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Abstract: In Finsler space we see special metrics such as Randers metric, Kropina metric and Matsumoto metric.,etc. Curvature
properties of special Finsler metrics are of different types in that mainly locally dually flatness, projectively flatness, conformal
change and projective change between two special Finsler metrics.,etc. In this paper we are going study projective curvature
properties of Special (a. f) — metric. Finsler metrics arise from Information Geometry. Such metrics have special geometric
properties and will play an important role in Finsler geometry. (e, §) — metrics are defined as the sum of a Riemannian metric

and 1 — form,
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1. Introduction

e The curvature properties of Finsler spaces have been
studied by many authors([2].[3]. [3]. [6].[7]. [10]).

* An interesting result concerned with the theory of
projective change was given by Rapscak’s paper. He
proved necessary and sufficient conditions for
projective change.

e S. Bacso and M. Matsumoto [1] discussed the
projective change between Finsler spaces with
(e, ) — metric.

e H.S. Park and Y. Lee [4] studied on projective
changes between a Finsler space with (a. §) — metric
and the associated Riemannian metric.

«  Recently some results on a class of (a. ) — metrics
with constant flag curvature have been studied by
Ningwei Cui, Yi-Bing Shen [11], N. Cui and Z. Lin.

2. Preliminaries

The Berwald’s curvature tensor, Cartan’s first and second
curvature tensors are respectively given by

Higp = 03 Chy+ Chy G — (/K

Phyi = 0xFyy — 8, Chy + Fi Gy — Gy Fry + 3N Gy
Ry = 83 Fhy + FiyFrg, — G /R + G R, (2.1)

where,  h-torsion  tensor  field is given by
R}y, = 8;Nj— (j/k) and (j/k) means interchange of the
indices j and & with subtraction. On the basis of the
following definitions we study curvature properties of

special(e, #) — Finsler metric.

2.1 Definition

Finsler geometry is just Riemannian geometry without the
quadratic restriction.
2.2 Definition

(&, f) — metrics are defined as the sum of a Riemannian
metric and 1 — form. If & = ﬂl a; ¥'y/ is a Riemannian

metric and 8= byt is 1-form
satisfying||Bxlle < by ¥x € M, then L = ¢ls).s = /e,
is called an (regular) (e.3) — metric. In this case, the
fundamental form of the metric tensor induced by L is
positive definite.

2.3 Definition

A Finsler metric is a scalar field L{x, ¥ which satisfies the

following three conditions:

(i) 1t is defined and differentiable at any point of
TM™\{0},

(ii) It is positively homogeneous of first degree in ¥, that
is, L{x, Ay) = AL(x. ), for any positive number 4,

(iii) It is regular, that is, g;; (x, ¥} = %&l d,L*, constitute the

a
The manifold M™ equipped with a fundamental function
L{x.y) is called Finsler metric F* = (M™, L).

regular matrix g;;, where 8, =

2.4 Definition

Two Finsler metrics L and I are projectively related if and
only if their spray coefficients have the relation _
G'=G' +Plyly' (2.2)
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2.5 Definition

A Finsler metric is projectively related to another metric if
they have the same geodesics as point sets. In Riemannian
geometry, two Riemannian metrics @« and @« are
projectively related if and only if their spray coefficients
have the relation

GE = GL + A xvFy' (2.3)
2.6 Definition

Let F* = (M™,L) and F* = (M™, L) be two Finsler spaces
on a common underlying manifold M™. If any geodesic on
F™ is also a geodesic on F* and the converse is true, then
the change L — L of the metric is called a projective
change.

The relation between the geodesic coefficients & L of L and
geodesic coefficients GL of e is given by

G' =Gl +asi+{-20as, £y HEB + a1y} (2.4)

@' —sipd’ +¢' ¢

where, © = 28 (Fcd N+ (B2 -8 °
¢"|’
C=
_ E é}”
¥ ey
2.7 Definition

For a given Finsler metric L = L(x.y). the geodesics of L
satisfy the following ODEs:

where G' = G‘{x, v} are called the geodesic coefficients,
which are given by
Gi= igij.{[L:]me.i}’m — [271,:}

Let ¢ = ¢ls).|sl = b, be a positive C* function
satisfying the following

In this case, the fundamental form of the metric tensor
induced by L is positive definite.

2.8 Definition

: ad ;1 35™ :

L =G L —— it {
Let ﬂ_i'iL EJ-J'I;}-K:I;}-E{G _—r 3}.-,...,__1} 1, where G* are the
spray coefficients of L. The tensor

D=D4d ®dx/ @dx®@dx' is called the Douglas

JRI
tensor. A Finsler metric is called Douglas metric if the
Douglas tensor vanishes.

Then there exists a class of scalar functions H, = K}, (x),
such that
. .y g e
| Hipy=T' =T —(Th - TR )y'.(2.6)
Where Hig =
relations

iyly® . Tland T are given by the
T! = aQ@sh+ P{-2Qas, + npb' (2.7)

and T;.:‘.-l =Q'sp+ Pat(h? — s, — 20as,] +

2% —Q (B* —s5%)s, — Qss5,] (2.8)
Lemma 2.1: If a®=0(modf), that is, a;(x)y'y!
contains b;¥" as a factor, then the dimension = is equal to
2 and B* vanishes.

3. Projective Change Between Two Finsler
Metrics

In this section, we find the projective relation between two

(@, B) — metrics, that is, Special

(e, f) —metric L=, + 038 + % and

Randers metric L = & + & on a same underlying manifold

M of dimension n = 2.

From (2.3),L = ¢, + .5 + % is a regular Finsler metric if
and only if 1-form # satisfies the condition ||5: ]|z = %for

any x € M. The geodesic coefficients are given by (2.4)
with

_ rir;—ir:s+r:3‘—433

5 o o e 2
oy +203 PP+ 20abP e+ 252 (b2 -0y ) - 3ep 5% 34

¢(s) —s¢'(s) + B —5%'(s) >0.0sl <b £bp).(2.5) g@=122X%,
£y-%
1

— . =——(3.1)

If @ = |a;y'y! is a Riemannian metric and § = b;y' is o _ (o +207 )-357
N Substituting (3.1) into (2.4), we get
1-form satisfying||fx || =< by ¥x € M, then
L = ¢ls).s = B/a, is called an (regular) (a. B) — metric.
G' =
i e roaa+ I8 i —Iat(Cpm+28) ? |jr1r:n'3—4r;n‘:.5‘+r;n':.5‘:—412'.5‘3)}"'

Gz + oyt 52 sot { oyt 52 sot TDD} {':r1+:b:fln‘:—!.5‘: ':r,_:+:r1I:-:f'r:“+:r;I:-:|:'3.5‘+:':I:l:—riflr::.ﬁ‘:—!r:n‘.ﬁ‘g—!.ﬁ“‘}J (3.2}
From (2.3), L = &+ § is a regular Finsler metric if and Q=1,
only if [|fxllz = 1 forany x € M. ¥ =0(3.3)

The geodesic coefficients are given by (2.4) with Randers
metric,

g — 1

T 21+’

First we prove the following Iemm@:
Lemma 3.1: LetL = ¢, + e, ff + % and L = & + § be two
(&, f) — metrics on a manifold M with dimension n = 3.
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Then they have the same Douglas tensor if and if both the
metrics L and I are Douglas metrics.

Proof: First, we prove the sufficient condition. Let
Land L be Douglas metrics and corresponding Douglas
tensors be Df; and Dj;. Then by the definition of Douglas
metric, we have D}; = Oand Dj; =0, that is, both
L and I have same Douglas tensor. Next, we prove the
necessary condition. If L and I have the same Douglas
tensor, then (2.5} holds. Substituting (3.1} and (3.3} in to
(2.3}, we obtain

Hi Attt aple® sciefapiat 4R
5

1+ o+ Bt —jal 4L

— &5k (3.4)

V\_/here _ _
=(n+ 101+ 26" Yea(ey + 2B%)5) — 2655, l}

= (B;5k+ b))
= Taﬂk{hlaj-;l..} =3,(3.10)
Which is impossible unless ' = 0. Then #5; = 0.

Since # = 0, we have 55 = 0, which implies that £ is
closed.

Case (ii): If & = u(x)e | then (3.9) reduces to
Aa® 4+ Cla’+Fla=ulx)sille®+ Ja* + Ka* +L)+a M
Which can be written as
ulIMsl = [4'a® + Cla® + Fla — u(x)5i(a®

+Ja* + Ka® + L)]a? (3.11)
! has the factor &2,

that is, u(x)M3, = 758° has the factor u" Note that
plx) #0vx e M and £ has no factor e?. The only

From (3.11), we can see that u(x) M35,

BL = (n + {1 + 26*)[2(c, + 267 Bs — 45,b° B — 3¢, 8° Snﬂ)os%ﬁ‘f‘y 9 ke 2l 30is the fREtgolnt Aé‘sctﬁé similar

+ 26%)s54(c, + 267)},

reason in case (i), we have sD =0, when n = 3, which

Ci=(n 4+ 1){3[c, (e, + 26%)s) — 2e,50b" + 6(2 + b7 )e,5)] BindigatdsthatF # bioker, + 267 s} — 4s,5'] 8% — 4[(2¢,

+ 57 (1 + 26755187 + o '}

D‘ = (n + {122 + b)sinob' ¥ + 3[c, (e, + 2b)s] — 2c, Ranfersgmetnic.[52pk £ isa Ropglag mpegric if and only

=(n + D{38%m b’ —125i87)
1
I=—7 3.5

andI = (1 + n)(1 + 2% e, (e, + 287D,
J =202 + 26, + 2(e; + 1)0* + (cf + 8, + 2)B7] 57
= (n + 1[3c} + 14¢,b* + 44b* + 4b*]%,
L=-12(n + 1)[c, + b* + 115",
M =98%(3.6)
Then (3.4} equivalent to

Algl® £ Big® 4 Cigh 4 Dig? + Fig? =

(1a® + Ja® + Ka* + La® + M)(HL, +
Replacing ¥’ by —y' in (3.7) yields
—Alg!® 4 Big® _ Cigh 4 Digd — Fig?

=(la® — Ja® + Ka* — La® + M)(H], — &51) (3.8)

Subtracting (3.8) from (3.7). we obtain
Aa? 4+ Cla

From (3.9), M&s} has the factor «?,
Mas} = 78%as} has the factor 2.

Here, we study two cases for Riemannian metric.
Now, we study two cases for Riemannian metric.

that is, the term

Case (i): If @ # p(x)e , then M5} = 78%5} has the factor
o2,

Note that 2 has no factor e
that £} has the factor o 2.
Then for each i there exists a scalar function T4 = 7(x))
such that which is equivalent to
bis, + bpif = 27t T - .

When n = 3 and we assume that t* = 0, then

2 = rank (b;5L) + rank (b))

. Then the only possibility is

.G‘s,:.—rr;t

#55) (3.7)

“+Ee® =a*(e® + Jo* + Ka® + L)+ &5, M (3.9)

|f G is closed. Thus L = & + £ is a Douglas metric. Since
is projectively related to I, then both L and I are

Douglas metrics.
Now, we prove the following theorem:

Theorem 3.1: The Finsler metric L = ¢, + .8 +% is

projectively related to L=&+ # if and only if the
following conditions are satisfied
GL = GL + 8y' —ta®b,
by; = t[(—1+ 2b%)a;; — 3b;b;]

df = 0,(3.12)
Where b' = a'b;. b = ||8||4 . b;|; denote the coefficients
of the covariant derivatives of & with respect to =,
T = 7(x) is a scalar function and & = E‘L-y‘is al-formona
manifold M with dimension n = 3.

Proof: Let us prove the necessary condition. Since
Douglas tensor is an invariant under projective changes
between two Finsler metrics, if L is projectively related to

L, then they have the same Douglas tensor. According to
lemma 3.1 , we get both L and I are Douglas metrics.
L=c;+c,f+ '?—: is a Douglas metric if and only if

by; = 7[(~1+ 26%)a; — 3bb;] .(3.13)
For some scalar function = = 7(x), where b;; denote the

coefficients of the covariant derivatives of 8 = byv" with
respect to «. In this case, & is closed. Since § is closed,

s;; = 0= by; = by;. Thus, 55 = 0 and sp = 0.

By using (3.13) , we have ry = 7[(—1 + 28 — 357).
Substituting all these in (3.2) we obtain
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P o e ST

¢ =ci—1]

Since L is projective to I, this is a Randers change between
L and &. Noticing that & is closed, then L is projectively
related to &. Thus there is a scalar function F = F{¥]) on
TM"{0% such that

(og 242008 )er* 420, 038+ 2002 —cy )2 B2 — 30 B3 -2 8%

Cyfaf—40o0” f+oaa Bt —dx B3

|y + za?s’ (3.14)

Gi = GL + Py' (3.15)
From (3.14) and (3.15), we have

[P+r(

Note that the RHS of the above equation is a quadratic
form. Then there must be a one form & = &' on M, such
that

=8

Ca0a —d0 0 A+oaa® B —ax f° )
(o4 2+2c4 03 e% + 20,0703 B +2(0% —cy ) a? §2 -3, a5 -3 5%

P-I—r(

Thus, (3.16) becomes

GL = Gt + 8y — 1a’b'. (3.17)
Equations (3.12) and (3.13) together with (3.17) complete
the proof of the necessity.

Since 7 is closed, it suffices to prove that L is projectively
related to &. Substituting (3.13) in to (3.2) yields (3.14).
From (3.14) and (3.17), we have

y.

i_ il 4020 =400  Bo e B —4a f° i
Gz = Gz [E? T{'Zr1:+:r1b::'n*+:r;b:n'3|?+:':i::—r1)n':|9:—!r;n’ﬁ'g—ﬂﬁ")]
That is, L is projectively related to .

From the above theorem, we get the following corollaries.

Corollary 3.1: The Finsler metric L = ¢, + ¢3f +E_.; is

projectively related to L = & + § if and only if they are
Douglas metrics and the spray coefficients of & and & have
the following relation
Gi = GL + 8yt — 1’
Where b' =a"b,7t=1(x)is a scalar function and
8 =8 v'is a one form on a manifold M with dimension
n = 3.
Further, we assume that the Randers metric L = & + £ is
locally Minkowskian, where & is an Euclidean metric and
& = B;v' is a one form with
In this, we assume that the Randers metric L = & + J is
locally Minkowskian, where & is an Euclidean metric and
A = B;yy'is a one form with &; = constants. Then (3.12)
can be writtenas
GL = 8y' — ta’lbt,

by = 7[(—1+ 26%)a;; — 3b;b;] (3.18)
Thus, we state _
Corollary 3.2: The Finsler metric L = ¢, + ¢, +'?—|; is
projectivley related to L=a+ F if and only if L is
projectively flat, in other words, L is projectively flat if and
only if (3.18) holds.

(o42+2c1 B a*+ 200703 B+2(0% —cy Ja? F2 T B3 — 354

)]¥" = 6 - 6k + 7a?b'.(3.16)

4. Curvature properties of two (®£)- Finsler
metrics

In this section, we study the curvature properties of two
(&, B) — metrics, that is, Special

(o, f) —metric L = cya+ e, + '5'—[; and Randers metric

L = & + £ on a same underlying manifold M of dimension
n=2,

The Berwald curvature tensor of a Finsler metric L is
defined by = Bjydx/ ® 8; ® dx* @ dx',

where By = [6"],4,%,t and G' are the spray coefficients
of L. The mean Berwald curvature tensor is defined by

E =E dx' @dx/ , where Ej; = EBJILJ A Finsler metric
is said to be of isotropic mean Berwald curvature if
E; = “T”c{x] L_,_.c for some scalar function ¢(x’} on M.

A
In this that

(e, f) — metric L = cya+ 18 + '9—[; has some special

¥

section, we assume

curvature properties. Randers metric

L = &+ B is projectively related to L.

First, we assume that L has isotropic & — curvature, that
is, 5 = (n + 1)e{x)L for some scalar function £{x) on M.

The (o.f) —metric, L=a+ef + k{%] of isotropic

curvature has been characterized, where £ and & are non

zero constants. We use the following theorem proved by
N. Cui.

Theorem 4.1: For the special form of (&.8) — metric,
L=a+ef + k{'?—ﬁ:], where £, k are non zero constants,

the following are equivalent:

(a) L has isotropic S-curvature, that is, 5§ = {n + L}c(x)L
for some scalar function =(x’} on M.

(b) L has isotropic mean Berwald curvature.

(c) £ is a Killing one form of constant length with respect
to @. This is equivalent to 1y = 5 = 0.

(d) L has vanished S-curvature, that is, S=0.

(e) L is a weak Berwald metric, that is, £ = 0.

The above theorem is valid for L = cyer + 0, f + '9—1; when
we take € = 1 and £ = —1. Then we prove the following.

Theorem 4.2: Let L = ¢y + 648 +3_1; has isotropic S-
curvature or isotropic mean Berwald curvature. Then the
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Finsler metric L is projectively related to L = & + & if and
only if the following conditions hold:

(a) @ is projectively related to &,

(b) £ is parallel with respect to , that is, by; = 0.

(c) £ is closed, that is, dff = 0 where by; denote the
coefficients of the covariant derivatives of Swith respect to
er..

Proof: The sufficiency is obvious from theorem 3.1. For
the necessity, from theorem 3.1, we have that if L is

projectively related to L then
by; = t[(—1+2b*)a;; — 3b,b;], for some scalar
function T = T(x). Contracting above equation with y*
and ¥/ yields

Ty = T[(—1+ 2b%)a® — 357] (4.1)
By the theorem 3.1, If L has isotropic § — curvature

or equivalently isotropic mean Berwald curvature, then
Thp = 0.If T # 0, then (3.2) gives

(—142b)a® —382 =0, (4.2)
which is equivalent to

(—1+ 2b%)a,; — 3b;b, = 0. (4.3)
Contracting the above equation with @'/ vyields

-n+ (2n —3)b* =0, which is impossible. Thus,
T = 0. Substituting in to theorem (3.1), we complete the
proof.

Conclusion

If Finsler metric L =cja+ c,ff —I-E:z has
S — curvature or isotropic mean Berwald curvature. L
is projectively flat if and only if GL = Py* , b,; =0
holds true. Then the Finsler metric L is projectivley related
toL=a+ E if and only if & is projectively related to
&, [3 is parallel with respect to &, that is, by ; = 0 and 8

is closed, that is, dff = 0, where b, . denote the

li
coefficients of the covariant derivatives of & with respect
to c.
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