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1. Introduction 
 
Cooperative communications schemes that occurs when a 
helper node assists the source and destination nodes. We 
have different relaying protocols: 

 Amplify and Forward (AF): system amplifies the 
source signal which as advantage of simple processing of 
the received signal relay node. 

 Decode and Forward (DF): the relay decodes and 
encodes the received signal then retransmits it again, 
decoding errors may occur in this method. 

 
System performance was analyzed of AF and DF over 
Rayleigh fading [1]. Performance analysis for AF and DF 
over Nakagami-m fading indicated in [2],[3]. Comparison 
between different protocols over different channel fading in 
[4]. 
 
2. Relay Channels 
 
The classical relay channel models a class of three-terminal 
communication channels originally examined. Discrete 
memoryless and additive white Gaussian noise relay 
channels are treated, and they determine channel capacity for 
the class of physically degraded1 relay channels. More 
generally, they develop lower bounds on capacity, i.e., 
achievable rates, via three structurally different random 
coding schemes: 
 Facilitation, in which the relay does not actively help the 

source, but rather, facilitates the source transmission by 
inducing as little interference as possible. 

 Cooperation, in which the relay fully decodes the source 
message and retransmits, jointly with the source, a bin 
index of the previous source message. 

 
Observation, in which the relay encodes a quantized version 
of its received signal, using ideas from source coding with 
side information. 
 

3. Channel Models 
 

3.1 Rayleigh Fading 

 
Under the orthogonality constraints, we can characterize our 
channel models using a time-division notation, frequency-
division counterparts to this model are straightforward. Due 
to the symmetry of the channel allocations, we focus on the 
message of the source terminal  , which potentially employs 
terminal 𝑅 as a relay in transmitting to the destination 
terminal 𝐷, where 𝑠, 𝑟 ∈ {1,2} and 𝑑 ∈ {3,4}. We utilize a 
baseband-equivalent, discrete-time channel model for the 
continuous-time channel, and we consider  𝑁 consecutive 
uses of the channel, where  𝑁 is large. 
 
For direct transmission, our baseline for comparison, we 
model the channel as 
 

𝑦𝑛  𝑛 = 𝑎𝑠,𝑑𝑋𝑠 𝑛 + 𝑍𝑑 [𝑛]                             (1) 
 

for, say  𝑛 = 1,… ,𝑁 2  , where 𝑋𝑠 𝑛  is the source 
transmitted signal, and 𝑦𝑛  𝑛  is the destination received 
signal. The other terminal transmits for 𝑛 = 𝑁

2 + 1,… ,𝑁. 
Thus, in the baseline system, each terminal utilizes only half 
of the available degrees of freedom of the channel. 
 
For cooperative diversity, we model the channel during the 
first half of the block as 

 
𝑦𝑟 𝑛 = 𝑠,𝑟𝑋𝑠 𝑛 + 𝑍𝑟[𝑛]                           (2) 
𝑦𝑑  𝑛 = 𝑠,𝑑𝑋𝑠 𝑛 + 𝑍𝑑[𝑛]                          (3) 

 
for, say  𝑛 = 1,… ,𝑁 4  , where 𝑋𝑠 𝑛  is the source 
transmitted signal and 𝑦𝑟 𝑛  and 𝑦𝑑  𝑛  are the relay and 
destination received signals, respectively. For the second half 
of the block, we model the received signal as 
 

𝑦𝑑  𝑛 = 𝑟 ,𝑑𝑋𝑟  𝑛 + 𝑍𝑑[𝑛]                        (4) 
 
for = 𝑁

4 + 1,… ,𝑁 2  , where 𝑋𝑟 𝑛  is the relay transmitted 
signal and is the destination received signal. A similar setup 
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is employed in the second half of the block, with the roles of 
the source and relay reversed. Note that, while again half the 
degrees of freedom are allocated to each source terminal for 
transmission to its destination, only a quarter of the degrees 
of freedom are available for communication to its relay. 
 
In (1)–(4), 𝑖 ,𝑗  captures the effects of path-loss, shadowing, 
and frequency nonselective fading, and 𝑍𝑗 [𝑛] captures the 
effects of receiver noise and other forms of interference in 
the system, where 𝑖 ∈ {𝑠, 𝑟} and 𝑗 ∈ {𝑟,𝑑}. We consider the 
scenario in which the fading coefficients are known to, i.e., 
accurately measured by, the appropriate receivers, but not 
fully known to, or not exploited by, the transmitters. 
Statistically, we model 𝑖 ,𝑗  as zero-mean, independent, 
circularly symmetric complex Gaussian random variables 
with variances 𝜎𝑖 ,𝑗2 . Furthermore, we model 𝑍𝑗 [𝑛] as zero-
mean mutually independent, circularly symmetric, complex 
Gaussian random sequences with variance 𝑁0. 
 
3.1.1 Outage probability of fixed relaying over Rayleigh 

fading 

(a) Amplify-and-forward 

The amplify-and-forward protocol produces an equivalent 
one-input, two-output complex Gaussian noise channel with 
different noise levels in the outputs. The maximum average 
mutual information between the input and the two outputs, 
achieved by i.i.d. complex Gaussian inputs, is given by 
 

I𝐴𝐹 =
1

2
log  1 + 𝛾 𝑠,𝑑  

2
+ 𝑓  𝛾 𝑠,𝑟  

2
, 𝛾 𝑟 ,𝑑  

2
         (5) 

 
as a function of the fading coefficients, where 

𝑓(𝑥, 𝑦) ∶=
𝑥𝑦

𝑥+𝑦+1
                                     (6) 

 
where 𝛾 is the signal to noise ratio (SNR). The outage event 
for spectral efficiency is given by and is equivalent to the 
event 
 

 𝑠,𝑑  
2

+
1

𝛾
𝑓  𝛾 𝑠,𝑟  

2
, 𝛾 𝑟 ,𝑑  

2
 <

22𝑅−1

𝛾
                 (7) 

 
For Rayleigh fading, i.e.,  𝑠,𝑑  

2
 independent and 

exponentially distributed with parameters 𝜎𝑖 ,𝑗−2, analytic 
calculation of the outage probability becomes involved, but 
we can approximate its high-SNR behavior as 
 

𝑃𝐴𝐹
𝑜𝑢𝑡  𝛾,𝑅 ∶= Pr I𝐴𝐹 ,𝑅                                                      

                     ~  
1

2𝜎𝑠,𝑑
2

𝜎𝑠,𝑟
2 +𝜎𝑟 ,𝑑

2

𝜎𝑠,𝑟
2 𝜎𝑟 ,𝑑

2   
22𝑅−1

𝛾
 

2

                              (8) 

 
(b) Decode-and-forward 

To analyze decode-and-forward transmission, we examine a 
particular decoding structure at the relay. Specifically, we 
require the relay to fully decode the source message; 
examination of symbol-by-symbol decoding at the relay 
becomes involved because it depends upon the particular 
coding and modulation choices. The maximum average 
mutual information for repetition-coded decode-and-forward 
can be readily shown to be 
 

I𝐷𝐹 =
1

2
min  log  1 + 𝛾 𝑠,𝑟  

2
 , log  1 + 𝛾 𝑠,𝑑  

2
+

𝛾𝑟,𝑑2                                       (9) 

as a function of the fading random variables. The first term 
in (9) represents the maximum rate at which the relay can 
reliably decode the source message, while the second term in 
(9) represents the maximum rate at which the destination can 
reliably decode the source message given repeated 
transmissions from the source and destination. Requiring 
both the relay and destination to decode the entire codeword 
without error results in the minimum of the two mutual 
informations in (9). We note that such forms are typical of 
relay channels with full decoding at the relay. 
 
The outage event for spectral efficiency 𝑅 is given by 
I𝐷𝐹 < 𝑅 and is equivalent to the event 
 

min    𝑠,𝑟  
2

,  𝑠,𝑑  
2

+  𝑟 ,𝑑  
2

  <
22𝑅−1

𝛾
                (10) 

 
For Rayleigh fading, the outage probability for repetition 
coded decode-and-forward can be computed according to 
 

𝑃𝐴𝐹
𝑜𝑢𝑡  𝛾,𝑅 ∶= Pr I𝐴𝐹 ,𝑅                                                       

= Pr   𝑠,𝑟  
2

< 𝑔 𝛾                

       + Pr   𝑠,𝑟  
2

< 𝑔 𝛾   Pr   𝑠,𝑑  
2

+  𝑟 ,𝑑  
2

< 𝑔 𝛾   (11) 
 
where g 𝛾 =  22𝑅 − 1 𝛾 , we conclude that 

𝑃𝐴𝐹
𝑜𝑢𝑡  𝛾,𝑅  ~ 

1

𝜎𝑠,𝑟
2

22𝑅−1

𝛾
                             (12) 

The fixed decode-and-forward does not offer diversity gains 
for large SNR, because requiring the relay to fully decode the 
source information limits the performance of decode-and-
forward to that of direct transmission between the source and 
relay. 
 
 

 
Figure 1: Outage probability of fixed relaying over Rayleigh 
fading, , where SNR (dB) is normalized SNR 𝜎𝑖 ,𝑗

2 = 1 ,𝑅 =

0.5 𝑏/𝑠/𝐻𝑧 

 
3.2 Nakagami-m Fading 

 
Let’s consider the specific cooperative relay-based wireless 
system with 𝐾 +  2 terminals: one source 𝑆,𝐾 relays 𝑅𝑘  
with 𝑘 = 1,… ,𝐾, and one destination 𝐷. The source 𝑆 
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broadcasts the signal to 𝐾 relays in the first-hop transmission 
(broadcasting phase). During the second-hop transmission 
(relaying phase), selection diversity is applied, i.e., only the 
best relay is selected for forwarding the message to the 
destination. We also assume that channels in the two hops 
are quasistatic i.n.i.d. Nakagami-m fading. Specifically, we 
denote 𝑆𝑅𝑘  and 𝑅𝐷𝑘  as the independent channel gains for 
the source to relay 𝑅𝑘   𝑆 → 𝑅𝑘  link and the 𝑘-th relay-to-
destination  𝑅𝑘 → 𝐷  link, respectively. These channel gains 
are modeled as Nakagami-m random variables. Then, the 
effective power channel gains  𝑆𝑅𝑘  

2
 and  𝑅𝐷𝑘  

2
 follow the 

gamma distribution with different fading parameters 1 Ω𝑆𝑅𝑘
  

1 Ω𝑅𝐷𝑘
 , and fading severity parameters 𝑚1𝑘 , 𝑚2𝑘 , 

respectively.  Moreover, the instantaneous SNR for 𝑆 → 𝑅𝑘  
and 𝑅𝑘 → 𝐷 are given by 𝛾𝑆𝑅𝑘 = 𝛾0 𝑆𝑅𝑘  

2
 and 𝛾𝑅𝐷𝑘 =

𝛾0 𝑅𝐷𝑘  
2
 where 𝛾0 is the average SNR. Due to the imperfect 

detection at the relay, incorrectly decoded signals may be 
forwarded to the destination. Hence, for any modulation 
scheme the dual-hop 𝑆 → 𝑅𝑘 → 𝐷 channel can be modeled 
as an equivalent single hop whose output SNR 𝛾𝑒𝑞𝑘  can be 
tightly approximated in the high SNR regime as follows 

𝛾𝑒𝑞𝑘 = 𝑚𝑖𝑛 𝛾𝑆𝑅𝑘 , 𝛾𝑅𝐷𝑘                       (13) 
 
For the selection combining scheme, the signal with largest 
equivalent received SNR is selected. Then the instantaneous 
SNR at the output of the relay selection combiner is given by 

𝛾𝑠𝑐𝑘 = max𝑘=1,…,𝐾 𝛾𝑒𝑞𝑘                          (14) 
 
3.2.1 Outage probability of fixed relaying over 

Nakagami-m fading 

 

(a) Amplify-and-forward 

The mutual information of the opportunistic AF relaying 
scheme is given by 
 

I𝐴𝐹 =
1

2
log2  1 + 𝛾𝑠 max𝑘∈[1,𝑘]

𝑋𝑘𝑌𝑘

𝜛𝑘+𝑌𝑘
                 (15) 

 
where 𝛾𝑠 = 𝐸𝑠 𝜎𝑛

2  ,𝜛𝑘 =  𝜆𝑘𝛾𝑠 + 1 𝛾𝑅  and 𝛾𝑅 = 𝐸𝑅 𝜎𝑛
2         

with 𝐸𝑠, 𝐸𝑅  and 𝜎𝑛2 being the transmit energy at the source 
node, the transmit energy at the relay node, and the power of 
additive white Gaussian noise (AWGN), respectively, and 
𝜛𝑘  corresponds to the power constraint factor. The outage 
probability is mathematically defined as the probability that 
I𝐴𝐹  is less than a target rate 𝑅, denoted as 𝑃𝐴𝐹𝑜𝑢𝑡 =
Pr I𝐴𝐹 < 𝑅 .  Equivalently, we write 

  
𝑃𝐴𝐹
𝑜𝑢𝑡 = Pr  max𝑘∈[1,𝑘]

𝑋𝑘𝑌𝑘

𝜛𝑘+𝑌𝑘
< 𝜂0                        (16) 

 
where 𝜂0 =  22𝑅 − 1 𝛾𝑠 , due to the independent channel 
assumption, it is given by 
 

𝑃𝐴𝐹
𝑜𝑢𝑡 =  𝑃𝐴𝐹

𝑜𝑢𝑡
𝑘

𝐾
𝑘=1                                  (17) 

with  

𝑃𝐴𝐹
𝑜𝑢𝑡

𝑘
=   𝑓𝑋𝑘 𝑥 

𝜂0 𝜛𝑘+𝑦 
𝑦

0

∞

0

𝑓𝑌𝑘  𝑦 𝑑𝑥𝑑𝑦                             

         =
1

Γ 𝑚𝑘  
 Γ𝑖𝑛𝑐  𝑚𝑘 , 𝜂0𝜃𝑘  1 +

𝜛𝑘

y
  

∞

0
𝑓𝑌𝑘  𝑦 𝑑𝑦      (18) 

 

where Γ𝑖𝑛𝑐  𝑎, 𝑥  is the Pearson’s incomplete gamma function 
expressed as Γinc  a, x =  e−t𝑡𝑎−1𝑑𝑡

x

0
. 

 
Subsequently, we assume that all coefficients {𝑚𝑘} are 
natural numbers. This does not represent a strong limitation 
for the following reasons. First, the channel may sometimes 
merely be characterized or measured to an accuracy 
corresponding to whole integer arithmetic. Second, if 
channels are known more accurately, the upper and lower 
bounds of natural numbers can be employed to offer bounds 
for the outage probabilities, and a linear approximation 
between these results may be used to obtain an accurate 
approximations. Under this assumption, we can get 

Γ𝑖𝑛𝑐  𝑚, 𝑥 = Γ 𝑚  1 − 𝑒−𝑥  
𝑥𝑛

𝑛 !

𝑚−1
𝑛=0                    (19) 

 
Then,  

𝑃𝐴𝐹
𝑜𝑢𝑡

𝑘
= 1 − 𝑒−𝜂0𝜃𝑘  𝑒

𝜂0𝜛𝑘𝜃𝑘
𝑦  

1

𝑛!

𝑚𝑘−1

𝑛=0

∞

0

 𝜂0𝜃𝑘 
𝑛  1

+
𝜛𝑘

𝑦
 
𝑛

𝑓𝑌𝑘  𝑦 𝑑𝑦 

(20) 
 
In (20), rewriting  1 + 𝜛𝑘 𝑦  𝑛  by virtue of the power series, 
which is 

 𝑎, 𝑥 𝑛 =  𝐶𝑛
𝑗
𝑥 𝑗𝑎𝑛−𝑗𝑛

𝑗=0                             (21) 
and  

𝐶𝑛
𝑘 =

𝑛 !

𝑘 ! 𝑛−𝑘 !
                                       (22) 

It finally yields 
 

𝑃𝐴𝐹
𝑜𝑢𝑡

𝑘
= 1 −

2𝑒−𝜂0𝜃𝑘  𝜃 𝑘 
𝑚 𝑘

Γ 𝑚 𝑘 
 

1

𝑛!

𝑚𝑘−1

𝑛=0

 𝜂0𝜃𝑘 
𝑛                            

. 𝐶𝑛
𝑗
𝜛𝑘

𝑗  
𝜂0𝜃𝑘𝜛𝑘

𝜃 𝑘
 

𝑚 𝑘−𝑗
2

𝐾𝑚 𝑘−𝑗  2 𝜂0𝜃 𝑘𝜃𝑘𝜛𝑘 

𝑛

𝑗=0

   

(23) 
 
where 𝐾𝑣 𝑧  denotes the Bessel function of the imaginary 
argument. The function 𝐾𝑣 𝑧  is not available directly in 
popular symbolic software such as MATLAB. Whereas its 
zero and first orders  𝐾0 𝑧  𝑎𝑛𝑑 𝐾1 𝑧   have a concise and 
closed-form expression, the higher orders can be calculated 
via the formula 𝑧𝐾𝑣+1 𝑧 = 𝑧𝐾𝑣−1 𝑧 + 2𝑣𝐾𝑣 𝑧 . We did 
not constrain 𝑚 𝑘  to be a natural number during the 
derivation of (23). As is well known, the Nakagami fading 
channel with parameter 𝑚𝑘 = 1 will become the Rayleigh 
fading channel. 
 
For this special case, (23) can be written as 
 

𝑃𝐴𝐹
𝑜𝑢𝑡

𝑘
= 1 − 2𝑒−𝜂0𝜃𝑘  𝜂0𝜃 𝑘𝜃𝑘𝜛𝑘 

𝑚 𝑘
2 𝐾𝑚 𝑘  2 𝜂0𝜃 𝑘𝜃𝑘𝜛𝑘  

 
(24) 

 
where 𝜃𝑘 = 1 𝜆𝑘 . If we further assume that 𝑚 𝑘 = 1, that is, 
the links of relay-destination under Rayleigh fading, we have 
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𝑃𝐴𝐹
𝑜𝑢𝑡

𝑘
= 1 − 2𝑒

−𝜂0
𝜆𝑘  

𝜂0𝜛𝑘

𝜆𝑘𝜆 𝑘
𝐾1  2 

𝜂0𝜛𝑘

𝜆𝑘𝜆 𝑘
                 (25) 

 
In summary, we first derive 𝑃𝐴𝐹𝑜𝑢𝑡 𝑘  based on the PDFs of 𝑋𝑘  
and 𝑌𝑘 . Then, a closed form expression for the outage 
probability 𝑃𝐴𝐹𝑜𝑢𝑡  can be obtained via a product of 𝑃𝐴𝐹𝑜𝑢𝑡 𝑘∀𝑘. 

 
Figure 2: Outage probability of AF protocol over Nakagami-

m fading, where SNR (dB) is average SNR 
 
(b) Decode-and-forward 

𝛾𝑆𝑅𝑘  and 𝛾𝑅𝐷𝑘  are independent gamma distributed random 
variables, the cumulative distribution function (CDF) of 𝛾𝑒𝑞𝑘  
can be written as 
 

𝐹𝛾𝑒𝑞 𝑘
 𝛾 = 1 −

Γ 𝑚1𝑘 ,𝛼𝑘𝛾  Γ 𝑚2𝑘 ,𝛽𝑘𝛾  

Γ 𝑚1𝑘  Γ 𝑚2𝑘 
                        (26) 

 
where Γ 𝑎, 𝑥 =  e−t𝑡𝑎−1𝑑𝑡

x

0
,𝛼𝑘 =

𝑚1𝑘

ΩSR k
𝛾0

 𝑎𝑛𝑑 𝛽𝑘 =

𝑚2𝑘

ΩRD k
𝛾0

. Assuming 𝑚1𝑘  and 𝑚2𝑘  are integers and using the 

fact that Γ 𝑛, 𝑥 =  𝑛 − 1 ! 𝑒−𝑥  
𝑥 𝑖

𝑖!

𝑛−1
𝑖=0  , we have 

 

𝐹𝛾𝑒𝑞 𝑘
 𝛾 = 1 − 𝑒− 𝛼𝑘−𝛽𝑘  𝛾   

𝛼𝑘
𝑖 𝛽𝑘

𝑗
𝛾 𝑖+𝑗

𝑖!𝑗 !

𝑚2𝑘−1
𝑗=0

𝑚1𝑘−1
𝑖=0          (27) 

 
The outage probability 𝑃𝐷𝐹𝑜𝑢𝑡  is defined as the probability that 
the instantaneous SNR falls below a given threshold 𝛾𝑡 . It is 
easy to obtain 𝑃𝐷𝐹𝑜𝑢𝑡  as follows 
 

𝑃𝐷𝐹
𝑜𝑢𝑡 =  1 − 𝑒− 𝛼𝑘−𝛽𝑘  𝛾𝑡   

𝛼𝑘
𝑖 𝛽𝑘

𝑗
𝛾𝑡
𝑖+𝑗

𝑖! 𝑗!

𝑚2𝑘−1

𝑗=0

𝑚1𝑘−1

𝑖=0

𝐾

𝑘=1

 

(28) 
 
For symmetric case, Ω𝑆𝑅𝑘

= Ω𝑅𝐷𝑘
= 3, 𝑚1𝑘 = 𝑚2𝑘 = 2. 

 
 
 
 
 
 
 

 
Figure 3: Outage probability of DF protocol over Nakagami-

m fading, 𝛾𝑡 = 3 

 
4. Conclusions 
 
In this paper, we have derived an expression for outage 
probability of Rayleigh and Nakagami-m fading channel 
models for different fixed strategy protocols such as 
Amplify-and-Forward and Decode-and-Forward protocols. It 
can concluded that outage probability in Nakagami-m fading 
model is less than outage probability in Rayleigh fading 
model. 
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