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Abstract: In this paper we obtain the size of the disc in which the zeros of polar derivatives of polynomial of degree n with real

coefficients with respect to a real a lie.
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1. Introduction

To estimate the zeros of a polynomial is a long standing
problem. It is an interesting area of research for many
engineers as well as mathematicians and many results on the
topic are available in the literature.

If P(z)=Y", aiz, be a polynomial of degree n then Polar
Derivative of the polynomial P(z) with respect to a, where o
can be real or complex number, is defined as

D,P(z) =n P(z) + (a-z) P’(2).

It is a polynomial of degree up to n-1. The polynomial
D,P(z) generalizes the ordinary derivative, in the sense that
lim,_,..DP(z)/a. = P’(2).

The well-known results on Enestrom-Kakeya theorem (see
[1,2]) in theory of distribution of zeros of polynomials are
the following.

Theorem (1): Let P(z) =X™, a;iz' be a polynomial of degree
n such that

O<gp<a;<..... <a,.

Then all the zeros of P(z) lie in |z| < 1.

A. Joyal , G. Labelle and Q.I.LRahman [3] obtained the
following generalization, by considering the coefficients to
be real instead of being only positive.

Theorem (2): Let P(z)=Y", aiz' be a polynomial of degree
n such that

p<a<..... <a,.

Then all the zeros of P(z) lie in |z| < [a," {an - ag+ [ao|}.

This paper we prove the following results.

Aziz and Zargar [1] relaxed the hypothesis of EnestrClom-
Kakeya theorem in

a different way and proved the following results.

Theorem (3): Let P(z)=Y", aiz' be a polynomial of degree
n such that k>1,

O<ag<a;<..... <a, <ka,.

Then all the zeros of P(z) lie in |z+k-1[<k.

Theorem (4): Let P(z)=Y", a;z be a polynomial of degree
n such that k>1,

ap<a;<..... <a, <ka,.

Then all the zeros of P(z) lie in [z+k-1|<[a,|" {ka, - ag+ |ag|}.

2. Zeros of Polar Derivative of Polynomial P(z)

This section is concerned with the location of the zeros of
the polar derivative of a polynomial with real coeffcients
with respect to a real number.

Theorem (5): Let P(z)=Y"_, a;z be a polynomial of degree
n such that k>1,

ap<a;<..... <a,; <ka,>an:>. .
(n-)a;< a4 ,1=0,1,2,...m-1
ja<(-Daj, j=m+l,...n.

Then for a real a the polar derivatives of P(z) with respect to
a has at most n -1 zeros and they lie in

.. an-lza'n

lz| < |an, + ana,["{-a,-ana,tk(n-m)a,+o(m+1)am:+(n-
2m)(k-1lag|+

|(n-m)a,,+ a(m+1)ay-(n-m+1)ay, -oma,[+(n-m+1)ay,.
1tkama,, —nay-aa;+|nagtaa;|}.

Proof: Let P(z) = ay + ajz + az® + ...... + a,z" be a
polynomial of degree n.

Then the polar derivative of P(z) is given by D,P(z) = n P(z)
+ (0-2) P’(2).

Then
D.P(z) == [nap + oa] + [(n-1)a; + 20a,] z + [(n-2)a, +
3aas)2° + ...

+ [(n-m+1)ap, + amay, ]2™" + [(n-m)ay, +a(m+1)am: Jz™ +
[(n-m-1)ay,; +o(m+2)a,]z™" + ......

+ [2a,5 Ta(n-1)a, ]2 + [an; + ana,]z"".

Now consider the polynomial Q(z) = (1-z) D,P(z) so that
Q(z) = -[ a,.; + ana,]z" + [a,. + ana, - 28,5 - a(n-1)a,]z"" +
(-1 )y + G(M42)en - (R-m)aty - (]t ]2

+ [(n-m)ay, + a(m+1)ap: - (n-m+1)ay, | - amay, ]z™

+ [(n-m+1)ay, + ama, — (n-m+2)a,., — o(m-1)ay,Jz™" +

+ [(n-2)a, + 30a; — ( n-1)a; - 2aa,]2” + [(n-1)a; + 2aa, — na
-o0a |z

+ [nay + 0a,]. _

Now if [z}>1 then || ™" <1 fori=1,2,3, ....n-1

Further

Q(2)] = |an1 + omay||z[" - {[aq; + omay - 2a,5 - a(n-Day.| 2™
+ ...+ |(n-m-1)a,y + a(m+2)ags - (n-m)ay, - a(m+1)a;,.|
‘Z|m+l
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+/(n-m)ay, + a(m+1)ag; - (n-m+1)ay,, - amay, || z"
+/(n-m+1)ap,, + amay, — (n-m+2)ay., — a(m-1)a,. | 2™
+|(n-2)a, + 30a; — ( n-1)a; - 20a,| |z|2 +|(n-1)a; + 20, — nay -
oay| [z]

+lnap + aay}.

z |an-1 + anan' |Z|n_l[|Z| - | At 0ﬂlan|'1 {|an-1 + ana, - 2an-z
-a(n-1)ap| + 28,2+ o(n-1)ay.; -3aq5-a(n-2)an| 2" + . ..
2;‘_‘(n—m—1)am+1 + a(M+2)an; - (n-m)ay, - o(m+1)ag,| 2™
+/(n-m)ay, + a(m+1)ay; - (n-m+1)ay, - amay, || 2™
+/(n-m+1)ap, + amay, — (n-m+2)ay, — a(m-Day| 2™ +

+/(n-2)a, + 3aa; — (n-1)a, - 20@,| [z ™ + |(n-1)a, + 20a,
—nay - aay| [z +nay + aa,| [z }].

2‘an-l + anan| |Z|n_l[|z| - | apy t+ Otnan|'l {|an-1 + ana, - 2an-2
'a(n'l)an—l| + |2an-2Jr u(n'l)an—l '3an—3 —a(n-2)an_2| ...
Jr‘(n'nl'l)amﬂ + a(m+2)am+2 - (n'm)am - 0~(rn+1)am+l|
Jr‘(n'nl)am + a(erl)amﬂ - (n'm+1)am-l - oamay, |
+|(n-m+1)a,,.; + ama, — (n-m+2)a,, — o(m-1)ay, | + ...
+|(n-2)a, + 3aa; — ( n-1)a; - 2aa,| + |[(n-1)a; + 20a, — nay -
aa| +jnay + aa;| }].

>la,.; + onay| [z [|z] - | an; + ana,|" {Ja,.; + ana, - 2a,.,
-a(n-1)a,|[+| 2a,,+ a(n-1)a,; -3a,; -a(n-2)a,, |[+. ..
+|(n-m-1)a,; + a(m+2)ay, -k (n-m)a, - o(m+1)ay,.,
+k(n-m)a,, —(n-m)a,|+{(n-m)a,+ a(m+1)ay,. - (n-m+1)a,,; -
ama,, |

+|(n-m+1)a,,.; + akma,, —okma,+oma,- (n-m+2)a,,, - o(m-
Dapg |+ ...

+|(n-2)a, + 30a; - ( n-1)a; - 2aa, [+ (n-1)a; + 2aa, - na, -
oa|

+[nay + o]} ].

> |'<1n_1-i-0man||z|n'1(|z|—|an_1-i-otnan|'1 {[2a,,ta(n-1)a,
ona,|+[3a,; +a(n-2)a,,
2a,,-a(n-Da,]+......
1)‘aerl
(M2)gea (k1) (M) +(n-m) g a(m+ag:
—(n-m+1)a,, - omay|+[(n-m+1)a, ;+okma,-(n-m+2)a,,.,
-o(m-1)ay, +(1-k)[ay[]+....+[(n-2)a,+3aa;3-(n-1)a;-20a; |
+[(n-1)a;+20a,-naj-aa; J+|nagtaa;|})

—an.1-

+[k(n—m)am+(x(m+ 1 )am+l -(n-m-

Z|an—l+ anan||z|n_l(|z|'| an»l+anan|_l('an—l'anan+k(n'm)am+
a(m+1)a, +(n-2m)(k-1)|a|

+|(n-m)a,,+ a(m+1)ay -(n-m+1)a,, -oma,,|

+(n-m+1)a,, tkama,, -nag-oa,+nagtoaa, })

>0 if |z|>|an,]+anan|'1(—an_1-anan-i-k(n—m)am-i- a(m+1)ay. +(n-
2m)(k-1)la|

(M)t (1)t (-1 )ag, -oma|
+(n-m+1)a,,.+koma,, -nag-oa;+nagtoa|)

This shows that if |z|>|an_1+ar1an|"(—an_l-(xnan+k(n-m)am+
a(m+1)ay.; H(n-2m)(k-1)[a,/+(n-m)a,+ a(m+1)ay,.
-(n-m+1)a,,.-ama,|+(n-m+1)a,, +kama,,
oa,+nagtoa;|) ,then Q(z)> 0.

-nag-

Hence all the zeros of Q(z) with |z|> 1 lie in

|Z|S |an-1+anan|_l('an»l'anan+k(n'm)am+ a(m+1)am+l +(n'
2m)(k'1)‘am|+|(n'm)am+ a(m+1)am+l
-(n-m+1)a,,.;-amay|+(n-m+1)a,,.+kama,,
oa;+[nagtaa; |)

But those zeros of Q(z)whose modulus is less than or equal
to 1,already satisfy the above inequality ,since all the zeros

_nao_

of D,P(z) are also the zeros of Q(z) as they lie in the circle
defined by the above inequality.This completes the proof of
the theorem.

Corollary 6 : Let P(z)=Y"_, a;iz' be a polynomial of degree n
such that k>1 ,

p<a;<..... SkamZamﬂz. - R
(n-)a;<aj,1=0,1,2,...m-1

ja<(-Daj j=m+l,. .. n.

then for a real a# -a,./na, the polar derivative of P(z) with
respect to a has exactly n-1 zeros and they lie in

|z|< |aﬂ_1+(xnan|'1(-an_1—(xnan+k(n-m)am+ a(mtl)ay,.; +(n-
2m)(k-1)|ay[+|(n-m)a,+ o(m+1)ay,
-(n-m+1)a,,.;-ama,|[+(n-m+1)a,, +kama,,
oatHnagtoa )

Indeed ,if real a# -a,.;/na, then D,P(z) is of n-1 degree so it
has n-1.

_nao_

Corollary 7 : Let P(z)=Y"_, a;iz' be a polynomial of degree n
such that k>1 ,

ap<a;<..... <kay,>an, 1>, ... a4,

(n-)a;< a4 ,1=0,1,2,...m-1

ja>(-Daj j=m+l,. .. n.

then for a real a the polar derivatives of P(z) with respect to
o has atmost n-1 zeros and they lie in

|Z|S |an—1+‘:7~nan|_l('an—1‘(Hlan+(n'rn)amJr u(m+1)am+1 +
|(n'ln)am+ a(m+l)am+1'(n'm+1)am—l'umam|
+(n-m+1)a,.+oma,, -nag-0a;+nagtoa;|)

The above corollary is obtained by taking k=1.

Theorem 8: Let P(2)=Y", a;iz' be a polynomial of degree n
such that k>1 ,

ap<a;<..... <kap,>ami>. . .
(n-1)a;<ay,i=0,1,2,...m-1
Ja<(-Daj j=m+l,. .. p

then for a real a= -a, /na, =.... =-(n-m-1)a,./(p+2)ay:, ,
where p=m+1,....n the polar derivative of P(z) with respect
to o has p zeros and they lie in

[Zi<I(n-p)ag+a(p+Daps | {-(n-p)ay-a(p+Daye - Hk(n-m)ay
a(m+1)a|n+1 +(n'2m)(k'1)|am‘+

|(n-m)a,,+ a(m+1)ay,-(n-m+1)a, -oma,|
+(n-m+1)a,, ;+tkoma,, -nag-aa,+nag+aa,|)}

Proof: Let P(z) = ay + ajz + az> + ...... + a,z
polynomial of degree n.

Then the polar derivative of P(z) is given by D,P(z) = n P(z)
+ (a-z) P’(z). Then

D.P(z) == [nap + aa] + [(n-1)a; + 20a,] z + [(n-2)a, +
3aas)2° + ...

+ [(n-m+1)ap, + amay, ]2™" + [(n-m)ay, +a(m+1)am: Jz™ +
[(n-m-1)ay,; +o(m+2)a,o]z™" + ...

+ [2a,5 +a(n-1)a, ]2 + [an.; + ana,]z"".

As o= -a,.1/na,=.... =(n-m-1)a,./(p+2)a,:

- 8p.1 23

D P(z)=[(n-p)a,ta(p+Day]2*+ [(n-p+l)a,; + opa, 12"
+(n-p+2)a,ta(p-1)ap ]+.......

+[(n-2)ay+30as]z> +[(n-1)a; + 20@,] z + [nay + oa, ]

Now consider the polynomial Q(z) = (1-z) D,P(z) so that
Q2) = [(-pa, + a(p+Day ]2 + [(n-pa, + a(p+1ayi -
(n-p+1)a,.

- apa, ]7°
a(mt+Dag ]2
+ [(n-m)ay+a(m+1)an,-(n-m+1)a,, -oma,]z™+[(n-m+1)ay,
1

+....t[(n-m-1)a,+o(m+2)a,o-(n-m)a,-

Volume 4 Issue 11, November 2015

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: NOV151298

1422




International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2014): 5.611

+ omay, — (n-m+2)ay, — a(m-1)a, ]z™" + ...

+ [(n-2)a, + 3aa; — ( n-1)a; - 2aa,]z” + [(n-1)a; + 20a, — na,
-0a |z

+ [nay + oaq]. }

Now if z>1 then |z ™ < 1 fori=n-1,....,n-p

Further,

QI ((n-p)a, + ap+DapllzP"” - {i(n-p)ay + o(p+Dages
~(n-p+ Dy — apay | 2P + [(n-p+Dap. - apay -(n-p+2)a
~o(p-Dap.i| [z + ... +/(n-m-1)agy i +o(m+2)an-(n-m)ay,-
(e J7"
+/(n-m)ayto(m+1)ag -(n-m+1)ay, -omay||z/™
+/(n-m+1)ap, - +oamay,-(n-m+2)ay o-a(m-1ay ||l2™'+.....
+|(n-2)a, + 30a; — (n-1)a; - 20a,| |z|2 + |(n-1)a; + 204, -na -
oay ||z |

+|nay + oa,|}

> [(n-p)ay + alp+DapalZPllzHn-pla, + a(p+Dagal {in-
pla, + a(ptlay,

- (n-pt1)a,, — apa, [+ [(n-p+1)a,, - opa, -(n-p+2)a,, -o(p-
Dayflz[+.....

H(n-m-1)a gy 0+ 2)ag, o-(0-m)ag-omt Dag, |2/
+‘(n'm)am+a(m+1)am+1'(n'm+1)am-l'amamuzr(p_m)

+|(n-m+ 1) ay,  +oamag,-(n-m+2)ay, ,-o(m-1)ay, ||z ® Ty
+(n-2)a, + 3aa; — ( n-1)a; - 20a,|jz[ *2

+|(n-1)a; + 20, -nag - oa, ||z *+nag + aay|z[P}]

> [(n-p)ay + a(p+Dapet|2ZPllz-n-pla, + alp+Dagal {in-

p)a, + a(pt1)a,
- (n-p+1)a,.; — opa, [+ [(n-p+1)a,, - apa, -(n-p+2)a,, -a(p-
1)ap_1|+. ceen

+|(n-m-Day.to(m+2)ay o-(n-m)ay-a(m+1)an.|
Jr‘(n'In)aer'~-’~(rn+1)aerl'(Il'IIrH)am—l":nnam|
+|(n-m+1)ay, - tama,-(n-m+2)a,, ,-o(m-1)ay, [ +.....

+|(n-2)a, + 30a; — (n-1)a; - 2aa,| + |(n-1)a; + 2aa, -na, - 0a,
[+nay + aa,|

> [(0-p)ap + a(p+ Dage[2PLlz-(n-p)ay + apr+Daye | {I(n-p)ay
+ a(ptay.

- (n-ptla, — apa, [+ [(n-p+1)a,., - apa, -(n-p+2)a,, -a(p-
l)ap_1|+. cene

+|(n-m-1)ay, +o(m+2)a,o-k(n-m)ay,-a(m+1)a,.;+k(n-
m)am'(n'm)am|

Jr‘(n'nl)aer(’v(In+1)aerl'(n'rn+1)am—1'0~nlam|
+|(n-m+1)a,,.+okma,-(n-m+2)a,,-a(m-1)a, -
akma,tamag|+...

+|(n-2)a, + 30a; — ( n-1)a; - 20ay|t|(n-1)a;+20a,-na,-
aa[+|nay + aa;|}]

> |(n-p)a, + a(ptapmlzlllz-(n-p)a, + a(p+ay.|" {-(n-
P)a, - a(p+1)ay

+ (n-p+l)a,,; + apa, - (n-ptl)a,; - apa, +(n-p+2)a,, +a(p-
l)ap_1|+. v
~(n-m-1)ay.-o(m+2)ay o tk(n-may+oa(m+1)ay. +(k-1)(n-
m)fa|

+|(n-m)a,,ta(m+1)a,.-(n-m+1)a,, -oma,|-(n-m+2)a,, -
a(m'l)am-l

+(n-m+1)a,,.+akma,+(1-k)ymja,[+....— ( n-1)a; - 2aa,+(n-
2)a, + 3aa;

-nay-0a;+(n-1)a;+20a,+nagtaa,|})

> [(np)ay + a(p+DapullZPllzH-m-pla, + a(p+Daga[" {-(n-
p)a, - a(pt1)ay,

(n-m)a o Dags +(k-1)(n-m)fagH(n-

)@y (I H gy (- g, -0may)
+(n-m+1)a,.+okma,+(1-k)m|a,,| -nay-aa;+nas+oa|} ]

> [(n-p)ay + alp+DapulZPllzH-m-pla, + a(p+Daga[" {-(n-
p)a, - a(pt1l)ay
+k(n-m)+kam]a,+o(m+1)a,.;Hk-1)(n-2m)|a,|

+|(n-m)a,ta(m+1)ay,.-(n-m+1)a,, -omay|
+(n.m+1)a,, -nag-0a,+nagtoa;|} ]

> 0 if [2>|(n-p)a, + oa(pt1)ap.[ {-(n-p)ay - a(p+1)ape,
+[k(n-m)+kam]a,+o(m+1)a,.+(k-1)(n-2m)|ay|

+ |(n-m)am+(1(m+ 1 )am+1 -(n—m+ 1 )am-l ‘amam‘
+(n.m+1)a,,.1-nag-0a;+|nagtoa;|} ]

This shows that if |z|>|(n-p)a, + oc(p-ﬁ-l)apﬂ\'l{-(n—p)ap -
o(p+1aye:

+[k(n-m)+kom]a,+a(m+1)ay+Hk-1)(n-2m)|a,|
+|(n-m)a,ta(m+1)ay,.-(n-m+1)a,, -oma,|
+(n.m+1)ay,.|-nag-0a,Hnagtaa, |} ],then Q(z)>0.

Hence all the zeros of Q(z) with |z[>1 lie in

|zI< [(n-p)a, + a(p+1)ap[ {-(n-p)a, - a(pt+1)ay
+[k(n-m)+kam]a,+o(m+1)a,.+(k-1)(n-2m)|ay|

+ |(n-m)am+a(m+ 1 )am+1 '(n'm+ 1 )am—l ‘amam‘
+(n-m+1)a,,.1-nag-0a, +|nagtoa;|}].

But those zeros of Q(z) whose modulus is less than or equal
to 1,already satisfy the above inequality ,since all the zeros
of D,P(z) are also the zeros of Q(z) as they lie in the circle
defined by the above inequality.Hence proof of the theorem
is complete.

Corollary : 9 Let P(z)=Y"™, a;z' be a polynomial of degree n
such that

pw<la<..... Sap>an 2. ... 8p12a,
(n-1)a;<ay,i=0,1,2,...m-1

Ja<(-Daj j=mt+l,. .. p

then for a real a= -a, /na, =.... =(n-m-1)a,.//(p+2)a,:, ,
where p=m+1,....n the polar derivative of P(z) with respect
to o has p zeros and they lie in

[2k<I(n-p)ay (- Dy [ {-(n-p)ay-a(p+ 1y +Hn-m)ay +
a(m+1)a|n+1

+ |(n-m)a,+ a(m+1)ay-(n-m+1)a,,.-oma,,|

+(n-m+1)a,, +tama,, -nay-oa,+nagtoaa|)}

The above corollary is obtained by taking k=1 in theorem 8.
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