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Abstract: A graph with vertex set V is said to have a prime labeling if its vertices are labeled with distinct integers 1, 2, . . ., [V | such
that for each edge xy the labels assigned to x and y are relatively prime. In this paper we have derived prime labeling of ringsum of

different graphs.
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1. Introduction

Throughout this paper, a graph G = (V,E) is a undirected,
finite, connected, and simple graph with vertex set V and
edge set E. For different notations and terminology we follow
Gross and Yellen[2]. A survey on different graph labeling
techniques is given by Gallian[1]. The notion of a prime
labeling originated with Entringer and was introduced in a
paper by Tout, Dabboucy, and Howalla[3]. Around 1980,
Entringer conjectured that all trees have a prime labeling.
Little progress was made on this conjecture until 2011 when
Haxell, Pikhurko, Taraz[4] proved that all large trees are
prime. Seoud, Diab, and Elsakhawi[5] have shown the
following graphs are prime: fans, helms, flowers, stars.
Vaidya and Prajapati[6] proved that the graphs obtained by
duplication of a vertex by a vertex in P, and K, , are prime
graphs and the graphs obtained by duplication of a vertex by
an edge, duplication of an edge by a vertex, duplication of an
edge by an edge in P,, K, and Cn are prime graphs. They
also proved that graph obtained by duplication of every
vertex by an edge in P, K, ,, and Cn are not prime graphs.
Youssef and Elsakhawi[7] have shown: the union of stars S,
U S, are prime; the union of cycles and stars C,, U S, are
prime; K, U P, is prime if and only if m is at most 3 or if m
=4 and n is odd.

2. Definition

Definition 1. Ring sum of two graphs G; = (V, E;) and G, =
(V3, Ey), denoted by G; @ G, is the graph, G; @ G, = ((V;
U V), (E1 U Ey) = (E; N Ey))).

Definition 2. Let G = (V (G), E (G)) be a graph with p
vertices.

A bijectionf: V (G) — 1,2,..., piscalled a prime
labeling if for each edge e = uv, ged(f (u), f (v)) = 1.

A graph which admits prime labeling is called a prime
graph.

3. Main Results
Theorem 1. C, @ K, is a prime graph for alln € N.

Proof. Let V (G) = V,UV,, where V| = {u;, u,, . .. ,u,} be

the vertex set of C, and

Vo= {v=uy, vy, Vo, ...,Vy} be the vertex set of K, ,. Here vy,
v, . . . ,Vy are pendent vertices. Also [V (G)| = [E (G)| = 2n.
We define labeling 1V (G) — {1, 2, 3, . .. ,2n} as follows.

f(u)=2i—1;1<i<n
f(v)=2j;1<j<n

According to this pattern the vertices are labeled such that for
any edge e = uy; € G, ged(f (u), £ (uy)) = 1.

Thus we proved that the graph under consideration admits
prime labeling.

That is, C, @ K, , is a prime graph.

Example 1. prime labeling of the graph Cs & K, 5 is shown
in Fig. 1 as an illustration for the Theorem 1.
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Figure 1: prime labeling of the graph Cs @ K, 5

Theorem 2. G @ K, is a prime graph, where G is cycle
with one chord and chord forms a triangle with two edges of
the cycle, for alln € N.

Proof. Let G be the cycle C, with one chord. Let V=V, U
V,, where V| is the vertex set of G and V; be the vertex set of
Kin Andletu, u,, ... ,u, be consecutive vertices of cycle
C, and e = uju3 be a chord of cycle C,,. The vertices uy, u, u;
forms a triangle with chord e.

Let vy, vo, . . . ,v, be the pendent vertices, v be the apex
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vertex of K, , and take v =u;.
Also |V (G)| =2n and [E (G)| =2n+1
We define labeling f:V (G) — {1, 2, 3, ... ,2n} as follows.

flu)=11(w)=3,f()=5
f(u)=2i+1;3<i<n-1
f(vi)=2j;1<j<n

According to this pattern the vertices are labeled such that for
any edge e = ujy; € G,
ged(f (), f(uy)) =1.

Thus we proved that the graph under consideration admits
prime labeling.

That is, G @ K, , is a prime graph, G is the cycle C, with one
chord.

Example 2. prime labeling of ring sum of the graph cycle Cg
with one chord and K, ¢ is shown in Fig. 2 as an illustration
for the Theorem 2.
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Figure 2: prime labeling of ring sum of the graph cycle Cg
with one chord and K ¢

Theorem 3. G @ K, , is a prime graph, where G is cycle
with twin chord and chords forms two triangles and one cycle
C,, for alln € N.

Proof. Let G be the cycle C, with twin chords, where chords
form two triangles and one cycle C,-,. Let V=V; U V,,
where V; is the vertex set of G and V, be the vertex set of
K, And letuy, uy, . . . ,u, be successive vertices of G and e,
=u,u, and e, = u,u; be the chords of cycle C,.. Let v, va, . . .
,Vi, be the pendent vertices, v be the apex vertex of K, , and
take v =u,.

Also |V (G)| =2n and [E (G)| =2n+2

We define labeling 1V (G) — {1, 2, 3, ... ,2n} as follows.

flup=1,f(u)=3,f(w)=5
f(u)=2i+1;3<i<n-1
f(vi)=2j;1<j<n

According to this pattern the vertices are labeled such that for
any edge e = ujy; € G,
ged(f (wy), f(uy)) =1.

Thus we proved that the graph under consideration admits
prime labeling.
That is, G @ K, , is a prime graph, where G is the cycle C,

with twin chord .

Example 3: prime labeling of ring sum of the graph the
graph cycle C; with twin chords and K 7 is shown in Fig. 3
as an illustration for the Theorem 3.
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Figure 3: prime labeling of ring sum of the graph cycle C,
with twin chords and K, ;

Theorem 4. G @ K, , is a prime graph, where G is cycle
with triangle and chords forms three triangles and one cycle
C,s, foralln € N.

Proof. Let G be cycle with triangle C,(1, 1,n —5). Let V =
V. U V,, where V| is the vertex set of G and V, be the vertex
set of K; .. And Letuy, uy, . . . ,u, be successive vertices of G.

Let uy, u; and us be the vertices of triangle formed by edges
€; = ujus3, € = usus and e; = u;Us.

Let vy, vy, . . . ,v, be the pendent vertices, v be the apex
vertex of K, , and take v =u;.

Also |V (G)| =2n and [E (G)| = 2n+3

We define labeling f: V (G) — {1, 2, 3, ... .,2n} as follows.

fu)=11w)=3,f(u)=5f(u)=7f(w)=n
f(u)=2i+1;4<i<n-2

f(vi)=2j;1<j<n

According to this pattern the vertices are labeled such that for
any edge e = uyy; € G, ged(f (wy), f () = 1.

Thus we proved that the graph under consideration admits
prime labeling. That is, G @ K, is a prime graph, where G
is the cycle C, with triangle.

Example 4. prime labeling of ring sum of the graph the graph
cycle Cg with twin chords and K, g is shown in Fig. 4 as an
illustration for the Theorem 4.
2 46 810121416
R { 2

13 g
11

Figure 4: prime labeling of ring sum of the graph cycle Cg
with triangle and K, &
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Theorem 5. S, @ K, , is prime graph, for all n € N.

Proof. Let V (G) =V, U V,, where V| = {uj, up, . . . ,u,}
with apex u; and uy, us, . . .,u, are other vertices of S, and V,
={v=uy vy, Va, ...,V be the vertex set of K, ,. Here v,, vy,
...,V, are pendent vertices.

We define labeling f: V (G) — {1, 2,3, ... ,2n} as follows.

f(u)=2i—1;1<i<n
f(v)=2j;1<j<n

According to this pattern the vertices are labeled such that for
any edge e = ujy; € G,
ged(f (), f(uy)) =1.

Thus we proved that the graph under consideration admits
prime labeling.
That is, S, @ K, ,, is a prime graph.

Example 5. prime labeling of the graph S; @ K, ;7 is shown
in Fig. 5 as an illustration for the Theorem 5.
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Figure 5: prime labeling of the graph S; @ K, ;

4. Conclusion

We have proved that the graph Cn @ K,,n, G @ K,,n, where
G is cycle with one chord, G @ K;,n, where G is cycle with
twin chord, G @ K;,n, where G is cycle with triangle, Sn @
K,n are prime graphs.
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