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Abstract: In this paper, we have discussed the symmetries of the energy-momentum tensor (T,;) for the Linet-Tian metric. We have
obtained different constraint equations on energy-momentum tensor (T ;). If we solve these constraint equations, we obtain new exact
solutions of Einstein field equations. We have solved matter symmetries (collineations) equations for the four main cases by taking one,
two, three and four non-zero components of the energy-momentum tensor (T,p). We have investigated the degenerate case

i.e.det(T,,) =0 for one,

two and three non-zero components energy-momentum tensor (T,,) and non-degenerate case

i.e. det(T,p) # 0 for all four components of energy-momentum tensor (T,,) are non-zero. It is observed that, this space-time have
infinite number of matter symmetries (collineations) in degenerate case and have finite number of matter symmetries in non-degenerate
case. It is also observed that this space-time gives seven independent matter symmetries in which three are linearly independent Killing

vectors and the remaining are dependent.
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1. Introduction

In general theory of relativity, the gravitational field is
described by the Einstein tensor which is contained in the
curvature of space-time via Ricci tensor and Ricci scalar. As
Ricci tensor enables us to understand the geometric structure
of space-time, the energy-momentum tensor plays a
significant role in understanding physical structure of space-
time. The gravitational field possesses the symmetries which
are expressed in terms of Killing vector fields. The matter
contained is represented by energy-momentum tensor. The
space-time geometry is related to the matter contained
through Einstein field equations [1]. The Einstein’s field
equations (EFEs) are given by

Gij = Rij — %Rgi; kT, (1)
where G;; are the components of the Einstein tensor, R;; are
Ricci tensor and T;; of the matter (energy-momentum)
tensor. Also, R = g”/R;; is the Ricci scalar, and A = 0 for
simplicity. The symmetries (collinetaions) play an important
role in Einstein’s field equations (1) of general relativity [2-
5]. These symmetries can be expressed LyA = B where A
and B are the geometric /physical fields , X is a vector field
generating the symmetry and Ly denotes Lie derivative
operator along with vector field X.

A vector field X is an matter collineation for matter tensor

LyTap =0 Top X+ TpeXG + Ty X5 = 0. 2)
In last decades, some authors [6-13] shows keen interest in
study of matter symmetries (collineations). M. Sharif [14-
15] has studied the cylindrically symmetric static space-time
and static space-time with maximal symmetric transverse
spaces according to their matter collineation. M. Salti et a/
[16] have investigated matter collineation of BKS-type
space-time.

In this paper, we have studied the matter symmetry
properties of Linet-Tian metric with different constraint

conditions on Tj;. In section 2.1, we have classified Linet-
Tian metric with degenerate case i.e. det(T,,) =0 by
considering one, two and three non-zero components of Ty, .
It is observed that, there are infinite numbers of matter
symmetries (collineations) in degenerate case. In section 2.2,
we have discussed the non-degenerate case i.e. det(T,,) # 0
by considering four non-zero components of T,;. In this
case, there are finite number of matter symmetries. It is also
shown that this space-time gives seven independent matter
symmetries in which three are linearly independent Killing
vectors and the remaining are dependent. Later, in section 3,
we have discussed the obtained results. Lastly, conclusion is
given in section 4.

2. Matter Symmetries (collineations) Equations

Consider Linet-Tian [17-18] space-time is expressed as

2= —fdt?+do*+ gdz*+1d¢?, (3)
where f= Q2/3P—2(1—8a+4a2)/3 z

g = QZ/3P—2(1+4J—802)/3 z

[ = czQ2P4(1_2"_2”2)/3 Y
where t,0,z, ¢ are usual cylindrical co-ordinates, Y =1 —
20 + 402, the constant ¢ is related but not equal to mass per
unit length, the constant ¢ > 0 is related to angle defect and
for A< O,

P—\/:tanh(R)Q \/_smh(ZR)R WQ “)

In the limit A— 0, the metric reduces to the Levi-Civita
metric for which P = Q = o.
The non-zero components of Ricci-Tensor are

" 2 " "
A S '}
Roo = 2+4-f 4 49’ ®)
A Y A A
Rn= =yt uta i w ©
" 2 . ‘o
_9 _d ,fd, gV
Raz =3 4g+4f+4l’ Q)
Ry =5+ 75 +50 ®)

2 4l 4g
where prime denotes differentiation with respect to .
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Ricci Scalar is given by

2 2 2 "
f g l fl fg
R_f+ +z 2f2 292 4l2+2fl+2gf 2gl ()

Then using Einstein Field Equations (1), non-zero

components of stress-energy tensor T; j are

" " 2 2 "o

T00=T0=%[%+12—{—%—;7+%], (10)
2 " " ;o

Ty, =T, = 1[i7+£—fll+f—gll+%], (11)

" " 2 ror

! 1 1
Ty = 225 %‘ng_Tg"‘;Tf_%s (12)

1t 1 ! 1
T33=T3=;E—$—% f?—% (13)
Now, using equation (2), we have MC equations

To1X* +2ToX% =0, (14)
ToX° 1+ T X'y =0, (15)
ToX°, + ToX%, =0, (16)
ToX% 5+ T3X3, =0, 17
Ty X'+ 2T X, =0, (18)
T, X', +T,X*, =0, (19)
T1X1,3 + T3X3, =0, (20)
Ty X* +2T2X22 =0, 20
T,X%3+T5X3, =0, (22)
T3V1X1 + 2T3X3 3 = 0, (23)

where comma denotes partial derivative and indices 0,1,2,3
corresponds to the variables t, g, z, ¢ respectively and T;; =
T; (i =0,1,2,3).

2.1 Degenerate Matter Symmetries

In this section due to degeneracy of energy momentum
tensor i.e. det(T,,) = 0 we have the following different
possibilities

a) foranya, T, =0,

b) when only one T, # 0,

¢) whentwo T, # 0,

d) when three T, # 0.

Case (a):

This is trivial case. The MC equation (14)-(23) satisfied
identically and thus every vector is matter collineations
(symmetries) MC.

Case (b):

In this case, we have the following sub-cases,

i) To#0,T,=T,=T; =0,

i) T, #0,Ty =T, =T, = 0,

iT, #0,Ty =T, =T; =0,

VT3 #0,To=T, =T, =0.

For sub-case b-(i), using equations (14)-(23), we have the

following matter symmetries (collineations) ie MC
equations
To1X* +2ToX%, =0, (24)
ToX°, =0,(a=1273) (25)

which has solution as X° = ¢;, X = 0.
For sub-case b-(ii), MC equations (14)-(23) becomes,

T, X', =0,(b=023)

Ty X'+ 2T X, = 0. (26)
Solving above equation, we get,

Xl = j_;Ta Xb =Xb(tlQ’Zl¢) (b = 0’2’3)

Now, constraint equations for sub-case b-(iii) using
equations (14)-(23) are

T,X*,=0,(a=0,1,.3)

T X'+ 2T,X%, = 0. 27
Thus required solutions are
X' = —%F’(z) and X% = F(2),

where F(2) is an arbitrary function of z.

For sub-case b-(iv), we get similar type of solutions as in
case b-(i) and these are
X1=0,X3=c¢;,X*=X%,0,2¢) (a=0,.2).

Case (¢):

In this case, we have following possibilities
i) To#0T,#0T,=0T;=0,

i) To#0,T,=0T,#0,T; =0,

i) Ty # 0,7, =0T, =0,T; # 0,

iv) Ty, =0T, #0,T, =0,T; # 0,

v) T, =0T, =0T, #0,T; # 0,

vi) To =0T, #0,T, # 0,T; = 0.

For sub-case c-(i), using equations (14)-(23), we have the
following constraint equations

ToaX* +2ToX° =0, (28)
ToX° 1+ T1 X'y =0, (29)
ToX°,=0,(a=273) 30)
Ty X' +2T X, =0, 31
T\X'p, =0,(b =23). (32)
Equations (30) and (32) implies
X% =F(t,0),X' =G(t0). (33)

€1

Equation (31), X = =

Using equation (28), (29) and (33), we have,
0_

X == \/_

where ¢y, c,, c3 are constants of integration.

For sub-cases c-(ii), matter collineation equations (14)-(23)
becomes

tc, + c3,

T0‘1X1 + 2T0X0‘0 = 0 5 (34)
ToX°, + T,X%, =0, (35)
T2,1X1 + 2T2X2‘2 = O, (36)
T,X%, =0,(a = 0,2and b = 1,3). (37)

On solving above equations, we arrive at solutions as

X0 =c, X=Xt 0,2, ¢), X?> =c,, X3 =X3(t, 0,2, ¢).
Now, MC equations for sub-cases c-(iii) are given by
Toa X'+ 2ToX % =0, (38)
ToX° 3+ T3X3, =0, 39)
T51 X'+ 2T5X3 53 =0, (40)
T,X*,=0(a=03andb =12). 41

Using equations (38)-(41), we have solutions as

X0 =, X1 = =226 (¢), X2 = X*(t, 0,2,0),
3,1

X3 =aG(¢),

where G (¢) is an arbitrary function.

For sub-case c-(iv), using equations (14)-(23), constraint
equations are

Ty X' + 2T, X1, =0 (42)

T\ X'+ T5X3, =0, (43)

T3‘1X1 + 2T3X3‘3 =0, (44)

T,X%, =0, (a=13andb = 0,2). (45)
Equation (42) and (45) gives, X! = F(g,¢), X3 = G(o,d)
and
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Xt = 46
= 7. (46)
Now, using (45) and (46), we get
T.
X2 = gm @2t e X0 =V0(t0,2,¢) and

X? = X2(t,0,2, ¢).
Now, for sub-case c-(v), using equations (14)-(23), we have

T,X%, =0 (a =23andb = 0,1), (47)
Tz,lxl +2T,X%, =0, (48)
T,X% 5 + T3X3, = 0, (49)
T, 1X1 +2T5X3 5 = 0. (50)

Therefore we have solutlons as

X' =XYt,0,z,¢), X>=c,;, X®=c, with constraint
condition T, = const.# 0, T; = const.# 0.

Now, for sub-case c- (Vi) we have the following solutions as

1_ 4 2 —
X = Nk X =- sz
X% =X, 0,2 ¢),X3=X3(t,0z¢).

Consider, following sub-cases for case (d)

i) Ty #0,T, #0,T, # 0,T; =0,

ii) To #0, T, #0,T, =0,T; # 0,

i) To #0, T, =0,T, #0,T; # 0,

iv) To=0,T; #0,T, # 0,T; # 0.
For sub-case d-(i), using equations (14)-(23), we have
following MC equations

zci+ oy,

T0'1X1 + 2T0X0'0 = 0, (51)
T0X0,1 + T]_Xl,o = 0, (52)
T0X0,2 + T2X2’0 = 0, (53)
T1'1X1 + 2T1X111 = 0, (54)
T1X1'2 + T2X211 = 0, (55)
T2'1X1 + 2T2X2'2 = 0, (56)
T,X%3 =0,(a =0,12). (&)
We arrive at the solution, X2 1.
Equation (54) implies, X! = \/_ ) where G (t) is an arbitary
function. (58)
Now, using (52) and (58)
°= 6@ [ dg+c,. (59)
0
Now, using (51) and (58) yields
To1 5O _ 52 (const.), (60)

2oF(@YT1 G

where F (o) = f@ do.
0

When a? = 0,G(t) = cst + c,.
When a? > 0,G(t) = cze*t + c,e™ .
When a? < 0,G(t) = c; cos(at) + ¢, sin(at).
Apply same procedure as in case d-(i), we have following
solutions for sub-case d-(ii), X3 = ¢;, X° =

—G‘(t)f‘/T—T_O1 do + ¢, and X*! =%.

where G (t) = cst + ¢, for a? = 0,

G(t) = cze* + c,e™* fora? > 0,

G(t) = c5 cos(at) + ¢, sin(at) for a? < 0.

Now, using equations (14)-(23), MC equations for sub-case
d-(iii),

ToaX' +2ToX% =0, 61)
ToX%, + T,X%, =0, (62)
ToX% 3+ T3X3, =0, (63)
T2 X' +2T,X*, =0, (64)
Ts1 X' +2T3X3 5 =0, (65)
T X% 3+ T3X3, =0, (66)
T,X%, =0(a=023) (67)

Therefore, X° = ¢y, X? = H(z, ¢), X3 = G(z, ¢).
Now, using equations (64), (65) and (66)

- TTZ'; X3,33 = X3,22~ (63)
3,113
Set X3 = X(2)Y (¢) then equation (68) gives
Top Y33 _ X22 _ 2
TR Y S x o a” (const.) (69)
Therefore, for a? = 0
Xl == _2_3[C1Z + C3]
T3
X2= ¢[M+C2:|+C5,

X3 =clz¢+czz+c3¢+c4.

fora?# 0
Xt = 2T3 ( a{cos(¢.a) ¢ [c,e%% + c,e %] —

Sln(g )¢ [c1e% + cze~ ]},
X? = ;—z?{sin(( a) ¢ [c,e™ — cze™ %] —

cos({ a)¢ [c,e% — c,e™ ]} + cs,

X3 =cos(C a) ¢ [c;e® + c;e™%] + sin({ @) [c,e*% +
%] + cq.

Therefore matter symmetries for a2 = 0 are given by X =

X’a -,i=0,1231ie

X = 3@y = 5, X = 55

X —;S—szg T3T(f :Z Z</>i

Xy =22 2. K = ?35@ b
Then matter symmetries for a? # 0 are
Xy = 30Xy = 55 Xp) = [;

Xy =¢pe¥ [cos((a) &) 7 o= sm((a)—

2T3
2 ¢a sina) %] :

- az | ;i 0 Tz 9 _
Xs=¢e [sm({a) 3% + 7 cos({a) P

213 9
22 G cosa) o

T3 a

X =pe ™ [cos((a) % —-== sm((a)—

2T3 . )
2 G sina) o

_ —az | qi 0 Tz 9 _
Xn=¢e [Sln((a) 3% + 1 cos({a) P

2T o cin(ea) 2
22 Ga sin(Ga) a5

where hT3 ={.

21

For sub-case d-(iv), we have solutions as
X°=0,X2=¢,X3=0¢,, X°=X%t,0,2,¢)

2.2 Non-Degenerate Matter Symmetries
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In this case, det(T,,) # 0 which is possible when we take
To=€i¢O,T1=é;¢0,T2=C§¢0,T3=6‘2¢0 Where
1, 63, €3, €, are constants.

Therefore equations (14)-(23) become

X%, =0(a=0123), (70)
X +GX, =0, (71)
GX°, +EGX%, =0, (72)
GX°5 + X3, =0, (73)
&X', + GX%, =0, (74)
GX1 3+ GX3 =0, (75)
X2+ GX3, = 0. (76)

Equation (70) implies X° = F(o, z, ¢),
X'=G(t,z,9), X = H(t,0,¢), X3 =1(t,0,2).

Now, using equations (74), (75) and (76), we get

X35, =0 gives X3 = c;0 + ;. Substitute X* in equation
(76) we get

X? =c3t +cy.

Using equations (71)-(73) and (75) give
X' =cgpand X0 = ¢4tz + ¢,
—Ca —C3
where ¢, ¢y, C3, C4, C5 = — €1 Ce = — and c, are non-
2 1

Z€ero constants.

Then matter symmetries are given by
3 3 3 3 3
Xy =30 X@ =5, X = 55 X = 055 . Xy =17,
3 3
X(6) = ¢£,X(7) = Za.

3. Discussion

In the classification of Linet-Tian space-time according to
energy-momentum tensor, we find ten matter symmetries
equations. We have solved these equations for degenerate
case (section 2.1) where det(T,;,) = 0 as well as for non-
degenerate case (section 2.2) when det(Typ) = ToT1 T, T5 #
0. From these equations we obtain different constraint
equations on energy-momentum tensor. If we solve these
constraint equations we can have new class of exact
solutions of Einstein’s field equations. It is observed from
section (2.2) that when energy-momentum tensor is
degenerate, then we obtain the four cases (a), (b), (c) and (d)
where the matter symmetries equations admit infinite
dimensional for all cases. It is very interesting to note that
we have found a case (2.1.d.iii)) where energy-momentum
tensor is degenerate but the group of matter symmetries is
finite dimensional i.e. there are six or seven independent
MC’s.

Furthermore, it is observed from section (2.2) that when
energy-momentum tensor is non-degenerate we found MC’s
of seven dimensional. These include three usual Killing
vectors for Linet-Tian space-time and the remaining are non-
trivial MC’s. All these results have been summarised in the
table at the end of this conclusion. (see Appendix A)

4. Conclusion

In this paper, we have studied the symmetries of the energy-
momentum tensor (Ty;) for the Linet-Tian metric. We have

classified Linet-Tian metric according to their matter
symmetry by solving matter symmetries (collineation)
equations. These matter symmetry equations are solved by
taking one, two, three and four non-zero components of
energy-momentum tensor (T,;,) for the Linet-Tian space-
time which on solving gives the degenerate as well as non-
degenerate cases. In degenerate case, we have obtained
infinite number of MC’s in all cases except the case-2.1-d-
(iii) which is degenerate but finite dimensional i.e. six or
seven and in non-degenerate case we have obtained seven
finite dimensional MC’s.

5. Appendix A

The usual linearly independent Killing vectors for Linet-
Tian metric are given by
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X a
X2 a
X(3) = %
For Degenerate Case
Case Constraint MC’s
2.1.a To=Th=T,=T3=0 Every vector
21bi To#0,T; =T, =T3=0 Infinite
g i dimensional
2.1bii T1 * O,TO = Tz = T3 =0 Infinite
o dimensional
2.1 biii Tz * 0, TO = T1 = T3 =0 Infinite
T dimensional
2.1biv T3 * O,TO = T1 = T2 =0 Infinite
T dimensional
21ci To#0,T; #0, T, =0,T3 =0 Infinite
‘a dimensional
2 1.cii To#0,T; =0T, #0,T3 =0 Infinite
e dimensional
2 1.ciii To#0,T; =0T, =0,T; #0 Infinite
B dimensional
2 1 CiV TO B 0, T1 * O,TZ = O,T3 * O Inﬁnite
e dimensional
21 cw To=0,T; =0,T, = const.# 0, Infinite
i T3 = const.# 0 dimensional
2 1 CVi TO = 0, T1 * O,TZ * O,T3 = O Inﬁnite
- dimensional
Ty #0,T, # 0,T, # 0,T5 = 0 Infinite
2.1.d.i 0 v 12 i dimensional
2 1 dll TO * 0, T1 * O,TZ = O,T3 * O Inﬁnite
T dimensional
To * O,T1 = O,Tz * O,T3 * O,
a2 =0 6
21.dii Ty # 0,T; = 0,T, # 0,T5 # 0,
2 7
a®#0
2 1.d.iv To = 0, T1 * O,Tz * O,T3 *0 Infinite
T dimensional
For Non-degenerate Case
Case Constraint MC’s
To=C6#0,T;=0,+#0,
22 T,=C3+0,T3=¢6,+0 7
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