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Abstract: A graph G with p vertices and q edges is a mean graph if there is an injective function f from the vertices of G to {0,1,2,….q} 
such that when each edge 𝒖𝒗 is labeled with 𝒇 𝒖 +𝒇 𝒗 

𝟐
 if 𝒇 𝒖 + 𝒇(𝒗) is evenand 𝒇 𝒖 +𝒇 𝒗 +𝟏

𝟐
if 𝒇 𝒖 + 𝒇(𝒗) is odd then the resulting edges 

are distinct. In this paper we investigate mean labeling of shadow graph of bistar and comb and splitting graph of comb. 
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1. Introduction 
 

By a graph 𝐺 = (𝑉 𝐺 , 𝐸 𝐺 ) with 𝑝  vertices and 𝑞  edges 
we mean a simple, connected and undirected graph. In this 
paper a brief summary of definitions and other information 
is given in order to maintain compactness. The term not 
defined here are used in the sense of Harary [3]. 
 
A graph labeling is an assignment of integers to the vertices 
or edges or both subject to certain conditions. A useful 
survey on graph labeling by J. A. Gallian (2014) can be 
found in [2].  
Somasundaram and Ponraj [4] have introduced the notion of 
mean labeling of graphs.  
 
In this paper we investigate mean labeling of shadow graph 
of bistar and comb and splitting graph of comb. 

 
Definition 1.1 : A graph G with p vertices and q edges is a 
mean graph if there is an injective function f from the 
vertices of G to {0,1,2,….q} such that when each edge uv is 
labeled with f u +f v 

2
 if f u + f v  is even and f u +f v +1

2
 if 

f u + f(v) is odd then the resulting edges are distinct. 
 
Definition1.2: A Comb is a caterpillar in which each vertex 
in the path is joined to exactly one pendent vertex. 
 

Definition1.3: The Splitting graph of G,S(G) is obtained 
from G by adding to each vertex v of G a new vertex 𝑣 ′ so 
that 𝑣 ′ is adjacent to every vertex that is adjacent to v in G. 
 

Definition1.4: The Shadow graph 𝐷2(𝐺)  of a connected 
graph G is obtained by taking two copies of G, say𝐺 ′ and 𝐺 ′′ 
then joining each vertex 𝑢′  in 𝐺 ′  to the nighbours of the 
corresponding vertex 𝑢′′ in 𝐺 ′′. 
 

Definition1.5: A bistar is the graph obtained by joining the 
apex vertices of two copies of star 𝐾1,𝑛  by an edge. 
 

2. Results on Mean Labeling 
 

Theorem2.1:The graph 𝐷2(𝐵𝑛 ,𝑛) has mean labeling. 
 
Proof: Consider two copies of 𝐵𝑛 ,𝑛 . 
Let  𝑣1 , 𝑣2 , 𝑣1,𝑗 ,𝑣2,𝑗 , 1 ≤ 𝑗 ≤ 𝑛  be the vertices of first copy 
of 𝐵𝑛 ,𝑛 .  

Let  𝑢1, 𝑢2, 𝑢1,𝑗 ,𝑢2,𝑗 , 1 ≤ 𝑗 ≤ 𝑛  be the vertices of second 
copy of 𝐵𝑛 ,𝑛  where 𝑣1 , 𝑣2 and 𝑢1 , 𝑢2 are the respective apex 
vertices. 
Let 𝐷2 𝐵𝑛 ,𝑛  b the shadow graph of the two copies of 𝐵𝑛 ,𝑛 . 

Define 𝑓: 𝑉(𝐷2  𝐵𝑛 ,𝑛  →   0,1,2, … . . 𝑞  by 
 𝑓 𝑣1 = 0 
𝑓 𝑣2 = 8𝑛 + 1 
𝑓 𝑢1 = 4𝑛 
 𝑓 𝑢2 = 8𝑛 + 3 
𝑓 𝑣1,𝑗  = 4𝑗 − 3 𝑖𝑓 1 ≤ 𝑗 ≤ 𝑛 
𝑓 𝑣2,𝑗  = 4𝑗 𝑖𝑓 1 ≤ 𝑗 ≤ 𝑛 − 1 
𝑓 𝑣2𝑛 = 4𝑛 + 4 
𝑓 𝑢1,𝑗 = 4𝑗 − 1 𝑖𝑓 1 ≤ 𝑗 ≤ 𝑛 
𝑓 𝑢2,𝑗 = 4(𝑛 + 𝑗 + 1) 𝑖𝑓 1 ≤ 𝑗 ≤ 𝑛 
Thus the induced edge labels are distinct. Hence the graph 
𝐷2(𝐵𝑛 ,𝑛) has mean labeling. 
 

Example2.2:  

 
Mean labeling for 𝐷2(𝐵5,5) 

 
 
Theorem2.3:The split graph of comb has mean labeling. 
 
Proof: Let {𝑣𝑖 , 1 ≤ 𝑖 ≤ 𝑛} and {𝑣𝑖

′ ,1 ≤ 𝑖 ≤ 𝑛} be the vertices 
of comb in which {𝑣𝑖

′ , 1 ≤ 𝑖 ≤ 𝑛} are the pendent vertices 
Let {𝑢𝑖 , 1 ≤ 𝑖 ≤ 𝑛} and {𝑢𝑖

′ , 1 ≤ 𝑖 ≤ 𝑛} be the newly added 
vertices. 
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The ordinary labeling for split graph of comb 

 
 
Define 𝑓: 𝑣 𝐺 → {0,1,2, … . 𝑞} by  
 𝑓 𝑣𝑖  = 6𝑖 − 4 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑  
 = 6𝑖 − 3 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 
 𝑓 𝑣1

′  = 1 
 𝑓 𝑣3

′  = 15 
Let 𝑓 𝑣𝑖

′ = 6𝑖 − 3 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑 𝑖 ≠ 1,3 
 = 6𝑖 − 4 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 
 𝑓 𝑢𝑖 = 6𝑖 − 6 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑 
 = 6𝑖 − 7 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 
 𝑓 𝑢1

′  = 3 
 𝑓 𝑢3

′  = 11 
 𝑓 𝑢𝑖

′   = 6𝑖 − 7 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑𝑖 ≠ 1,3 
 = 6𝑖 − 6 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 
Thus the induced edge labels are distinct. 
Hence the above defined function provides mean labeling 
for split graph of comb. 
 

Example 2.4: 

Mean labeling for split graph of comb 

  
 

Theorem2.5:𝐷2(𝑐𝑜𝑚𝑏) admits mean labeling. 
Proof: Consider two copies of comb 𝐺1 and 𝐺2. 
 Let {𝑣𝑖 , 1 ≤ 𝑖 ≤ 𝑛} and {𝑣𝑖

′ , 1 ≤ 𝑖 ≤ 𝑛} be the vertices of 
comb 𝐺1  

 Let {𝑢𝑖 , 1 ≤ 𝑖 ≤ 𝑛} and {𝑢𝑖
′ , 1 ≤ 𝑖 ≤ 𝑛} be the vertices of 

comb 𝐺2 
The ordinary labeling for 𝐷2(𝑐𝑜𝑚𝑏) as 
 

 
Let 𝐺 be the shadow graph of comb  
Define𝑓: 𝑣(𝐺) → {0,1,2, … , 𝑞} by 

 𝑓 𝑣𝑖 = 8𝑖 − 8 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑 , 1 ≤ 𝑖 ≤ 𝑛 
 = 8𝑖 − 7 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛, 1 ≤ 𝑖 ≤ 𝑛 

 𝑓 𝑣𝑖
′  = 8𝑖 − 7 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑 , 1 ≤ 𝑖 ≤ 𝑛 

 = 8𝑖 − 8 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛, 1 ≤ 𝑖 ≤ 𝑛 
𝑓 𝑢𝑖 = 8𝑖 − 4 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑 , 1 ≤ 𝑖 ≤ 𝑛 

 = 8𝑖 − 5 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛 , 1 ≤ 𝑖 ≤ 𝑛 
 𝑓 𝑢𝑖

′  = 8𝑖 − 5 𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑 , 1 ≤ 𝑖 ≤ 𝑛  
 = 8𝑖 − 4 𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛, 1 ≤ 𝑖 ≤ 𝑛 

Hence the above function provides mean labeling for 
shadow graph of comb. 
 

Example2.6: 

 
Mean labeling for D2(comb) 
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