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Abstract: The aim of this paper is to discuss oscillation and asymptotic behavior of a class of third-order nonlinear neutral
delay differential equations. A new theorem is presented that improves a number of results reported in the literature.

Example is included to illustrate new results.

Keywords: Oscillation, third order, neutral delay differential equations.

1. Introduction

In this paper we consider third order neutral differential
equations of the form

rolsoror)])

b
+[atH T (XN =0,t 21,
(1.1)
where Z(t) = X(t) + p(t)X(z(t)) and the following
conditions are satisfied

(A1)
p,7€C(l,R),0< pt)< p<Lz(t)< t,%imr(t) =o0,q,

and @2 are a quotient of odd positive integers,
a,a, = and | =[t,,0),

(A2) 1, € C(1,(0,00)), [ (r (1) " dt =o0,i =1,2,

(As) f e C(R,R),xf(x) >0 for t = 1o,

(A9 g € C(I x[a,b],[0,%0)),q(t,&) is not zero on
any half line [tu,OO)X[a,b],tﬂ >t,,

(As5)g e C(I x[a,b],R) , g(t,&) <t for t=>t,
and & ela,b], g(t,&) is continuous, has positive
partial derivative on | x[@,b] with respect to t ,

nondecreasing with  respect to & and

limg(t,£) =,

(As)o € C([a,b],R) , o isnondecreasing and the
integral of Eq. (C-1) is in the sense Riemann-stieltijes.

We mean by a solution of Eq. (l.1) a function

X(t) :[t,,0) >R, t, >t such that
X, O @) and ROULOE @)*))*
are continuously differentiable for all € [tx,0) and

sup{X(t)| :t =T} >0 forany T = tx . A solution of
Eq. (1.1) is called oscillatory if it has arbitrary large zeros,
otherwise it is called nonoscillatory.

Asymptotic properties of solutions of differential equations
of the second and third order have been subject of intensive
studying in the literature. This problem for neutral
differential equations has received considerable attention in
recent years (see [1] - [12]).

The aim of this paper is to discuss asymptotic behavior of
solutions of class of third order neutral delay differential
equation. By using Riccati transformation technique , we
established sufficient conditions which insure that solution of
class of third order neutral delay differential equation is
oscillatory or tended to zero. The results of this study
basically generalize and improve the previous results.

Following [Philos [13] ], we introduce a class of functions

I as follows. Let

Dy = {(t,s) :t>s>tyrand D = {(t,s) :t >s>1(}

A kernel function H € C(D,R) s said to belong to the
function class < , writtenby H € 3 _if

1) H(t,s) =0 for t > 15, H(t,s) >0 on D

2) H(t,S)  has a continuous and nonpositive partial

derivative oH/0s on Do such that the condition
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OH(t,s)

i —h(t,s)H(t,s) for all (t,s) € Dg

is satisfied for some N € C(D,R)

Let us state two sets of conditions commonly used, which we
rely on:

(S) ”?ﬁzk >0 for X # 0 and
[T

—f(—uv) > f(uv) > f(WFf(v) for Uv > 0.

f(x)
) w ZK>0 g x=+o0

For the sake of convenience, we introduce the following
notation:

Eoelt) =20, Ee®) = ) LEnew) i 1.2

b
a0 = | at&)do()
and let there exists a function P € C(I) R*) such that

Qt,s) = "’ ) h(t,s)‘.

2. Several Lemmas

We begin with some useful lemmas, which we intend to use
later.

ml
Lemma 2.1. Assume that T(Y) = Uy —Vy ™, where
U and V areconstants, V > 0 and 1 is a quotient of
odd positive integers. Then f attends its maximum value on

R at y*:(\/uﬁ and

* 777] +1\ 7 —
max f = f =—]—UuUmv™T,
yeRX (y ) (77+1)77+1

Lemma 2.2. Let X(t) bea positive solution of Eq. (1.1).

Then Z(t) has only one of the following two properties
eventually:

(P1) z(t) > 0,2'(t) > 0 and iEl () > 0,

(P,) z(t) > 0,2'(t) < 0 and E,(z(t) > 0.

Proof. Let X() bea positive solution of Eq. (1.1). From
(Al) and (AS) , there exists a ti 2 1o  such that
Xt) > 0,x(z()) >0  and  x(@t.E) >0  for
t>1 . Then Z(t) >0 and Eq. (C-1) implies that
£ E,(z(t))<0 . Hence, E,(z(t))
function and of one sign. We claim that E.(z(t) >0
for t2=21 E.(z(t) <0 for
t>t, 21 , then there exists a t; > 1,
K1 > 0 such that

is a non-increasing

. Suppose that

and constant

GE @) < K (ryt) e,

for t=13 . By integrating the last inequality from t3 to
t we get

E,(2(0) < B, (2(t,)) - K, [ (t(s)) " ds.

Letting { = | from (A2) , we have
limE, (z(t)) = —o0 . Then there existsa 14 = 13 and
t—o0

constant K2 > 0 gych that

Z'(t) < =Ky (ri ()",

for 1214 . By integrating this inequality from ty ot
and using (A2) , we get limz(t)=—o0 , which
t—o0

contradicts Z(t) > 0 Now we have E2(Z(1)) >0 for
t > 1y . Therefore, Ei(z®) is increasing function. Thus
(P1) or (P2) holds for Z(t) , eventually.
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Lemma 2.3. Let (S1) holds, X(t) bea positive solution

of Eq. (1.1), and Z(t) nhas the property (P2) . Assume
that

0 1 0 1 0 1/ay la,
Ito(rl(V) J.v (rz(u) J.u CKS)dS) dU) dv = oo

21)

Then the solution X(t) is converges to zeroas L = o€ |

Proof Let X(t) bea positive solution of Eq. (C-1). Since
Z(t) satisfies the property (P2) , we get

limz(t) =y.
t—ow
Now. We shall prove that ¥V = 0 .Let ¥ > 0, then we

have ¥ < Z(t) <y +¢€ forall €> 0 and t enough

1
£ < —>

large. Choosing p 7, we obtain

x(t) = z(t) — p(Ox(z(1))
>y — pz(z(t))
> L(y+¢) > Lz(t),

where L =229 5 0 Hence, from (1.1), (S,) and

yt+e

(AS) , we have

SE.m) <KL £2(gE)doE)
< —KLBZB)§(t)
< —KLPyPq(t).

By integrating two times from tto ©, we get

1 " 1 » ey 1a;
-7 (t) > C(T(t) L (rz(u) Iu q(s)ds) du> ,

where C = kl/ﬂl—?’ >0 . Integrating the last inequality

from 11 to ®© , we have

1/0!2 1/01
2(t)>C jtl (I’l_(\/) IV (rz_(u) J.u q<S)dS> dU) dv.

This contradicts to the condition (2.1), then limz(t) =0,
t—o0

which implies that limX(t) =0 .
t—oo

Lemma 2.4. Let (S2) holds, X(t) be a positive solution
of Eg. (C-1) and Z(t) has the property (P2) . If the
condition (C-3) holds, then the solution X() s converges

tozeroas 1 > oc

Proof Proceeding as in the proof of Lemma 2.3. Hence, from
(1.1), (S2) and (As) , we have

4e,@) <-[ a9t o)ds)

< -fLIAW.

The rest of the proof runs as in Lemma 2.4.

3. Oscillation Theorems
Theorem 3.1. Let (S1) and (2.1) hold. If there exist
functions P € C(LR*) and H € 3 suchthat

: 1 t OB _
imsip T ) HE9©1(9) -0 9 (9)ds =

(3.1)
where

0,(t)=p(1)[] alt.£) F(1- p(9(t.¢))do().
and

L(t)=p(t)kR(g(t-a)t,)g'(t.a))".

Then every solution of Eg. (1.1) is either oscillatory or tends

tozeroas 1 = oc

Proof Let X be a non-oscillatory solution of Eq. (1.1) on
|- Without loss of generality we assume that X(t) =0 for

t>1to. Futhermore, we suppose that X() >0 for
t>1y. Note that (Al) and (AS )a there exists a
To >ty such that X(t) >0 | X(z(t)) >0 and

X(@t,8) >0 for t =Ty . By Lemma C-L2, we have
that Z(t) has the property (P1) or the property (P2) .
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If Z(t) has the property (P2) . Since (2.1) hold, the
conditions in Lemma 2.3 are satisfied. Hence, we obtain

limx(t) = 0

Now, Let Z(1) satisfies the property (P1) | then we have
X(t) = z(t) — p()x(z(t)) = (1- p(t))z(t)
(3.2)

Thus, from (1.1), (Sl) and (AS) , we have

%Ez(z(t)) <~f(z(g(t.2))[ q(t.2)f (- p(g(t.))do(2)

We define

E,(z())

“O=,O T ga)

By differentiating, we get
w28 a0 -0,0

E,(z(1) f '(Z(g(t

- o) ———————— "(g(t, '(t,a).
p()fz(z(g(t,a))) a)))z'(g(t,a))g'(t,a)

From (P,) , we have

l/az
Ei(z(t)) =E(z(t))) +II%
1/a;
> B} (2(t)) L Tag®

for =11 = To . Since £ E,(z(t)) <0, we obtain

Z(gta) > E,”@®)R(@(ta),t).

Hence,

w'(s) < -0 (s) + p((s)) o(s) - I UB($)w 7 (s),

(3.3)
for S = t1. Multiplying relation (3.3) by H(t,S) and

integrating from th ol we get

P
. H(t,s)—— e o(5)ds

[ Heo 0 T 0
t

[ Hts)ou(s <[ o' 00s+ [

t] f)

= Ht o)+ |

f)

HiL) (Qhoto)- 1 o s

-1/
irn=pU=QV=I and X = @ | then from
Lemma 2.1, we obtain

- b
Qw—'ll/ﬁw 5 SHQﬂ+1|1~

Therefore, we get

| " H(,5)(©1(5) - uQ (1,5)1 (5))dS.

olt2) 2 H(t,t;) Jt,

which is contrary to (3.1). This completes the proof of
Theorem 3.1.

Theorem 3.2. Let (S2) and (2.1) hold. If there exist
functions P € C(LR*) and H e 3 such that

1
hm
A

I} HL9)©:9) - (5)a(9)ds -

(3.4)

where

O, (t) = kap(t)(1 —p)Pq(),

and

L1 (t) = p(t)(BR(L,a),t0)g' (t,a)) "

Then every solution of Eg. (1.1) is either oscillatory or tends

tozeroas 1 > oc

x(t)

equation (1.1) on | . As in the proof of Theorem C-T1, we

Proof Let is an eventually positive solution of
have that Z(t) has the property (P1) or the property

(P2) . Let Z(t) has the property (P2) . From Lemma
3.4, we obtain 1limX(t) =0 . On the other hand, when
t—ow
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Z(t) satisfies the property (P1) , we have that (3.2) holds.
Thus, from (1.1), (Sl) and (AS) , we get

$ese) < k(-2 [ ot o),

We define
o® = PO 2y
By differentiating, we get
I & _ E»(z(t) 7 I
o)< Lo -0:0- 0T rataea)

Next, by following the same steps in the proof of Theorem
3.1. Hence,

@'(s) < —0,(S) + p's) w(s) — |;”’3(s)w%(s),

p(s)

The rest of the proof runs as in Theorem 3.1. The proof is
complete.

t) =t—-7  and
. Then, Theorem 3.1 extend Theorem 2.1 in

Remark If a; =ax =1

f(x) =x
Candan [3].

Remark If &1 =a; =1 a=0b=1
q(taé) = q(t)ag(tag) = g(t) and f(X) =X . Then,

Theorem 3.2. extend and improve Theorem 2.1 in Li [9].

Theorem 3.3. Let (S1) and (2.1) hold. Assume that there
exist functions P € C(LR™) and H € T such that for
every T = to,

. H(t,s)
0<:Tf|:hmme(tT):|<oo

3.5)

and

. 1 t B+1
hiiup T IT HH(E,$)QP (t,9)1, (s)ds < oo,
(3.6)

hold. If there exists a function ¥ € C(I,R) such that

3.7)

1 jtTH(ts)( 1(8) - QM 9)1; (9))ds > y(T),

(3.8)

where W+(8) = max{y(s),0} . Then every solution of
Eq. (1.1) is either oscillatory or tends to zero as t—> oo,

Proof As the proof of Theorem 3.1, we can see that (3.3)
holds. It follows that

: 1
mp e |, M@0 (b6

<ofty) ‘“?j“fﬁ [| L9009+ 15)1 ),

i+l

where @(t,s)=1,"?(s)w * (s)-Q(t,s)w(s) . From

(3.8), we have

lim

A ), HES@(S) + 1@ (9 (9)ds

<ao(t)-y(t) <o

Now, we define functions

1 t
F(t)= mjt H(t,s)Q(t,s)w(s)ds
and
Falt) = (t{tl) : H(t )1 (s)o 7 (5)ds

From (3.6), we obtain
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lim inf (F> (t) — Fy (1)) < o

t->oo

The remainder of the proof is similar to the theorem 3.1
given in [6] and hence is omitted.

Theorem 3.4. Let (S2) and (2.1) hold. Assume that there
exist functions P € C(LR*) and H € 3 such that for
every T = to, (C-15)and

: 1 t B+1
msp 17575 [ uHES)QM . 9) (5)ds < o,

hold. If there exists a function ¥ € C(L,R) such that
B+l 1/p
: tly: (s) _
men (7)o
t
imsup o= | HLS)©:(9) - 10 (19)a(9)ds > y(T),

where W+(8) = max{y(s),0} . Then every solution of
Eq. (1.1) is either oscillatory or tends to zero as t—> oo,

Example Consider the third order neutral delay differential
equation

(L(@»))") +[

etl-9
L xends = o,

_ Lyt
where z(t) = x(1) + 3X(3) and t > 0. Choose

p(t) = LLH(,s) = (t—3)2 and K =1 Hence, we
get

4/3
@1(t) = 2lt and |1(t) = 4T

It is easy to see that the conditions (2.1) and (3.1) are hold.
Then, from Theorem 3.1, every nonoscillatory solution of this

equation tends to zeroas T = o
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