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Abstract: Fixed point theory is a powerful tool in mathematics. In this paper, we introduce a common fixed point results in new
generalize b-metric-like spaces. This result extend and generalize many existing results in the literature.
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1. Introduction

The concept of b-metric space was introduced and studied
by czerwik [3]. since then serval papers have been dealt with
fixed point theory for single-valued and multivalued
operators in b-metric spaces. Amini-Harandi [2] introduced
the notion of metric-like space, which is an interesting
generalization of partial metric space. Recently, Mohammed
Ali Algamdi [1] introduced a new generalization of metric-
like space and partial metric space is called a b-metric-like
space and studied some fixed point theorem of b-metric-like
space. These results improved some well-known results in
the literature.

2. Preliminaries

In this section, we recall some of the metric spaces and
mappings as follows:

Definition 2.1. [1] A b-metric-like on a non empty set X is a
function 9 : X X X — [0, + o) such that for all p,q,7r e X
and a constant K > 1 the following three conditions hold true

DD ifdp,a)=0=>p=q

(D2) 9 (p,q) = 9 (q.p)

(D3)9 (p,q) <K @(p,7) + 9 (r, )

The pair (X,9) is called a b-metric-like space.

Example 2.2. [1] Let X = [0, +o0). Define the function 9 :

X? - [0,+90)by 9(p,q) = (p + q)*. Then

(X,9)is a b — metric — like space with constant K
= 2.Clearly (X,9)isnotab
— metric or

metric — like space.Indeed, for allp,q,r € X

Ip.a) = P+@? <@+r+7r+4q)°
=(@+1r)?+ r+q*+ 2(p+7r)(r
+q)

< 2[@p+m)’+ (+ )’

=200, )+ 9(r,q)

and so (D3)holds. Clearly,(D1)and (D2)hold.

Definition 2.3. An element (a,b) € X XX is called a
coupled fixed pointof T: X X X - Xifa=T
(a,b)and S(b,a) = T(b,a).

Definition 2.4. An element (a,b) € X x Xis called a
coupled Coincidence point S,T: X xX - Xif S(a,b) =
T (a,b) and S(b,a) =T (b, a).

Example 2.5.

Let X = %and S,T : X X X —» X defined as

S(a,b) = a+ b —ab +sin(a + b)and T(a, b)
= a+b+cos(a+b)

foralla,b

€ X.Then (O,E) and (E, 0) are coupled coincidence
4 4
points of Sand T.

Definition 2.6. An element
(a,b) eXxXiscalledaof S,T: XxX - Xif
a=S(a,b) =T(a,b)and b = S(b,a) = T(b,a).

Example 2.7.

Let X = %and S,T : X X X —» X defined as

S(a,b) = aband T(a,b) = a + (b — a)?

foralla,b

€ X.Then (0,0) and (1,1) are common coupled fixed
points of Sand T.

3. Main Results

Theorem 3.1. Let (X,9)be a complete b — metric —
like slpace and a constant K > 1 and let the
mapping S,T : X X X — X satisfy
19(S(a, b),T (u, v))
I(a,u) + 9(b,u)
<a >
19(a, S(a, b)) 9(u,v))
(1 +9(a,w) + 9(b,u)
ﬁ(u,S(a, b))ﬁ (a,T(u,v)) 31
Y dro@uwtobuw) O
foralla,b,u,v € Xanda,f =2 0withKa+f
<landa+ vy
< 1.Then S and T have a unique
common coupled fixed point in X.
Proof. Step 1 : Firstly, We show that a,,, b,, are Cauchy
sequence in X.
Let ag, by € X be any arbitrary points. Define ay; 1 =
S(az, ba), bai+1 = S(bak, azi) and

Az +1 = T(A2k41, bak41), baksz2 = T (bajs1, Azp41) for
k=01,23.....
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Now

9(Azk41, Az 42) = ﬁ(f(awb21)c),7('(a2k+1,b2k;r1))
9(azk.a2k +9(bak,bak.b
ﬁ(a2k+1, a2k+2) S a 2 2k+1 - 2k/P2 2k+1 +

ﬁ’9(a2k,5(a2k,b2k))l9(azk+1,T(a2k+1rbzk+1)) +
1+ (azg,azk+1)+9 (b2k.b2k+1)
9 (azi+1,S @2k, b21))9 (A, T (azis1, bar+1))
(149 (aze, az+1) + 9(bak, bk+1))

(@zk+1, Azk+2)
_ aﬁ(azk'a2k+1) + 9(bar, byg41)

)

2
+ B 9(Azp, A2k +1)9 (A2 41, A2k 41, A2k +2)
(14 9(azk, azp1) + O (b, bays1))
Y(azk+1,02k+1) 9 (a2k.q2k+2)

(1+9(azk,az2k+1)+ 9 (b2gb2k+1))
Y(azk, az+1) + 9(bak, bogt1)

V(Az41) Aop42) < @

+B

+

y(219(a2k+1’a2k+2))
9(aze, A1) 9(ba, barr
9(Az41) Aop2) S @ > 2T . +
+ BY(azic41, A2k +2)
+v(29(azk 41, azk+2))
(1 =B = 2y)9(azk+1, A2k +2)
Y(azk, Azp41)

2
(azx, A2k +1)9 (A2 41 Azpe42)
(1 4+ 9(az, azis1) + 9(bok, bapr1))

9 (baks bag+1)

9 (bak.b2k+1)

9 (azk.a2k+1)

9(Azp41, Azp42) < @

2(1-p-2y) 2(1-p-2y)
9(a a ) < aﬁ(an,azml) U(bak, byg41)
2k+1 2k +2) = 20— ) 20— )
Similarly
9 (bar,b2k+1) 9(azk,a2k+1)
9(baks1,bar42) < @ 20-8) +a 20-8)

Common Coupled Fixed Point Theorems

Add (3.2) and (3.3)
[9(azk+1, Azk+2) + ﬁ(bék+1v bz +2)]

< W[ﬁ(a2k1a2k+l)

+ 9(bak, bar41)]
= h[Y(azk, Az 41) + 9(bak, bog11)]
Where 0 < h = —— < 1.similarly

9(Azx 41, A2k +2)

1-p)
9(bai 41, bakes2

V(Az42) Aok43) < @

21-5) 20-pB)
Similarly
s < a "G K

Adding above equation, we get
[9(azi12) Qzicr3) + 19(bgrk+2'bzz(+3):|

< a-p [9(azs+1, A2k+2)

+ 9(baks1, bak42)]
= h[9(azk11, a2k 42) + I(D2rs1, bary2)]
Continuing in this way,

(19((1”, an+1) + ﬁ(bn' bn+1))

< h(ﬁ(an—lﬂan) + 19(bn—lfbn) < -—-

< h"(9(ag, a;) + I9(by, by)

Now, if

9(a,, ayy1) + 9(by, byyq) = 6,,then §,,then §,
<hé, 1< ——-—<h"60

For m > n, we have

(ﬁ(anlam) + 19(bn'b‘m)) < K(ﬁ(an' an+1) +

Ion, bn+1+...+Km—n(Bam—1,am+5bm—1, 4,)

< Kh"5, + K?h"*150 + --- + K™ "h™m 71§,

Kh"[1 + (Kh) + (Kh)? + -+ 16,
Kh"

= 1_Kh&,—>0a5n—>oo

This shows that {a,} and {b,} are Cauchy sequence in X.

Since X is a complete b-metric-like space, there exists

a,b € X such that a, » o and b,, - oo.

Step 2 : Now, We show that a = S(a, b) and b = S(b, a).

We suppose on the contrary that a # S(a,b) and b #

S(b, a) so that

9(a,S(a,b)) = l; > 0and 9(b,S(b,a)) = 1, >0

Consider

l; = 9(a,S(a,b)) < K[9(a, azp42) + 9(az42,S (a,b))]

< K9(a, azry2) + KI(T(azi 41, bai+1), S(a, b))

A

< K(a, aysy) + Ka19(Cl2k+1'a) ‘2|‘19(b2k+1'b)
9(a, S(a,b))9(azk+1, T2k 41, bar+1))
1+ 9(azk 41, @) + 9(bygq,b)
9(az41,5(a b))9(a, aziz)
1+ 9(aze+1,a) + 9 (baks1p)
By taking k — oo, we get
l; < 0, which is contradiction.
Therefore, 9(a, S(a, b)) = 0. this implies a = S(a, b).
Similarly, we can prove that b = S(b, a).
It follows similarly we can show that a = T(a,b) and
T(b,a).
So we have proved that (a, b) is a common coupled fixed
point of Sand T.

+KB +

Step 3 : We now show that S and T have a unique common
coupled fixed point.

Let (a* b*) € X x X be another common coupled fixed
point of Sand T. Then

9(a*,a*) = 9(S(a,b), T(a",b"))

- aﬁ(a, a’) +9(b,b")

9(a,S(a,b))d(a",T(a",T(a",b"))
1+9(a,a*) +9(b,b*)
9(a*,S(a,b))d(a,T(a*,b"))

1+9(a,a*) +9(b,b*)
9(a,a*) +9(b,b¥) 9(a,a)9(a*, a*)

2 1+9(a,a*) +9(b,b*)
I(a*, a)9(a,a)

1+9(a,a*) +9(b,b*)
%ﬂ(a, a) + %ﬁ(b,b*) +4B9(a, a)
+yd(a*a)

+B

+vy

9(a,a")

IA

9(a,a*) <

@—a—8p_2p P
a

P —
T Q2-a-2y)
Similarly, we can easily prove that

9(b,b")
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a
9(b,b*) < mﬁ(a,a )

Adding, we get

a
9(a,a*) +9(b,b*) < Z=a=2) [9(a,a*) +9(b, b*)].
(2 = 2a-2y)[Y¥(a,a*) +9(b,b*)] <0

9(a,a*) +9(b,b*) = 0.

This implies, a = a* and b = b”
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