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Abstract: In this paper, we consider the generalisation of classical Fibonacci sequence and Lucas sequence. We consider the
sequence{H,, }defined by the recurrence relation H, = H,_, + Hy,_, ; for alln > 2, with Hy = 2m, H,; = k + m; where m, k are fixed
integers. The initial conditions are the sum of 'k’ times the initial conditions of Fibonacci sequence and ‘m’ times the initial conditions
of Lucas sequence. Using the technique of generating functions, we obtain the extended Binet formula for H,,. We obtain some
fascinating properties for this sequence. We also establish some amusing identities for this sequence displaying the relation betweenH,,,

Fibonacci sequence and Lucas sequence.
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1. Introduction

Classical Fibonacci sequence can be generalized in many
ways: either by preserving the recurrence relation and
altering the initial conditions [1], [2], [5], [6]or by
conserving the initial conditions of the sequence and
modifying the recurrence relation[3], [4]. In this paper, we
consider the generalized Fibonacci sequence{H, }defined
by the recurrence relation

H,= H,_;+H,_,;foralln > 2, (1.1)

with Hy = 2m and H; =k + m ; where m,k are fixed
integers.We obtain extended Binet’s formula using the
techniques of generating functions and develop the
connection formulae as well as negation formula for this
sequence.

Here, the initial conditions Hyand H; are the sum of'k’
times the initial conditions of Fibonacci sequence and ‘m’
times the initial conditions of Lucas sequencerespectively.
First few terms of sequence {H,} are: 2m,k+ m,k +
3m, 2k + 4m, 3k + 7m, ... .

2. Extended Binet’s Formula for H,,

It is well-known that the Binet formula for {F,} and {L,}

are given by F, = % and L, = o™ + B" respectively.

Here we obtain the extended Binet’s formula for {H,}.

Lemma 2.1: The generating function for the
sequence{H, } is given by

2m+(k—m)x
h(x) = -

Proof: Let h(x) =Hy+ H;x+H,x?+-+ be the
generating function for the sequence {H, }. Then we get
xh(x) = Hox + H;x? + H,x3 + -+ + H,x"*! + ---and
x?h(x) = Hox? + Hyx® + Hpx* + -+« + H,x"*2 + ...
These gives
h(x) — xh(x) — x*h(x)
= Hp + (=H, + Hp)x
+ (—=Hy —H; + Hy)x? + -

Using the definition of H,, we get

(1-x—-x*)hx) =2m+ (k — m)x.

~hx) =XrH, x" = %, which is the required

generating function.

Remark: If we consider 1 —x —x? = (1 — ax)(1 — Bx),

then we have

O(-l-B_l aff = —1 o> =2a+1. Also we see that
1+\/— and g = 1208

We now obtain the extended Binet’s formula for the
sequence {H, }.

Theorem 2.2:H, = k(aZ:En) + m(a" + B").

Proof: If we consider h(x) = w =4 L,
1-x—x 1—ax 1-Bx
then it can be seen that
A= wand B= _M.
a—B a—
2m e+ (kem)x 2ma+(}‘;—m) (2m[3+(}‘<;—m))
Thus h(X) = 1—x—x?2 = 1—ax - 1- Bx
_ 2ma + (k — m) oyt — (ZmB + (k- m))z B
a—f =
n+1 n
_B n _ a _B
= 2m 5 () xe + (i m)znzo( - )x
This gives
o n+1_Bn+1
o Hax" = [2m T (o) + k-
m)n=0ccan—fna—pxn.
Thus
an+l _ Bn+1 o — Bn
H, = 2m|—— k — (7)
n m( - )+( m) -
o — Bn an+1 _ Bn+1
A
«—p + m( «—p +
m (an+1 _ Bn+1 —a + Bn)
a—B
o — Bn 0(n+1 _ Bn+1
- (=)
=B + m( —p +
m ol n an—l n—1
a—B B « B a
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_ k(oc:(: En) o (an’r;: En+1) s

m an—l Bn—l
( 1-a)- (1- B))
(04

B a
_ H_Bn an+1_Bn+1
_k<a—8)+m< a—f )

m 0‘n—l Bn—l
+0(_B< B B— " a)

_ k(a; : En) N O(Iil 5 (O(n+1 _ Bn+1 e Bn—l)

k(a;:gn)+arf8<an <a+%)—8n (B+%)>
- k(“;:ﬁn)urfﬁ(an(a—ﬁ) —B"(8 - )

() e

=k (a"—l;") + m(a™ + ™), as required.

We use this result to express H,, as a linear combination of
F,and L,,.

Corollary 2.3:H, = kF, + mL,.

Proof: Using the Binet’s formula for the sequences {H,,},
Fibonacci Sequence{F, } and Lucas Sequence {L,}, we get

a® _ﬂn . ,
Hn= k(ﬁ)+m(a +ﬂ)
= kF, + mL,.

3. Some Summation Formulae for H,,

We first find the value of sum of first n terms of the
sequence {H, }.

Lemma 3.1:H, + H, + -+ H, = H,,, — (3m + k).
Proof:

Wehave H, = H,_y+H,_,=>H,_, =H, —H,_;.
Substituting n = 3,4, 5, ... successively, we get

Hy = H3 —Hy,Hy = Hy — H3, ..., H, = Hy1p — Hyyq.
Adding all these equations, we get

H1 +H2 ++Hn = (H3 +H4,+“‘+Hn+2)—
(HZ + H3 + -+ Hn+1).
" H=H,., —H, = H,,, — (3m + k), as required.

Lemma 3.2:H; + H3 + -+ Hy,,_1 = Hy,, —2m.

Proof: We have H,_ | = H, — H,_, . Replacing n by
2,4, 6, ... successively, we get

Hy = Hy — Ho,H3 = Hy — Hy, ..., Hpp_1 = Hpp — Hppp 5.
Adding all these equations, we get

Hy +H; + -+ Hyy =(Hy + H, + -+ Hy,) —

(Ho + Hy + -+ Hpp3).

 Uim1 Haimq = Han — Hy = Hyy — 2m.

Lemma 3.3:H, + Hy + - + Hy,, = Hypy1 — (kK + m).
This result can be proved easily using the earlier
techniques or otherwise.

Lemma 34: H —H,+H;—H, + -+ (-1)""H, =
(—D)""'H, i +k—m.

Proof: From Lemma 3.2 and 3.3, we get
Hy —Hy + Hy — Hy + -+ Hyp g — Hpp
=H,, —2m—Hy,,1 + (k +m)
=-Hy,, 1 +k—m

Adding H;,,,,0n both sides we get,
Hy —H; + Hy — Hy + -+ Hyp g — Hyp + Hpp gy
= Hyp41 — Hypq + k—m
= Hzn + k —m.

Combining last two equations, we write
Hl - HZ + H3 - H4 + -+ (_1)7‘L+1Hn =
(_1)n+1Hn_1 + k —m.

We next find the expression for the sum of squares of first
n terms of sequence {H, }.
Lemma 3.5: H?+H?+H?+--+H?=H,H, -
2m(k + m).
Proof :We have H, H,, ., = H,(H,, + H,_1)

= H? + H,H,_,

= Hr% + (Hn—l + Hn—Z)Hn—l

= Hy + Hy_y + Hy,_,H,_4
Continuing in this way, we get

H,H,,, =H?+ H?_, +--+ H? + H H,

o HyHyq = H2 + H2_, + -+ H? + 2m(k + m).Thus,
H? + H? + H? + -+ H? = H H, ,; — 2m(k + m).

Corollary 3.6:H2 = H,H,,, — H,_,H,;forn > 1.

Proof: From the proof of Lemma 3.5, we haveH, H,, =
H? + H?>_, + -+ H? + H Hy andH,,_{H, = H?_, + -+
HZ + H, H,.

Subtracting we get H? = H,H,,4 — H,_{H,; n > 1.

Lemma 3.7:H? + H2,, = H{H,,,, + HyH,,.

Proof: We prove the result by induction on n.

For n=1H?+H?=(k+m)?+ (k +3m)? = 2k? +
10m? + 8km.

Also HyH; + HyH, = (k + m)(2k + 4m) + 2m(k +
3m=2/2+4+1077224+8km.

Thus result is true for n = 1. Assume that result is true for
all integers n not exceeding some positive integer k. Thus
Hi + Hiyy = HiHyqq + HyHy Now,
HI§+1 + HI§+2 = Hyy1Hiy1 + Heg2Hip

= Hyp1(HyFy1 + FeHo) + Hyqo (Hy Feyp + Fiey1 Ho)
= Hy(Hgs1Frs1 + FrpoHygyo) + Ho(Hp 1 F + FieyHey2)
HiHyp 43 + HoHyjo .

Thus result is true for n = k + 1 also. This proves the
result.

We use extended Binet formula for H, to prove the
following result.
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Lemma 3.8:H; + Hg + Ho + - + Hy, = %(Hgn+2 —(k+

3m).
Proof: By using extended Binet’s formula from Theorem
2.2 we get

Hy + Hy + Hy + - +H3n—k(
(S5 4 mad + B9 + -

=
( ﬂBn) 3n + 3n)
+k NG + m(a B

)+ m(a? + %) +

=7 [(@® +a+ -+ a™) = (B2 + B0+ + )]

+ml(a® +ab + -+ a®) — (B3 + B+ -+ B3)]
_k'a,3n+3_a3 ﬁ3n+3+ﬁ3'
llT=)- (=)
3n+43 _ 3 3n+3 3
(=) - (=1
at—1 B3—1
k 'a,3n+2_a2 ﬁ3n+2+ﬁ2'
A=) ==")
a,3n+2 B3n+2+ﬁ
(=) )]
- g Ine2 4 gine2
[(k( NG >+m(a +B )
I I
|

3n+2 _ p3n+2
— (k (_0! \/gﬂ ) + m(a3n+2 + B3n+2)>J

1
= E[H3n+2 — H,]
Thus Y. H3; = %[H3n+2 — (k + 3m)], as required.

+m

N =

Lemma 3.9:

3 (s = 3k + 7m)).
This result can be proved easily by the techniques used
above.

We now derive the extended Cassini’s identity which
connects three consecutive H,,’s together.

H5 + Hg + Hll + -+ H3n+2 =

Lemma 3.10: H, . H,_ — H? = (—=1)"*1(5m? — k?).
Proof: Here also we use the technique of mathematical
induction over n.

It is easy to see that result is true for n = 1, for

HyHy — H? = (k +3m)2m — (k + m)? =

(—1)?(5m? — k?).

Now suppose that it is true for all positive integers not
exceeding a positive integer ‘t’. ThusH,, H,_, — H? =
(=D (5m? — k?) holds.
Now adding and subtractingH, H, , ; onleft side we get,
Hey1Hey — HE + HiHyyy — HH,
— (_1)t+1(5m2 _ kZ)
Ht+1(Ht + Ht—l) - th — HHpyy
— (_1)t+1(5m2 _ k2)
& H2yy = Hy(H, + Hyy) = (—D)1(5m? — k2)
v —(HHeyp — HE ) = (1) (5m? — k?)
o HHppy —HE = (—1D)2(5m? — k?) ,  which s
precisely our identity when n =t + 1. This proves the
result by the induction.

4. Connection Formulae

Here we establish some amusing identities for the
sequence {H,} displaying its relation with Fibonacci
sequence and Lucas sequence.

Theorem 4.1:

) Hyi1+Hyq = (k + m)Ln +2mL, 4 (i) Hyv1 —
Hn—l = (k + m)Fn + Zan—l 5
wheren > 1

Proof: We again use the induction technique to prove first
result. Likewise second result can also be proved by
induction.

For n=1 we have H, + Hp=k+5m . Also (k+
172L1+2772£0=/f+5772. Thus result is true for 77=1.

We assume that the result is true for all integers not
exceeding any positive integer ‘t’. Thus H, 1 + H,_ =
(k + m)L; + 2mL,_;holds. Now,
Heyp+H =Heyy +H +Hy + He
= (Hpyq + Hi1) + (H, + H._3)
=(k+m)L,+2mL,_{+ (k+m)L,_; +2mL,_,
=(k+m)(Ly + Li—1) +2m(Le—y + Li2)

=(k+m)L,yq +2mL,.

This proves the result for n = t + 1 and eventually for all
positive integers n.

We next prove more generalized form of extended
Catalan’s identity which connects three consecutive H,,’s
with suffixes in arithmetic progression with F,, for fixed n.

Theorem 4. H?
k?)EZ.
Proof: Using theorem 2.2, we have

2

HZ = HypyH [k( )+m(a"+ﬁ")]
_[k( n+r ﬁn+r)
\/g
+m(an+r +ﬁn+7‘):|

(T s o]

- caprrar ) varp (2))

2arp - g (£)

—H, Hyy = (_1)n—r—1 (sz -

r

+ m? ,
r ()
B kZ(aB)n [a2r + ﬁZr _ zarﬁr]
-5 (aB)” ] ,
[ + B — 227 B
+ m%(apB) [ @b ]

k2
— (aﬁ)n—r (ar _ ﬁr)z [? _ mz]
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_ oy @ =BT
= ()T

— (_1)n—r—1 (5m2 _ kZ)EZ_

(k? — 5m?)

We finally derive an interesting result which connects H_,,
with Fibonacci sequence and Lucas sequence.

Lemma 4.3: H_, = (—1)"(mL,, — kE,).

a—pn

Proof: We haveH,, = k( N ) +m(a™ + ")

~H.,=k (L\/_gﬂ_n) +m(a ™+ ™)

- %(ﬁgagﬁn) tm

()

= %(_1)%1(6{“ — B + m(=1D)"(a™ + B™).
Hence, H_,, = (—1)"(mL,, — kE)).
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