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Abstract: In this paper, the concept of soft set BH-algebra is introduced and in the meantime, some of their properties and structural
characteristics are discussed and studied. The bi-intersection, extended intersection, restricted union, V~union, A-intersection and
cartesian product of the family of soft BH-algebra and soft BH-subalgebra are established. Also, the theorems of homomorphic image
and homomorphic pre-image of soft sets are given. Moreover, the notion of soft BH- homomorphism is introduced and its basic

properties are studied.
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1. Introduction

To solve complicated problem in economics, engineering,
and environment,we can’t successfully use classical methods
because of various uncertainties typical for those problems.
There are three theories: theory of probability, theory of
fuzzy sets, and the interval mathematics which we can
consider as mathematical tools for dealing with
uncertainties. But all these theories have their own
difficulties. Uncertainties can’t be handled using traditional
mathematical tools but may be dealt with using a wide range
of existing theories such as probability theory, theory of
(intuitionistic) fuzzy sets, theory of vague sets, theory of
interval mathematics, and theory of rough sets. However, all
of these theories have their own difficulties which were
pointed out in Molodtsov suggested that one reason for these
difficulties may be due to the inadequacy of the
parametrization tool of the theory. To overcome these
difficulties In 1999,Molodtsov introduced the concept of
soft set as a new mathematical tool for dealing with
uncertainties that is free from the difficulties that have
troubled the wusual theoretical approaches. Molodtsov
pointed out several directions for the applications of soft
sets. At present, works on the soft set theory are progressing
rapidly[2]. In 2002,Maji et al. described the application of
soft set theory to a decision making problem [5]. In 2003,
Maji et al. studied several operations on the theory of soft
sets[6]. In 2005,Chen et al. presented a new definition of
soft set parametrization reduction, and compared this
definition to the related concept of attributes reduction in
rough set theory. The algebraic structure of set theories
dealing with uncertainties has been studied by some
authors[1].In 1998 ,Y. B. Jun, E. H. Roh and H .S. Kim
introduced the notion of BH-algebra[8].In this paper we
apply the notion of soft sets introduced by Molodtsov to the
theory of BH-algebras. Soft BH-subalgebras and
homomorphisms in soft BH-algebras arediscussed.

2. Preliminaries

In this section, we give some basic concepts about a BH-
algebra, Soft sets, Soft BH-subalgebra, Cartesian product,
intersection and unionof soft sets

Definition 1. (see[8])ABH-algebrais a nonempty set X with
a constant 0 and a binary operation"*" satisfying the
following conditions:

i. x*x=0, for all xeX.
ii. x*y=0and y*x =0 imply x =y, for all x, ye X.
iii. x*0 =x, for all xeX.

Definition 2. (see[8])Let X a BH-algebraand S < X. Then S
is called a subalgebraof X if x*ye S for all x,y€ S.

Remark 1. (see[7]) Let X and Y be BH-algebras. A
mapping f:X—>Y is called a homomorphism if
f(x*y)=f(x)*f(y) for all x,yeX. A homomorphism f is called
a monomorphism (resp., epimorphism) if it is injective
(resp., surjective). A bijective homomorphism is called an
isomorphism. Two BH-algebras X and Y are said to be
isomorphic, written X = Y , if there exists an isomorphism
f:X—>Y. For all homomorphism fX —Y, the set
{xeX:f(x)=0} is called the kernel of f, denoted by Ker(f),
and the set {f(x):xeX} is called the image of f, denoted by
Im(f). Notice that f(0)= 0/, for all homomorphism f,andf
Y) ={xeX:f (x) =y, for some ye Y}

Definition 3. (see[2]) The notion of a soft set defined in the
following way: Let U be an initial universe set and E a set of
parameters. The power set of U is denoted by P(U) and A is
a subset of E. A pair (F,A) is called a soft set over U, where
F is a mapping F : A — P(U). In other words, a soft set over
U is a parameterized family of subsets of the universe U. For
X€A, F(X) may be considered as the set of x-approximate
elements of the soft set (F,A). Clearly, a soft set is not just a
subset of U.

Definition 4. (see[2])Let (F, A), (G,B) be soft sets over a
common universe U.

(i) (F,A) is said to be a soft subset of (G,B), denoted by
(F,A)E(G,B), if A B and F(a) €G(a) for all a €A,

(i) (F,A) and (G, B) are said to be soft equal, denoted by (F,
A) = (G, B), if (F,A)E( (G,B) and (G,B)E(F,A).

Definition 5.(see[4])i. The bi(restricted) -intersection of two
soft sets (F,A) and (G,B) over a commonuniverse U is
defined as the soft set.

(H,C) = (F,A)(G,B), where C=A N B=z@, and H(c) =
F(c)NG(c), for all ceC.

(i) The bi(restricted)-intersection of a nonempty family soft
sets {(Fi,A) | iEa}

over a common universe U is defined as the soft set (H,B) =
ﬁieq (Fi,Ai), where B =Nieq, Ai?f@, and H(X) = Nieg, Fi(X), for
all x eB.
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Definition6. (see[4])(i) The extended intersection of two
soft sets (F,A) and (G,B) over a common universe U is
defined as the soft set.
(H,C) = (F,A)1\(G,B), where C=AUB, and for all ¢ €C,
F(c)if c € A\B
G(c)if ce B\A
F(c)nG(c)ifceANB

H(c) =

(if) The extended intersection of a non- empty family soft
sets {(F;,A;) | iea} over a common universe U is defined as
the soft set (H,B) =Nie, (Fi,A;), where

B = Ui, A, and H(X) = ﬂiea(x) Fi(X), andoc(x):{i | iEAi}, for
all x eB.

Definition 7. (see[4])The bi (restricted) union of two soft
sets (F,A) and (G,B) over a commonuniverse U is defined as
the soft set (H,C)= (F,A)U(G,B), where C =ANB=@, and
H(c) = F(c)uG(c), for all ceC.

Definition 8. (see[8])The restricted union of a nonempty
family soft sets{(F;, A) | iEa}over a common universe U is
defined as the soft set.

(H,B) =Uic, (Fi,A)), where B =Nje, Az®, and H(X) = Uje,
Fi(x), for all xeB.

Definition 9. (see[3])(i) The A-intersection of two soft sets
(F,A) and (G,B) over a common universe U is defined as the
soft set.

(HC) = (FAA (G,B), where
H(a,b)=F(a)NG(b), for all(a,b)eAxB

(ii) The A-intersection of a nonempty family soft sets {(F;,
A)) | iea}over a common universe U is defined as the soft
set (H,B) =Aieo(Fi, A), where B =[] ic,Ai and H(X) = Nieq
Fi(Xi), for all X=(Xi)ieaEB.

C=AxB, and

Definition 10. (see[3])(i) The v-union of two soft sets (F,A)
and (G,B) over a common universe U is defined as the soft
set (H,C) =(F,A) V (G,B),

where C= A x B, and H(a,b)=F(a)UG(b), for all (a, b) €A x
B.

(if) The v-union of a nonempty family soft sets {(F;, A) |
iea}over a common universe U is defined as the soft set
(H,B)= viEon(Fi:Ai)l where B:l—li‘EaAi and H(X) = UiEoc Fi(xi)!
for all x=(x;) ic,.EB.

Definition11. (see[6])Let (F,A) and (G,B) be two soft sets
over U and V , respectively. The cartesian product of the
two soft sets (F,A) and (G,B) is defined as the soft set.
(C,AxB) = (F,A) x (G,B), where C(x, y) = F(X)xG(y), for
all (x, y)eAxB.

Definition 12.(see[8]) Let{(Fi, A) | iEa} be a nonempty
family of soft sets over U; | €a.. The cartesian product of the
non-

empty family of soft sets {(F,A;) | iEa} over the universes
U; is defined as the soft set(H,B) = [T ieo(Fi,A), where B =]
iecAj and H(X) =[Tie.Fi(X;), for all x=(x;) i EB.

3. The Main Results

In this section, we introduce the concepts ofsoft set of BH-
algebras and soft BH-algebra. Also we state and prove some
theorems and examples about theseconcepts.

Definition 13.1f X is a BH-algebra and A a nonempty set, a
set-valued function

F : A— P(X) can be defined by : F(x) ={y €X | (X, y)ER},
XEA, where R is an arbitrary binary relation from A to X,
that is a subset of AxX. The pair (F,A) is then a soft set over
X. The soft sets in the examples that follow are obtained by
making an appropriate choice for the relation R. For a soft
set (F,A). The set Supp (F,A) ={xeA| F(x)=0} is called the
support of the soft set (F,A), and the soft set (F,A) is called a
non-null if Supp (F,A)=0.

Definition 14. Let (F,A) be a non-null soft set over X a BH-
algebra. Then (F,A) is called a soft BH-algebra over X if
F(x) is a BH-subalgebra of X, for all xeSupp(F,A).

Remark 2. The order of x, denoted by o(x), as o(x) = min{n

eN | 0*x" = 0}.
where 0xx" =(- - - ((0 *X) *X) * - - -) *x in which x appears
n-times.

Example 1: Consider the BH-algebra X={0,1,2,3,4} with
binary operation"*" defined as follows:
*10111]2|3

Alw |- o
Alw|N|-
Arlwvo|lo
Awlo|lo
rlovF|o
olwN|klols

Let (F,A) be a soft set over X, where A=Xand F: A —
P(X) is the set-valued function defined by : F(x) ={yeX| xR
y <y exl}, for all xeA where 1={0,1} and x'l={y €
X|y*(y*x)el}. Then F(0)=F(1)=X, F(2)={0,1,3,4},
F(3)={0, 1,2,4} and F(4)={0,1,2,3} are BH-subalgebras of
X, for all xeSupp (F,A). Therefore (F,A) is a soft BH-
algebra over X.

Example 2: Consider the BH-algebra X={0,1,2,3,4,5,6,7}
with binary operation"*" defined as follows

*1011]12(3|4[516|7
0[0|0[0|0 |4 ]4 /4|4
1(1/0]0 0[5 |44 |4
2(2|2]0]0 |66 |4 |4
3[3|2]1]0|7 16|54
414/4/1414(0]00]0
5(5/4]4/4|1/0)0]0
6(6|6[4(412(210]0
71716[5]413 |21 0

Let (F,A)be a soft set over X where A=X and F:A—P(X)
the set-valued function defined by F(x) = {0}U{yeX|
XRy=o(x)=o(y)}, for all xe A. Then F0) =
F(1)=F(2)=F(3)=X is a soft BH-algebra, but F(4)=
F(5)=F(6)=F(7) ={0,4,5,6,7} is not a BH-subalgebras of X.
Hence (F, A) is not a soft BH-algebra over X. If we take B
={1, 2, 3}c X and define a set-valued function G:B—P(X)
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by G(x) ={yeX | xXRy<=o0(x)=0(y)},for all xeB, then(G, B)
is a soft BH-algebra over X, since G(1) = G(2) = G(3)
={0,1,2,3} is a BH-subalgebra of X.

Propositionl. Let{(F;, A;) | i€a}be a nonempty family of
soft BH-algebras over X. Then the bi-intersectionfie, (Fi,A;)
is a soft BH-algebra over X if it is non-null.

Proof. Let{(F;,A;) | iea} be a nonempty family of soft BH-
algebras over X. By definition 5 (ii), we can write
Miea(Fi,A))=(H,B), where B=Njc A;, and H(x)=N;e,, Fi(x), for
all xeB. Let xeSupp(H,B). Then Nie, Fi(X) # @, and so we
have Fi(x) #@,for all i €a. Since {(Fi, A) | i €a }is a
nonempty family of soft BH-algebras over X, it follows that
Fi(x) is a BH-subalgebra of X, for all i€a, and its
intersection is also a BH-subalgebra of X, that is,
Hx)=Nie,Fi(x) is a BH-subalgebra of X, for all
XeSupp(H,B). Hence (H,B) = flie, (Fi,A) is a soft BH-
algebra over X.

Proposition 2. Let {(F;,A) | i€a}be a nonempty family of
soft BH-algebras over X. Then the bi-intersection fie,
(F;,A) is a soft BH-algebra over X if it is non-null.

Proof. Straightforward.

Proposition 3. Let {(F;,A)) | i€a} be a nonempty family of
soft BH-algebras over X. Then the extended intersection
Nieo(Fi,A) is a soft BH-algebras over X.

Proof. Assume that {(F;, A)) | i€a } is a nonempty family of
soft BH-algebras over X. By definition 6 (ii), we can write
ﬁiEa(Fi:Ai) = (H,B), where B =Uiea A and H(X) =
NiegyFi(X), for all xeB. Let x €Supp (H,B).
ThenNieqFi(x)# @,and so we have Fi(x) #@,for all i€a(x).
Since (F;,A)) is a soft BH-algebras over X, for all i€a, we
deduce that the nonempty set Fi(x) is a BH-algebras of X,
for all i €a. It follows that H(X) = NieyxFi(x) is a BH-
subalgebra of X, for all x €Supp (H,B). Hence, the extended
intersection Nicy(Fi,A;) is a soft BH-algebra over X.

Proposition4. Let {(F;, Aj) | i€a} be a nonempty family of
soft BH-algebras over X. If Fi(x;) €F;(x;) or Fj(x;)<SFi(x;) for
all i,jea, x;€A;, then the restricted union Tie, (Fi,A)) is a soft
BH-algebra over X.

Proof. Assume that {(F;, Aj) | i€a} is a nonempty family of
soft BH-algebra over X. By definition 8, we can write Tie,
(Fi,A) = (H,B), where B = Nie,Ai, and H(X) = Uie, Fi(X), for
all x eB. Let x eSupp (H,B). Since Supp (H,B) =
UieoSUpp(Fi, A) #0,we have Fi, ()

#0, for some i,€a. By assumption, Ui, Fi(x) is a BH-
subalgebra of X, for all x eSupp (H,B). Hence the restricted
union Uie, (F;,A)) is a soft BH-algebra over X.
Proposition5.Let{(F;,A) |iea}be a nonempty family of soft
BH-algebras over X. Then the A-intersection Ajeq(Fi, Ay is a
soft BH-algebra over X if it is non-null.

Proof. By definition 9 (ii), we can writeAie,(Fi, Ai)= (H,B),
where B =[] ie,Ai,and H(X) =Nie,Fi(X;), for all x=(x;)ie,EB.
Suppose that the soft set (H,B) is non-null. If x =

(X)iec€SUPP (H,B), then H(X) =N;e, Fi(X;) #0. Since (Fi,A;)
is a soft BH-algebra over X, for all i€a, we deduce that the
nonempty set F;(x;) is a BH-subalgebra of X, for all i€a.. It
follows that H(X) =N;e,Fi(X;) is a BH-subalgebra of X, for all
X=(X)ie.ESUPP(H,B). Hence, the A-intersectionAie,(Fi,A) is
a soft BH-algebra over X.

Proposition6. Let {(F;,A) | i€a} be a nonempty family of
soft BH-algebras over X. If Fi(x;) SFj(x;) or F;(x;)€Fi(x;), for
all i,jea, x€A, then the v-union Vi, (Fi,A) is a soft BH-
algebra over X.

Proof. Assume that {(F;, Ay | i €a } is a nonempty family of
soft BH-algebra over X. By definition 10(ii) we can write
Viea (Fi,Ai) :(H,B), where B=][iecAi and H(X) :UieaFi(Xi),
for all X = (X))ieo€ B. Let X = (X;)iec€SUpp (H,B). Then H(x)
=UieoFi(xi) #0, and so we haveFi, (x; ) # @, for some i,€Ea.
By assumption, Uie, Fi(X;) is @ BH-subalgebra of X, forall x
= (Xi)iec€ESUpp (H,B). Hence the v-union Vie, (Fi, A) is a
soft BH-algebraover X.

Proposition?7. Let {(F;,A) | iEa}be a non-empty family of
soft BH-algebras over X;. Then the cartesian product[Jic.(Fi,
A)) is a soft BH-algebra over [] e, Xi.

Proof. By definition 12, we can write [] ieo(Fi, A) = (H,B),
where B=]] ie,Ai andH(X)=[] ie.Fi(X), for all X=(X;)ieEB.
Let X = (X)iec€SUpp (H,B). Then H(X) =[Tie.Fi(X)) #0, and
so we haveF;(x;) #@,for all i€a. Since {(F;,A;) | iEa}is a soft
BH-algebras over X; forall iea, we have that Fi(x;) is a BH-
subalgebra of X, so []ie.Fi(X;) is a BH-subalgebra of []ie.Xi
for all x = (X)ice€SUpp (H,B). Hence, the cartesian
productﬁiea(Fi,Ai) is a soft BH-algebra over []ie.Xi.

Definition 15. Let (F,A) be a soft BH-algebra over X.

(i) (F,A) is called the trivial soft BH-algebra over X, if
F(x)={0},for all xeA.

(ii) (F,A) is called the whole soft BH-algebra over X, if F(x)
= X, for all xeA.

Example 3: Consider the BH-algebra X={0,1,2,3} with
binary operation"*" defined as follows:

WIN [P |O| *
W|N |~ (OO
o|w|o|o|F-
o|lo|IooN
O |w|w|(o|w

Let (F,A) be a soft set over X, where A={1,2,3} and F : A
— P(X) the set-valued function defined by F(x)={yeX| x R
y &y *xe{0,3}} for all xeA. Then F(x) = X for all Xx€A, so
(F,A) is a whole soft BH-algebra over X Let (G,A) be a soft
set over Xand G: A— P(X) the set-valued function defined
by G(x)={yeX| x Ry ©x*y = x}, for all x€A. Then G(x) =
{0}, for all x €A, so (G,A) is a trivial soft BH-algebra over
X.

Definition16. Let X, Y be two BH-algebras and f : X —Y a
mapping of BH-algebras. If (F,A) and (G,B) are soft sets
over X and Y respectively, then (f(F),A) is a soft set over Y,
where
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f(F) : A —P(Y) is defined by f (F)(x) = f(F(x)), for all x €A
and (f "}(G),B) is a soft set over X, where f “(G) : B—>P(X)
is defined by f (G)(y) =f "(G(y)), for all y €B.

Theorem 1.Let f:X—Ybe an onto homo-morphism of BH-
algebras.

(i) If (F,A) is a soft BH-algebra over X, then (f(F),A) is a
soft BH-algebra over Y

(i) If (G,B) is a soft BH-algebra over Y , then(f *(G),B) is a
soft BH-algebra over X if it is non-null.

Proof. i.Since (F,A) is a soft BH-algebra over X, it is clear
that (f(F),A) is a non-null soft set over Y. For every
xeSupp(f (F),A),we have f (F)(x) = f(F(x)) # @. Since the
nonempty set F(x) is a BH-subalgebra of X, its onto
homomorphic

image f(F(x)) is a BH-subalgebra of Y. Hence f(F(x)) is a
BH-subalgebra of Y, for all xeSupp(f (F),A). That is
(f(F),A) is a soft BH-algebra over Y .

(ii) It is easy to see that Supp (f *(G),B) SSupp (G,B). Lety
eSupp (f (G),B). Then G(y) #9. Since the nonempty set
G(y) is a BH-subalgebra of Y, its homo- morphicinverse
image f *(G(y)) is also a BH-subalgebra of X. Hence f
“Y(G(y)) is a BH-subalgebra of Y, for all yeSupp(f *(G),B).
That is, (f *(G),B) is a soft BH-algebra over X.

Theorem 2. Let f: X — Y be a homo- morphism of a BH-
algebras. Let (F,A) and (G,B) be two soft BH-algebras over
Xand Y respectively.

(i) If F(x) = ker(f), for all x €A, then

(f(F),A) is the trivial soft BH-algebra over Y .

(ii) If fis onto and (F,A) is whole, then (f(F),A) is the whole
soft BH-algebra over Y.

(i) If G(y) = f(X), for all y €B, then

(f 1(G),B) is the whole soft BH-algebra over X.

(iv) If fis injective and (G,B) is trivial, then (f "(G),B) is the
trivial soft BH-algebra over X.

Proof. (i) Assume that F(x) = ker(f), for all Xx€A. Then,
f(F)(x) = f(F(x)) ={0y},for all xeA. Hence (f(F),A) is soft
BH-algebra over Y.

By theorem 1 and definition 15 (i).

(if) Suppose that fis onto and that (F,A) is whole. Then,
F(x)=X, for all xeA, and so f (F)(x)=f(F(x))=f (X)=Y for all
X€A. It follows from theorem 1 and definition 15(ii) that
(f(F),A) is the whole soft BH- algebra over Y .

(iii) Assume that G(y)=f(X), for all yeB Thenf "}(G)(y) =f
G(y)) = }(f (X)) = X, for all yeB. Hence (f *(G), B) is
the whole soft BH-algebra over X. By theorem 1 and
definition 15(ii).

(iv) Suppose that f is injective and (G,B) is trivial. Then,
G(y) ={0},for all y €B, and so f "{(G)(y) = f *(G(y)) = f
“1({0}) = ker(f) = {0}, for all yeB. It follows from theorem
1 and definition 15(i)that (f (G),B) is the trivial soft BH-
algebra over X.

Definition 17. Let (F,A) and (G,B) be two soft BH-algebras
over X. Then(G,B) called is a soft BH-subalgebra of (F,A),
denoted by (G,B)<,(F,A), if it satisfies thefollowing
conditions:

(i) B cA,

(i) G(x) is a BH-subalgebra of F(x), for all x €Supp (G,B).

From the above definition, one easily deduces that if (G,B)
is a soft BH-subalgebra of (F,A), then
Supp (G,B) <Supp (F.A).

Example 4: Consider the BH-algebra X={0,1,2,3,4} with
binary operation"*" defined as follows:

* 0 1 2 | 3 4
0 0 0 010 0
1 1 0 110 1
2 2 2 0] 2 0
3 3 1 310 3
4 4 4 2 | 4 0

Let (F,A) be a soft set over X, where A={0,1,2} and F : A
— P(X) is the set-valued function defined by F(x)={yeX| x
Ry o y*(y *x)e{0,1}}, for all xeA. Then (F,A) is a soft
BH-algebra over X, for all x eSupp(F,A).

Let (G,B) be a soft set over X, where B={0,2} and G: B —
P(X) is the set-valued function defined by G(x)={ye X | xR
y & y*(y *x)e{0,4}}, for all xeB. Then (G,A) is a soft
BH-algebra over X, for all xeSupp (G,B) and G(0) = X =
F(0), G(2)={0,1, 3} = F(2). Hence (G,B) is a soft BH-
subalgebra of (F,A).

Proposition8. Let (F,A) and (G,B) be two soft BH-algebras
over X and(G,B)E(F,A).Then (G,B)<; (F,A)

Proof. Straight forward.

Proposition9. Let (F,A) be a of soft BH-algebra over X and
{(Hi,A)) | iea}a nonempty family of soft BH-subalgebras of
(F,A). Then the bi-intersection fiie, (Hi,A) is a soft BH-
subalgebra over X if it is non-null.

Proof. Similar to the proof of proposition 1.

Proposition10. Let (F, A) be a of soft BH-algebras over X
and {(H;,A) liea} a nonempty family of soft BH-
subalgebras of (F,A). Then the bi-intersection fie, (H;,A) is
a soft BH-subalgebra of (F,A) if it is non-null.

Proof. Straightforward.

Proposition11. Let (F, A) be a of soft BH-algebras over X
and {(Hi,A) | i€eo}a nonempty family of soft BH-
subalgebras of (F,A). Then the extended intersection Aie,
(H;,A) is a soft BH-subalgebra of (F,A).

Proof.Similar to the proof of proposition 3.

Proposition12. Let (F, A) be a of soft BH-algebra over X
and {(Hi, Aj) | i€a}a nonempty family of soft BH-
subalgebras of (F,A). If Hi(x)) SH;(x;) or Hj(x;))SHi(x;), for
all i,jea, x€A,, then the restricted union Ui, (H;,A)) is a
soft BH-subalgebra of (F,A).

Proof. Assume that{(H;, A | i€a} is a nonempty family of
soft BH-subalgebra of (F,A). By Definition 8, we can write
GiEa (Hi,Ai) = (H,B), where B = NiedA, andH(x) = UiEa
H;(x), for all x €B. Let x €Supp (H,B). Then H(X) = Uieq
Hi(x) #@,and so we have H; (x; ) # @, for some i,€a. Since
Hi(Xi)gHj(Xj) or Hj(Xj)gHi(Xi), for all ijea, €A, clearly
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Uieq Hi(X;) is a BH-subalgebra of F(x),for all x eSupp (H,B).
Hence the restricted union Ui, (H;,A)) is a soft BH-algebra
of (F,A).

Proposition13. Let (F,A) be a of soft BH-algebra over X
and {(H;,A) | i€a}a nonempty family of soft BH-
subalgebras of (F,A). Then the A-intersection Aic,(Hi, A) is
a soft BH-subalgebra of Aie,(F, A) .

Proof. Similar to the proof of proposition 5.

Proposition14. Let (F,A) be a of soft BH-algebra over X
and {(HiA) | i€a}a nonempty family of soft BH-
subalgebras of (F,A). If Hi(x;) €H;(x;) or H;(x;)SHi(x;), for
all i,jea, x;€A,, then the v-union Vie, (H;,A)) is a soft BH-
subalgebra of Vie,(F,A) .

Proof.Similar to the proof of proposition 6.

Theorem 3. Let (F,A) be a of soft BH-algebra over X and
{(H;,A)) | iea} a nonempty family of soft BH-subalgebras of
(F,A). Then the cartesian product of the family [Tico(Hi, A)
is a soft BH-algebra over [Jiea(F,A).

Proof. By definition 12, we can write [Jieo(Hi, A) = (H,B),
where B = [ie A andH(X)=]Tie Hi(Xi), for all x=(x;)ic,.EB.
Let X = (X)iec€SUPP (H,B). Then H(X) =[Tie.Hi(x) #0, and
so we haveH;(x;) #®,for all i€a. Since {(H;,A) | i€a}is a
soft BH-subalgebras of (F,A),we have that H;(x;) is a BH-
subalgebra of F(x;),from which obtain that[]ie,Hi(X;) is a
BH-subalgebra of []ie,F(xi), for all x = (X;)iec€Supp(H,B).
Hence, the cartesian product of the family [Tieu(Fi,A) is a
soft BH-algebra over [J icq(F,A).

Proposition15. Let f : X — Y be a homomorphism of BH-
algebras and (F,A), (G,B) two soft BH-algebras over X. If
(G,B)<(FA).

Then (f(G),B)<; (f(F),A).

Proof. Assume that (G,B)<; (F,A). Let xeSupp(G,B). Then
x €Supp (F,A). Bydefinition 17, A €B and G(x) is a BH-
subalgebra of F(x) for all xeSupp (G,B). Since f is a
homomorphism, f(G)(X)=f(G(x)) is a BH-subalgebraof
f(F(x)) = f (F)(x).Therefore (f(G),B)<; (f(F),A).

Theorem 4. Let f : X — Y be a homomorphism of BH-
algebras and (F,A), (G,B) two soft BH-algebras over Y. If
(G,B)<; (F.A).

Then (f "/(G),B)<; (f “'(F),A).

Proof. Assume  that (G,B)<; (F.A). Let
yeSupp(f 1(G),B).By definition17 BSA and G(y) is a BH-
subalgebra of F(y), for all yeB. Since f is a homo-
morphism, f(G)(y) =f "}(G(y)) is a BH-subalgebra of f
NF(y)) = f(F)(y), for all y €Supp (f(G),B) .Hence ,
(F(G).B):(f(F).A)
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