings on a complete Menger space (X, F, t) satisfying:
(3.1.1) A(X) € ST(X)NL(X) NM(X),B(X) S PQ(X).
(3.1.2) PQ = QP,ST =TS,AQ = QA,BT =TB,LT =
TL,MT =TM.

(3.1.3) (4,PQ),(L,ST), (B,ST), (L.M) are weak
compatible.
(3.1.4) There exists ke (0, 1) such that

FAX,By (Kt) = min{FPQx,Ly (t)

FSTy,Ly ((Xt), FBy,PQx ((2 - Ot)t),
<FPQx Ly (®) . Fax pox () ) <F5Ty Ax (®) . Fax my (8) )}
Fpox sty (1) ’ Fax,Ly (©

Forall x,yeX,ae(0,2)and t > 0.
(3.1.5). If one of A(X), ST(X), PQ(X), B(X) is a complete
sub space of X, then :

(a) A and PQ have a coincidence point.

(b) Band ST, L, M have a coincidence point.
Then self —-maps AB,S,T,LL,M,P and Q have a unique

common fixed point in X.
Proof :
Let xo € X By condition 3.1.1 there exists X; , X, € X such that
AXy= STx;= Lx;= Mx; = yg and Bx; = PQx, = y; . Inductively we can construct sequence { X, } and { y, } in X. such that y,,
= AXZn = STX2n+1 = LX2n+1 :MX2n+1 and Yons1 = BX2n+1 = PQ Xon+2 forn= 0,1,2,
putting X = X, and Y = Xpn41 for x > 0 in 3.1.4 then we have
FAXanBX2n+1(Kt) 2 min { FPQXanLx2n+1 ®, FSTX2n+1.Lx2n+1 (at), FBX2n+1.PQX2n (COE
(FPszn,szn_H (1) . Fax 9, PQxopn () ) <FSszn+1,szn (t) Faxop Mxon41 (6) ) }
FPszn,STx2n+1 (t) ’ Fszn,Lx2n+1 (t) '
FYZn Y2n+1 (Kt)zm”]{ FYZn—l Y2n (t)' FYZn Y2n (at)’FYZn-H Y2n-1 ((2'(1)1:) ’
(FYZn—l yon © - Fyonyong @ ) (FYZn von © - Fyon yon © )}
Fyon-1yzn ® ’ .

F}’Zn ,¥2n ®
Hence

FYZn Y2n+1 (Kt) 2 mln{ FYanl Y2n (t)’ FYZn Y2n ((lt), FYZH‘Fl,YZl’l*l ((2 h (X)t)}
LetB e (0, 1) and put p=1—a we get
FYZn Y2n+1 (Kt) 2 mln{ FYZn—l Y2n (t)’ FYZn ,Y2n ((1 - B)t)’ FYZn+1,Y2n—1 ((1+B)t)}
Fy2n,y2n+1 (Kt) Z mll’l{ Fy2n—1 Y2n (t)’ FYZn—l Y2n (t)’ FYZn,Y2n+1 (Bt)}
FYZn Y2n+1 (Kt) Z mln{ FYZn—l Y2n (t)’ FYZn Y2n+1 (Bt)}
Making p — 1, we get
FYZn_,y2n+1 (Kt) Z mll’l{ Fy2n—1 Y2n (t)’ FYZn Y2n+1 (t)}
Slmllarly’ FYZn+1,Y2n+Z (Kt) Z mln{ FYZn Y2n+1 (t)’ FYZn+1,Y2n+2 (t)}
Therefore for all n even or odd we have
FYn Yn+1 (Kt) 2 Il’lll'l{ FYn—l Yn (t)’ FYn Yn+1 (t)}
Consequently, it follows that forp=1,2,3, ...
. t
FYn Yn+1 (Kt) z mln{ FYn—l,Yn (t)’ FYn Yn+1 (k_p)} )

By noting that Fy | (kip) — lasn — oo it follows that
F (Kt) > min{ F

Vi Yo+l Va1 ¥n (t) } forall ne Nand t > 0.
Hence by Lemma (1) , { y, } is a Cauchy sequence in X. Now suppose PQ ( X) is complete. Note that the sub sequence {
Yan+1 }is contained in PQ (X) call it z. Let u ePQ ™! (z) then PQu = z. we shall use the fact that subsequence { y,,, } also
converges to z.
BXont1 — 2, STXons1 = Z, LXons1 — 2, MXope1 —Z
Axon — 7z, PQ X4 — z. By putting X =uand y = Xppe; witha=11in3.1.4
FAu ,Bx2n+1(Kt) 2 min{ l:‘PQu LXon 41 (t): FSTx2n+1,Lx2n+1 (t)1 ’ FBx2n+1,PQu(t),
FpQu Lxop41 (©-Fau,pqu (£) FsTxon11.Au (O FauMxon 1 (0
( FpQu,sTx ) )'( > ¥
f 2n+1

FaxopLxansr ®
Taking lim n — cowe get

. F, JZ (t) .F u,z(t) Fz, u (t) F U,z (t)
Fau » (KO = min{ F, , (0, F,, (0, F,,,(0), (200 ) (T O Frs @ )y

Thus we have
FAu \Z (Kt) 2 l:Au Z (t)

Therefore by Lemma 2 we have Au = z.since PQu = z thus we have Au = PQu = z thatis u is coincident point of A
and PQ this proves 3.1.5 (a).

Since A(X) € STX)NLX) NM(X),Au = z implies that ST(X) NL(X) NM(X) . Then STv = Lv = Mv = z. By
putting X = Xpn and y=v witha=1in3.1.4
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FAx2n+2,Bv (Kt)zmin{ FPQx2n+2 ,Lv (t)' FSTV ,Lv ((Zt),FB,, PQx2n 42 ((2-01)0,

FSTV,AX2n+2 ®. FAx2n+2,Mv ®)

(FPQX2n+2 Ly (0 - Faxgn 49 PQagngz () ) (
)

FPQ x2n+42,5Tv ®
Taking lim n — o we get

FAx2n+2,Lv ® )}

Fz 2 (0. Fzp (B)

i Fy 2 (6).Fy  (t
F, 5o (KO 2 min{ F, , (0),F, ,(0), Fy, , (0, (220220 )

Fzz (O

Thus we have

F, gy (Kt) > F, g,(t) . Therefore by Lemma (2) we have
Bv = z since STv = Lv = Mv = z thus we have Bv =
STv = Lv = Mv = zthat is v is coincident point of B
and ST, L,M This proves (b).

The remaining two cases pertain essentially to the previous
cases . Indeed if A(X) or B(X) is complete then by
314ze AX)C STX)NLX) NM(X)or ze B(X) C
PQ(X) . Thus 3.1.5 (a) and (b) are completely established.
Since the pair {A,PQ } is weakly compatible therefore A
and PQ commute at their coincidence point that is A(PQu) =
(PQ)Au or Az = PQz.

Since the pair {B, ST}, {L, ST} and {L, M} are weakly
compatible therefore

B(STv) = ST(Bv) or Bz =STz

L(STv) =ST(Lv) orLz=STz

L(Mv) = M(Lv) or Lz = Mz Therefore Bz = STz =Lz =Mz.
By putting X= 2, y = Xpn+1 Witha=11in3.1.4

FAX 2n+2,B2 (Kt)zmin{ FPQXZHJrZ ,Lz (t)' FSTZ Lz (t)u FBz LPQx2p 42 (t),

Fyz (0) ) }

FAZ ,sznJrl(Kt) 2 mln{ FPQZ ,Lx2n+1 (t)' FSTX2n+1,Lx2n+1 (t)
’ FBX2n+1,PQZ (t)

(FPQZ Lxgns1 ® Faz pgz (1) ) (FSsznJrl,Az (). Faz Mxzq41 @) )
Fpz STx2p41 (O ’ FazLxppe1

Taking lim n — o we get
FAZ ,Z (Kt) 2
min{

Fs 2 (t).F z,z(t) FzAz ). F z,z (t)
FZ - (t)’ FZ'Z (t)’ FZ'Z (t)’ ( Fzz ?t) ) ’ ( ’ Faz zA(t) )
}

Thus we have

FAZ Z (Kt) 2 FAZ JZ (t)
Therefore by Lemma 2 we have Az=zs0 Az=PQz =z.
By putting X = Xpn+2 and y =z witha=1in 3.1.4

(FPQ x2n42 Lz ®© Fax o 10 PQxznsz &) ) (FSTZ Axzniz @ Faxg, oMz ()
)

Fpq x2n+2 STz )
Taking lim n — o we get

Fz ,Bz. (t) . FZ,Z (t)

FAx2n+2,Lz ® ) }

Fz ,Bz (Kt) 2 mln{ Fz ,Bz (t)v FBZ ,Bz (t)' FBZ JZ (t), <
Thus we have

FZ,Bz (t)

FBZ Z (t) FZ,BZ (t) >
)( Fz,82 (V) >

F, g, (Kt) > F, g, (t) . Therefore by Lemma (2) we have Bz=zs0oBz=STz=Lz=Mz=z

By putting x =z and y =Tz witha=1in3.1.4
Faz g1z (Kt) = min{ Fp, 17, (), Fsrr i, (), Fary poz (O,

(FPQZ L7z (©).Faz poz () ) <FSTTz,Az (t). Faz M1z (£) ) }

Fpqz ,st1z (t) FazLrz ()

As BT =TB, LT=TL,ST=TS,MT=TM

BTz=TBz=Tz, LTz=TLz=Tz, STTz=TSTz=Tz, MTz=TMz=Tz,

Taking lim n — oo we get
Fz Tz (t) . Fz,z (t)

Fz , Tz (Kt) 2 mln{ Fz Tz (t)' FTz,Tz (t), FTZ ,Z (t), <
Thus we have
FZ Tz (Kt) Z Fz Tz (t)

F, Tz (t)

FTz Z (t) . FZ,T z (t)
F, Tz (t) ) }

Therefore by Lemma 2 we have Tz =z, Since STz=z, therefore Sz=z

By putting x=Qz and y=z withaa=11in3.1.4
Faqz b, (Kt) > min{ Fpqq, 1., (©), Fsrz 120, Fp2 pooz (O,

(FPQ Qz Lz ) -Faqz pQ gz (t) ) (FSTZ AQz (V). Fagz Mz (8) ) }

FpQ @z,sT2 (V)
As AQ=QA, PQ=QP we haveQQ
AQz=QAz=Qz, PQQz=QPQz=Qz

Taking lim n — o we get

FAQZ Lz ®

FQZ Z ®. FQZ,QZ (t)

FQZ ,Z (Kt) 2 min{FQz ,Z (t)' Fz Z (t): Fz ,Qz (t): (
Thus we have

FQZ JZ (t)

) (Fz ,Qz ®. FQz,z (t) ) }
! FQz JZ (t) '

Fq, . (Kt) > Fq, ,(t) . Therefore by Lemma (2) we have Qz = z. Since PQz = z therefore Pz = z. By combining the above
results we have Az=Bz=Lz=Mz=Sz=Tz=Pz=Qz =2z That is z isa common fixed pointof A, B, L, M, S, T, P and Q.

Uniqueness: Let z’ (z # z’) be another common fixed point of A, B, L, M, S, T, P and Q, then Az’ =Bz’ =Lz’ =Mz’ =Sz’ =

Tz =Pz2’=Qz’ =7".
By putting X =z and y =z’ with a = 1 in 3.1.4 we have
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FAz ,Bz/(Kt) z min{ FPQZ Lz’ (t)' FSTZ',LZ'(t)' FBZV,PQz (t)’
Cmpuiﬂfmym(0> CHAMOXFMM?@)>}
Fpqz stz (1) ’ FazLz' (V) '

. Fz,27(8) . Fpz (8) 1:z',z ®). Fzz ()
F, (KO 2 min{ F, ,(0), F,., (0, F,, (0, ot ).( —

F, ,(Kt) > F, ,(t) . by Lemma (2) z= z’. Therefore z is a
common fixed point of A, B, L, M, S, T, P and Q. This
completes the proof.

Corollary 3.1.6 : Let AS, T, L, M, P and Q are self
mappings on a complete Menger space (X, F, t) satisfying:
(1) A(X) C ST(X) N L(X) N M(X),A(X) C PQ(X).
(2) PQ = QP,ST =TS,AQ = QA AT =TA,LT =
TL,MT =TM.
(3) (4,PQ),(L,ST), (A, ST), (L. M) are weak compatible.
(4) There exists ke (0, 1) such that

Fax ay (Kt) 2 min{Fpgy 1y (1)
Fsry 1y (@), Fay pox (2 — @)t),

(FPQX Ly (O Faxpox () ) (FSTy,Ax (© . Faxmy (0 >}
Fpox sty (D) ' Fax1y (©

Forall x,yeX,ae(0,2)and t>0.
(5). If one of A(X), ST(X), PQ(X) is a complete sub space of
X, then :
(&) Aand PQ have a coincidence point.
(b) Aand ST, L, M have a coincidence point.
Then self —maps A,S,T,L,M,P and Q have a unique common
fixed point in X.
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