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Abstract: In this paper, we find formulas of fuzzy Sumudu transform for the fuzzy derivatives of orders three and four. Then, we
generalize these formulas to the fuzzy nth- order derivative by using strongly generalized H-differentiability concepts. A fuzzy initial

value problem FIVP of order four is provided.
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1. Introduction

One of the most important applications of integral transforms
methods is solving the differential equations. For this purpose
a new integral transform, which is called Sumudu transform,
was introduced by Watugala [1] who used it to solve ordinary
differential equations in engineering control problems. Then
Sumudu transform was used by many researchers such as
Weerakoon [2] for partial derivatives, provided the complex
inversion formula in order to solve the differential equations
in sciences of engineering and applied physics.

The concept of the fuzzy derivative was first introduced by
Chang and Zadeh in [3], it was followed up by Dubois and
Prade in [4] and Puri and Ralescu in [5]. In the field of fuzzy
integral transforms Allahviranloo and Ahmadi in [6] have
proposed the fuzzy Laplace transforms for solving first-order
fuzzy differential equations strongly generalized H-
differentiability concept. Salahshour and Allahviranloo in [7]
have expressed the fuzzy Laplace transform and then some of
its well-known properties are investigated. In addition, an
existence theorem is given for fuzzy-valued function which
possess the fuzzy Laplace transform. The fuzzy Laplace
transform for the nth-order derivative is given initially by
Mohammad Ali in [8] [ also by Haydar and Mohammad Ali
[9] ] in terms of the number of (ii)-differentiable functions
under strongly generalized H-differentiability concept.
Ahmadi et al. [10], introduced fuzzy Laplace transform
formula on the fuzzy nth-order derivative under strongly
generalized H-differentiability concept. The strong relation
between Laplace transform and Sumudu transform
encouraged many authors to fuzziness the Sumudu transform.
The first work was introduced by Ahmad and Abdul Rahman
n [11], they proposed a novel procedure for solving fuzzy
differential equations through fuzzy Sumudu transform, some
basic concepts and properties the fuzzy Sumudu transform on
first degree derivative under strongly generalized
differentiability concept were studied. Sumudu transform was
advanced and designed by Khan et al. [12] for the solution of
linear differential models with uncertainty and the fuzzy
Sumudu transform of second order derivatives under
generalized H-differentiability concepts. Abdul Rahman and
Ahmad [13] also proposed some results on the properties of

the fuzzy Sumudu transform, such as linearity, preserving,
fuzzy derivative, shifting and convolution theorem.

This paper is arranged as follows: Basic concepts are given
in Section 2. In Section 3, formulas of fuzzy Sumudu
transform for the fuzzy derivatives of orders three, four and
N -th order derivative are found. In Section 4, an example of
the fourth order FIVP is solved. In Section 5, conclusions
are drawn.

2. Basic Concepts

In this section, some necessary definitions and concepts are
introduced:

Definition 1 [7] A fuzzy number U in parametric form is a

pair (U,U) of functions U() and U (), 0<a <1

which satisfy the following requirements:

1. U()is a bounded non-decreasing left continuous
function in (0,1], and right continuous at 0,

2. U(a)is a bounded non-increasing left continuous

function in (0, 1], and right continuous at 0,

3. U(a)<U(a), 0<a<l.

Definition 2. [7] Let X, Y € E . If there exists Z € E such
that X=Y+Z, then Z is called the H-difference of X and

Y, and it is denoted by X © Y . In this paper, the sign “O*
always stands for H-difference, and also note that X ©

y #X +(-1y.

Definition 3 [7] Let f :(a,b) > EandX, € (a,b). We
say that T is strongly generalized differential at X, if there
exists an element f '(XO) € E, such that

i. For all N> Osufficiently small, 3f (X0 + h) (S)
f(%), 3 (x)o f(x,—h) and the limits (in the

metric d)
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1im[(f(x0 +hyef (x,))/h]=lm[(f (x,)e Theorem 2. [12] Suppose that f and f "are continuous
h=0 fuzzy-valued functions on [0,00) and that f" s
f(x,—h))/h]=f'(x,) or . . . .
piecewise continuous fuzzy-valued function on [0,00),
il. For all h > Osufﬁc1ently small, 3f (XO)G then:
f (X0 + h), 3f (X0 — h) of (Xo) and the limits (in the metric  1f f and f "are (i)-differentiable, then

) sit (1S Va0 1O
i f h))/(=h)]=1lim[(f (x,—h
lhlirol[( f (%) 0 (x o N/ hlg(}[( (x 0 )e If f is (i)-differentiable and f ' is (ii)-differentiable, then

f M= () o it 21O oSO {0
iii. For all N> Osufficiently small, 3f (XO + h) o u’ L u> u
If ' is (i)-differentiable 3ng T is (ii)-differentiable, then

f(X,), 3f (X, —h)© f(X,) and the limits (in the metric i _

@ SIF"(t)] = - :
Lim[(f (%, +h)of (x,))/h]=lim{(f (x,~h)e u Lo
h—0 If f and f ' are (ii)-differentiable, then
F XD A(=)]=F"(xy)or " SE®I FO _f'©O
S[f"t)]= = O0— ———
iv.  For allh> Osufﬁ(nently small, 3f (xo)e u u u

Definition 5 [6] Let f (t) b ti fuzzy-valued
f(XO-I-h),El (xo)ef(xo—h) and the limits (in the efinition 5 [6] Let f (1) be a continuous fuzzy-value

function. Suppose that f (t) e ™ is improper fuzzy

metric d)
lhlilg[( f(x,)ef (x,+h))/(-h)]= ng)l[(f (X,)© Riemann-integrable on [O,oo) , then I:f (t)e Pt s
f (x,—h)/h]=f"(x,) called the fuzzy Laplace transform and is denoted as:

0
L[f (t)]:jo f (t)-e Pdt, (p>0).
Theorem 3. [13] Let f (t) be a continuous fuzzy-valued
function. If F is the fuzzy Laplace transform of f (t) and
G is the fuzzy Sumudu transform of f (t), then:

F 1 U
is denoted by:

o , (n-1)
GU)=S[f ()] ZI f (ut)-etdt, el-7.7)), Theorgm 4.[3,9] Suppose that T (t),f (t),... f t)

0 are differentiable fuzzy valued functions such that
where the variable U is used to factor the variable t in the f (il)(t) f (iz)(t) f (im)(t)are (ii)-differentiable

argument of the fuzzy-valued function. We have: <) _ - -
- N “f functions for 0<1, <1, <...<I, <n-1, 0<m<n
Iof (ut)e'dt = [jo f (ut,a)e'dt, _[Of ut,a)e'dt]. oo el 1<l m

From the classical Sumudu transform, we have:

s[f.(t.a)]= [ f.(ut.a)-eldt.

Definition 4 [13] Let f :R — F(R) be a continuous

fuzzy-valued function. Suppose that f (Ut) e is improper
fuzzy Riemann-integrable on [O, oo) , then

0
J-O f (ut) e 'dt, is called the fuzzy Sumudu transform and 0

and f (P(t) is (i)-differentiable for
p=ij,j=12,...,m, and if &-cut representation of
fuzzy- valued function f (t) is denoted by

and _
_ o — ft)=[ft,a).f ({,a)]., then:
_t —
s[f t,a)]= J.o f (ut,a)-e"dt. (a) If m is an even number then
Finally, we have: f W) =[f Vt,a),f M, ).
S[f t)]=[S[f (t,)],s[f (t,)]]. (b) If m is an odd number then
Theorem 1 [13]. Let f : R — F(R)be a continuous f V) =[f Vit,a).f M, ).
fuzzy-valued function and f the primitive of f " on Theorem 5 [8,9]. Suppose that T (t), ‘(t),...,f " Dt)
[0,0). Then‘G £ (0 be continuous fuzzy-valued functions on [0,00)and of
u
S[f'(t)]= ( ) ( ) where T is (i)- differentiable. exponential order and that f (")(t) is piecewise continuous
or: fuzzy-valued function on [0,0). Let
(Il) (|2) (Im) SN A .
S[f ()] = _f (0) o -G (u) wh f s (i f YY), )-,. - f (t) be (ii)-differentiable
u functions for 0 <i, <i, <...<i, <n—1 and f P be
differentiable.
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(i)-differentiable function for P #1 > j=12,...,m and (6)
_ If f and f ' are (i)-differentiable and T " is (ii)-
f () =((t, ). (t,));then differentiable, then
(1)If M is an even number, we have " f (O) S[f (t ), f'(0)
L @) =p"L(E @)o U TE N LR e
n—1 S n—(k+1)¢ (k) _f'o 7
P (0)® D p" I (0, @) . )
wehtar If f " is (i)-differentiable and f Sal}d{ ’ aref(i%-
Q= differentiable, thenS [f "(t)] = [ 3( )] S (3 )
(6, if the number of (ii) — dif ferentiable functions u u
| f ),provided i < k is an even number _f!& o f”ﬂ (8)
u u
—,if the number of (ii) — dif ferentiable functions If f ' is (i)-differentiable and f and f " are (ii)-
k f® ,provided i < k is an odd number differentiable, then , "
(2) If m is an odd number, we have S[f "(t)]= S[f (t )] f (0) f 0) _f (0) ©)
3 2
L(f (n)(t))_ "I (0)o(—p"L(f () u’ u u u
If f is (i)-differentiable and f " and f " are (ii)-
®> p n—(k +Df (k)(O) ’ 3) differentiable, then , )
E sif =51 Wlof 06 L0 10
such that ul ul u
je ,if the number of (ii) — differentiable functions If f ’f and T " are (ii)-differentiable, then
B f ) provided i < k is an odd number . f (O) S[f (t ), f'(0) f"(0)
®=3_ ,if the number of (ii) — differentiable functions S[f "®)]= o[- u’ 16 e N u
L f® ,provided i < k is an even number (11

Proof: We prove (6) as follows: Since f and f " are (i)-

3. Fuzzy Sumudu Transform for Fuzzy nth- gifferentiable and f / is (ii)-differentiable, then by theorem
Order Derivative 4(b) we get:

: f O =[f ", )1 ", )]
First, we shall find Fuzzy Sumudu Transform for Fuzzy Therefore. we get:
Derivatives of orders three and four in the following two - We et
theorems: S[F"®O]=S[f ", ), "(t,x)]
Theorem 6. Suppose that f ,f' and f "are continuous =[S[f_"'(t, a)],s[f '"(t,(x)]]. (12)

fuzzy-valued functions on [0,00) and of exponential order We know from the classical Sumudu transform that:

sif t,a)]_f(0,0) f'0,a) f'0.a)

and that T " is piecewise continuous fuzzy-valued function .

on [0,00) with  (t)=[f (t,@),(f (t, )], then: s Cal=——=5—" =5 r
If f ,f’ and f " are (i)-differentiable, then _ S[f (t 0()] f (0, ) f_r(o @) f—n(o @)
, " S f " t — 9 . s _ s ,
st ,,,(t)]_S[f 1, fu(O) fu(zo) of u(0) o I Gal= o " '
If f "and f " are (1)-differentiable and T is (ii)- Since f is (i)-differentiable and f ' is (ii)-differentiable,
differentiable, then then by theorem 4 we get:
4 f O S f t f ! 0 f " 0 ! — ’ c /
S[f "(t)] = — () o[- [ 3()]]9 (2) PO () [£'(0,),f (0, )],
u u u ) f"(0)=[f "(0,),f "(0,x)],

then, equation (12) b :
1t f and f " are (i)-differentiable and f / is (ii)- en, equation (12) becomes

differentiable, then

” f 0 S[f (t f'(0 f "0
sit "= -0 o (S WV) 1O, 7O
u u u
e | SIE @] f0,0) f'0a) f'0,0 sif o] f0a f0a {70
S[f"M®)]= 3 - 3 2 ) 3 - 3 2
u u u u u u u u
1O o SO _TO 'O
u u u u
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Theorem 7. Suppose that T (t),f '(t),f "(t) and T "(t)
are continuous fuzzy-valued functions on [0,00) and of
exponential order and that f “ (t) is piecewise continuous

fuzzy-valued function on [0,00) with

f ®)=[f (t,a).(f (t,0)], then

If f,f',f "and f " are (i)- differentiable, then

it = S O1 1) 0 170
u

T u’ u?
f "((0)
u

If f',f " and f " are (i)-differentiable and T is (ii)-
differentiable, then

Sif 1= 0

S)

(13)

f'(0
o[ (3) o
u
f "(O) e f ("(0) (14)
u? u

SIF O
u

iff,f"and f”
differentiable, then

SU“WHZ—%gz

are (i)-differentiable and T ' is (ii)-

BEON

u3

o-SIL 0

f (20) o ") (s
u u
If f ,f ' and f " are (i)-differentiable and f " is (ii)-
differentiable, then
S[f (t)]] 10

Sﬁ“ﬁﬂ=—%§3ek - .

f " O f n O
- (2 ) o 1O (16)
u u
If f ,f ' and f " are (i)-differentiable and f " is (ii)-
differentiable, then

SU“WH=—%%26P ! =

f " 0 f n 0
REOMKU "
u u
iff"and " are (i)-differentiable and foand T 'are (i)-
differentiable, then
sit = SIEOLFO T 70
u

T u’ u

]

S[f (t)]] _F'o

f W(O)
u

iff'and " are (i)-differentiable and fand f"are (i1)-
differentiable, then

sif nan=>L g

f !!!(O)
u

(18)

f@ f'© f"0) o
u? u’ u?

(19)

it and f " are (i)-differentiable and fangaf”
differentiable, then

are (ii)-

S[f (t f@ f'© f"0
S[f (4)(t)]: [ f)]e (4) _ (3) _ (2)
u u u u
_f£"(0) 0)
u
iff and T " are (i)-differentiable and fland T are (i1)-
differentiable, then
sit () =Ll D o L0 T4
u u u u
L) 1)
u

If f and f " are (i)-differentiable and f "and f " are (ii)-
differentiable, then

sif =S W10 o F'O 17O
u u u u
_w (22)
u
If f and f 'are (i)-differentiable and f " and f " are (ii)-
differentiable, then
S[f (4)(t)]:8[f ft)]ef (?) o f (30) o f (20)
u u u u
_f (0) o3
u
If f " is (i)-differentiable and f ,f " and f " are (ii)-
differentiable, then
f (0 S[f (t f'0
S[f W(t)]:—# o[- [ f )]] o (3)
u u u
f (20) ef (0) 24
u u
If f " is (i)-differentiable and f ,f " and f " are (ii)-
differentiable, then
S[F ()] = B (O) o[- S[f (t)]] f (30)
u u
f n O f " 0
__<2> 17 25
u u
If f ' is (i)-differentiable and f ,f " and f " are (ii)-
differentiable, then
ut u? u
f /4 "
@)_f(m 6
u u
If f is (i)-differentiable and f ",f " and f " are (ii)-
differentiable, then
f (0 S[f (t f'0
S[f “”(t)]:—#e[— [ f)]] B (3) o
u u u
f (20) _f7(0) o
u u

if f,f',f" and f " are (ii)-differentiable, then

Volume 4 Issue 12, December 2015

Licensed Under Creative Commons Attribution CC BY

Paper ID: NOV152204

1375




International Journal of Science and Research (IJSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2014): 5.611

sif @)=L MelQ L0 o LID
_f ’”(0)
u

(28)

"and T " are (i)-
and T " are (ii)-differentiable, then by

Proof: We prove (19) as follows: Since f
differentiable and f
theorem 4(a) we get:

fFO0) =Yt a).f Yt a)]
Therefore, we get:
S[f Y®]=S[E. Y, a).f Vt,a)]
=[s[f. “t, )] sIf “t. ] 29)

We know from the classical Sumudu transform that:

u u u
3 f_”(O,a) B f_”I(O’a)
o u
u u
f "(o, o) "0,
u’ u
Since f ' is (i)-differentiable and f and f "are (ii)-
differentiable, then by theorem 4 we get:
f'(0)=[f (0,2, (0, 2],
f"(0) =[f "(0,@),f "(0, )],
f "(0) =[f."(0,),f "(0,)],
then, equation (29) becomes:
S [f (4) (t )] — |:S[f_(t4a 0{)] N L(O;a) N f_ (03’ a)
u u u
_£0,e) 170,00 sIf o] (0.2
u’ u out ut
00 0,0 f"0,a)
u’ u’ u
_SE®m1 f@© f'0) f0)  f"©0)
- 4 © 4 3 2 ©
u u u u u

Now, we shall find a generalization for fuzzy Sumudu
transform for N -th order derivative in the following theorem:

Theorem 8. Suppose that f (t),f (t),....f "™(t) are

continuous  fuzzy-valued functions on [0,00)and of

exponential order and that f (n)(t) is piecewise continuous
function on [0,00). Let

Jf Gm)(t)  be (ii)-differentiable
<n—1 and f® be

fuzzy-valued
f W), f t),...

functions for 0 <1, <1, <...<I,

(i)-differentiable function for P # I i ,J =12,...,m and

f t)=[f.(t, ), (t,a)], then

()If M is an even number, we have

S[f (n)(t)] S[Z (t)] f (0) ®Z — kF (k)(o)

u"
(30)
such that
R =
O, if the number of (ii) — dif ferentiable functions
f (i),provided i < kisaneven number

|~ if the number of (ii) — dif ferentiable functions

t f ) ,provided i < k is an odd number
(2) If m is an odd number, we have

S [f (n)(t)] — _fu(r?) 9[—8 [L ,Et)]]
®Z —F ®0), 31)

such that
( ©,if the number of (ii) — differentiable functions

f (i),provided i < kis an odd number
—, if the number of (ii) — differentiable functions

k f () ,provided i < k is an even number
Proof. We can proof as in the previous theorems, but we
shall prove by using the duality relation between fuzzy
Laplace and Sumudu transforms as follows: We suppose that

Gu)=S[f t)]. F(p)=L[f M®)].
G,u)=S[f M()]and F,(p)=L[f ™ (t)]. From

duality relation (1), we have:

G, =sif M=,

R =

(32)

Let is an even number. Then from theorem 5 when m

is an even number, equation (32) becomes:

Gn(u)zz[inF(ulje

o Lyn-ig (0)®Z( —)n-teDg m(O)}

= gl{gp(gj
uju u u

n-1
F0)]@L Y (L ©)q)
u k=1 u

—n[s [f t)]ef (@]@E(l)“‘kf ()

SOOI O oF 1 i
un U Z n-k ( )
such that
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® =
(6, if the number of (ii) — dif ferentiable functions

| f (@ ),provided i < kis an even number
—,if the number of (ii) — dif ferentiable functions
f ) ,provided i < k is an odd number

Let M is an odd number. Then from theorem 5 when M

an odd number , equation (32) becomes:

Gn(U):l|:— :,1
u u
e (D) o 57 Lok )
(u“)F(uj@);l(u) f(0)

| 0o rF (L
upu u u
n-1

®12(l)n—(k+l)f (k)(o)
usu

n-1
=in[_f 0)o(-S[f ®] @Z(l)n—kf ®)(0)

u k 1U
such that

(©,if the number of (ii) — differentiable functions

f (i),providedi < k is an odd number

®= — , if the number of (ii) — differentiable functions
f @ ,provided i < k is an even number
4. Example

Example 1. Consider the following fourth order FIVP:

y Y=y,

(33)
y(0)=y'(0)=y"(0)=y"(0)=(a-L1-a).
We note that:
y =yt a,yt,a).
Sy ®]=I[sly t,a)].s[y ., a)]]
By using fuzzy Sumudu transform method we have:
S[y “®1=S[y ®)]. (34)

Now, we shall solve this example for 4 cases as follows:

Case 1 Let consider Y (t),y'(t),y"(t) and y"(t) be (i)-

differentiable. Then by (13) equation (34) becomes:

J’
\/_ cosh— \/_

yt,a)= eV f COS—=

=(a—-1)(cos—=

+(—1- \/_)efsm t
\/_sm

Sy )] eY(O) o y '(0) o y "(0) o y "(0)
u u? u’ u? u
=S[y ®)].
Thus :
sly (t.a)] =T,
u’
Sy @)=,
u

Then, we get the « -cut representation of solution as
follows:

yt,a)=(a-1)e,

Vyt,o)=(1-a)e'.

This is the same result given by Tapaswini and
Chakraverty [14].

Case 2 Let Y'(t),y"(t) and y"(t) be (i)-differentiable
and Y (1) be (ii)- differentiable. Then by (14), equation
(34) becomes:

YO 4SO y’(30) o YO o YO
u u u u u

=Sy ®)]

Thus:

—u's[y (t,@)]+s[y(t,@)]=(a— DU’ +u’+u -1),
s[y (t,a)]-u's[y(t,a)]=(1-a)u’+u’+u—1).

(335)
The solution of system (35) is as follows:
a-({1-u-u’-u’
sty (t,ay] = &0 )
u'+1
_ l1-a)(1-u-u’-u’
sty (t,ay = =0 )
u'+1
Now, we have:
Jta)=2 S,[( 1-V2)u +1 LG 1+\/_)u+1]
= 2 ~Ju+1  u+2u+1
-4 u 1+
:L_lsfl[i\/_+(1 J—) V2 —+ V2 .
2 gLy +“— 1——)2+“— a+ Lyt
2 2 N
u
(- J’)Lz]
(1+«/_) +—

Then, we get the O -cut representation of solution as
follows:

ot
+(1-2) smﬁ]

t
+€ ﬁCOS

\/-
—Ssin— \/_

ﬁ
cosh—
5N

sinh

ﬁ)’

t
y =(1- —_ h——a\/ in—_ h——'—'h—
yt,a)=(1 a)(cosﬁcos NA 2s1nﬁcos NG smﬁsm «/5)
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Case 3 Let Y "(t)and Yy "(t) be (i)-differentiable and Y (t)
and Y '(t) be (ii)-differentiable. Then by (18), equation (34)
becomes:

Sy ®)] e)/(0) _y'(9) o y "(0) o y "(0)
u u? u’ u? u

=S[y®)].
Thus:
S[X(t»a)]z(a_l)(ll_u j:u +U”)

—u

1 u

_(a_l)[l—u2_1+u2]

S[Y(ta)] = (- @) —— ]

—-u 1+u

Then, we get the  -cut representation of solution is as
follows:

y (t,a) = (a —1)(cosht —sint),
y(t,a)=(1-a)(cosht —sint).

Case 4 Lety(t),y'(t),y"t)and y"(t) be (ii)-
differentiable. Then by (28), equation (34) becomes:

Syl y©)  _y© o y'©O _y"0
ut ut u’ u? u
=S[y )]
Thus
s[x(t,a)]zf%,

-«

s[y(t,a)]=——.
I+u
Then, we get the & -cut representation of solution as follows:

yta)=(a-1)e",
Vt,a)=(1-a)e™.

5. Conclusions

The formulas of fuzzy Sumudu transforms for fuzzy
derivatives of orders three and four and fuzzy Sumudu

transform for fuzzy derivatives of any order N N € Z" are

found wunder strongly generalized H-differentiability.
Solutions to FIVP of the fourth order are provided.
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