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Abstract: In the present paper, we have introduced a new class of meromorphically p-valent functions Y., (4, .1, &1, ¢, s) defined by
a linear operator T, 4a,). We discuss some interesting properties, like, coefficient inequality , convex set, distortion bounds,
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AMS Subject Classification: 30C45.

Keywords: Meromorphic function, Convex set, Distortion bounds, Neighborhood, Linear operator.

1. Introduction

Let Zp denote the class of functions of the form:

1 0
f) =+ ) and™; (@20 peN ={12..D,(1)
n=p
which are analytic and p- valent in the punctured unit disk

U= {z:z € Cand 0 < |z]| < 1} = U\{0}.
We define the Hadamard product (or Convolution) of
f and g by
1 0
(F*9)@) =+ ) anbpz" = (g (), (2)
n=p
where f is given by (1) and g is defined as follows:

1
g(z)=z—p+2bnz .
n=p

For positive real values of @y, ..., ag and By, ..., Bs (B; #
0,-1,..; j =1,2,..,s ),we now define the generalized
hypergeometric function

afs(@y, o, aq 5 By, o, Bs; Z) by

R YU o
qfs\@1y s g 5 P1yeeey Psi Z _n=0 Bn - (Bs)n n!’

(q<s+1; qs€N,=NU{0}; z€U),
where (8),, is the Pochhammer symbol defined
lv=0
@y = {9(9 + 1)@ +2)..@+v—1),ven. P
Corresponding to the function hy,(ay, ..., @g; Bi, -, Bs; 2),
defined by

3

hp(al, ey Ags B, s Bs; Z) =

z~P qu(al, ey Ags B, ...,,BS;Z); (5
we consider a linear operator

Ty(@y, o @gs Br s Bs): Zp = X
which is defined by means of the following Hadamard
product (or convolution):

Tp(al' ---;aq; ﬁll r.Bs)f(Z)
= hy(ay, .., ag; Bi, . Bs; z) * f(2).(6)

We observe that, for a function f(z) of the form (1); we
have

Ty(ay, ., @g; Pr, s Bs) f(2)
B i N = (a)y - (aq)n an
zP oy (ﬁl)n (ﬁs)n n!
If, for convenience, we write
Tpqs(@) = Tp(@y, .., ag; By, o) Bs), (8)
then one can easily verify from the definition (6) that
Z(Tp,q,s(al)f(z)),
= alTp,q,s(al + 1)f(Z)
- (al + p)Tp,q,s(al)f(Z)- (9)

z".(7)

The linear operator T, 4 (q,) Was investigated recently by
Liu and Srivastava [8].

Some interesting Subclasses of analytic functions associated
with the generalized hypergeometric function were
considered recently by (for example) Dziok and Srivastava
([3] and [4]), Gangadharan et al. [5] and Liu [7].

Definition 1: Let Y., (A, 1,1, a4, q,s)be denote the new
class of functions
f €%, ,which satisfy the condition:

Ap + 2)2%(Ty05(@)f (2))” + 223 (T 45 (@) f(2)) |

1z (T q.s(@)f (@) = = DTy 05 (a)f @) |
<n,(10)
where z€ U*; 0 <p; p €N and for some suitably
restricted real parameters A, and u.

Such type of study was carried out by several different
authors for another classes, like, Nunokawa and Ahuja [9],
Aouf and Hossen [1] and Cho et al. [2].

2. Coefficient Inequality

First, we derive the coefficient inequality for the class
¥» (,wm,ay,q,s) contained in:
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Theorem 1: Let f € 3., .Then fis in the class a)n (aq) Ay o
. . < —n -
2p (L wm,aq,q,s) ifand only if Z An(n = 1)(n +p) Bn - Bs)p n! Izl
oo n=p
> nm - D@+ p) —n(u - 2) ~ R+ 2) = Dl
nep + Z n(u-n
+ 1)) ( al)n (aq)n a, & n (#( )
(Bn - (Bs) n! (apny - ( q) a,
Snp(up+1D-1),(11) — —lzI"
1 (ﬁl)n (ﬁs)n n
where 0< 1 < p; E<u</1<p; andp € N.
The result is sharp for the function ©
£ = w0 - Do+ p) = - 2)
= — n=p
z¢ (a)n (), a
+ URLICURRD ) + 1)) p(up + )
(aq - ( q) (Bn - (Bs)n n!
n(An—Dn+p) —mun-2)+ DW -1) <0,
> p.(12) e by hypothesis. Thus by maximum modulus principle, f(z) €
Proof: Suppose that the inequality (11) holds true and 2p (L pmay,q,s).
|z] = 1. Then, we have To show the converse, suppose that
|A(p + 2)22(T, 4 (@1) f (2))” + 223 (T, g s (1) f(2)) | f(2) €Y, (\wn 04,q,s). Then (10), we have

= 1| = D2(T, q5(@)f (2))
+,UZ2( qs(al)f(z)) |

Can (), an
(ﬁl)n (ﬁs)n n! d

/1(17 + 2)22( pqs(al)f(z)) +/123( pqs(al)f(z))nll
uz?(T g s(a)f (2))" — (u — 1)z(T, 45(@)f (@) |

= Z Ain(n—D(n+p)

n=p

-nlpulp+2)—1)z7P

[oe]

=) ne-mn

n=p

(), an
) (ﬁl)n (ﬁs)n n! ‘

n

(a)n
Yo, An(n — 1)(n + p) —(ﬁlin Eﬁ:))n" ‘il—n,zn

( ) ( ) <n.
—
pulp+2)—Dz P -3, nu2-n)-— 1)W ‘il—"!z”
Since Re (z) < |z| for all z (z € U), we have
Y2 An(n—1n+p) Can (@), a, 2"
R P A AN )n' o <n(13)
(PG +2 - D77 =Sy nw@ -1 - Dy L)
We choose the value of z on the real axis so  f(z)
that Z( 0, S(al)f(z))' is real. _ L
Upon clearing the denominator of (13) and letting z— 1°, TP
through real values so we can write (13) as n n! pp(u(p+1)—-1)
- (an
> @0 D@+ p) —nwn - 2) n(A(n = D(n+p) ~n(uln-2) + 1))%
P 2 p).
+ 1)) (a)p - (aq)n an Corollary 1: Let f(z) € ¥, (A, 1,1, 04,0,5).Then
(.Bl)n (.Bs)n n! an
<np(ul@+1) —1). nulp +1) - Dn!
Sharpness of the result follows by setting =

)y - '
n(A(n— D(n+p) —nuln —2) + mﬁ
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3. Convex Set

In the following theorem, we will prove the -class
Yp (L wm,aq,q,s) is convex set.

Theorem 2: The class Y., (A, p,m,04,q,5) is a convex set.
Proof: Let f; and f, be the arbitrary elements of

2p (L pm0y,q,s).

Then for every t (0 < t < 1), we show that (1 —t)f; +

tf, € ¥p (LM 04,q,5).
Thus, we have

A-vfi+tfy = zip + Z [A-0t)a, +th,]z"
n=p

Hence,
> n - D+ p) = e - 2)
n=p
(an () [(1 - )ay + thy]
A7) PO M

= (1= ) n@0 - D +p) =l - 2)
n=p
(a))y - (aq)n an
) B~ B
+£ ) (A = D+ p) =1 - 2)

n=p

+ 1))

(@ (), b,
)G Bon !

SA-tnup+D-D+mpl@+1)-1)
=np(u@+1) - 1.
This completes the proof.

4. 4.Distortion Bounds

In the following theorems, we obtain the growth and
distortion bounds for the linear operator T, 4 s (a4).

Theorem 3: If f(2) € ¥, (A, ,m,04,4,5), then

1 nu@+1-1)
7@ - D=+ D = s )]
1 nu@+1)—-1)

r?, (|z]| =r < 1).
@Cap(p -1 —nup-2)+1)
The result is sharp for the function

f(2)
1

zP

4 wpup+1) - l)p' 2.(15)

(@),

p(Alp — 1)2p —n(u(p —2) + 1))m

Proof: Let f(2) € ¥, (A, w,m,04,q,5).Then by Theorem 1,
we get
p(2ap(p — 1) —n(ulp - 2)
(ai)p - (aq)
)G, ~ @y 7 Z

an

[oe]

< Z n(A(n — 1)(n +p)

n=p
(e (a), o

~nun =2+ D)y ]
<npu(p+1D -1,

or

> e

n=p !

j o + 1) - 1)p (16)

(%)

p(ap(p —1) —n(u(p — 2) + 1>>m

(ayn - (q) an .

1 (a)y .. (aq)n |z|P Z
2 a,

=12 Bon - GBon P p

1 (al)p (“q) rP
(ﬁ1)p (ﬁs)p p! TZ
nup@+1)-1)
-1 —-nul@-2)+1)

1 = (al)n ' (aq) an n
Ty as(@)f @) > s = Zp SR NRTANETIL

1 (al)n (aq)n |Z|p
= W B (ﬁl)n (ﬁs)n 72

n=p
1 (a)p '"(aq)p P

= — an

P By - (Bs)p P!

n=p

1 nu@+1-1)

2 —_—
P 2ip(p—-1) —nup-2)+1)
From (17) and (18), we get (14) and the proof is complete.

rP.(17)

Similarly,

rP.(18)

Theorem 4: If f(2) € ¥, (A, 1,m,04,0,5), then
r np(p(p+1)-1) p-1 ,
1~ G- < | (ras(@f@)] <

- w@E+D-1) p-1 _
1 Y Go-naae-or 1A =T <D.(19)

The result is sharp for the function f(z) is given by (15).
Proof: The proof is similar to that of Theorem 3.

5. 8-Neighborhood of a function f € ), :

Following the earlier works on neighborhoods of analytic
functions by Goodman [6] and Ruscheweyh [10], we begin
by introducing here the §-Neighborhood of a function
f €Y, ofthe form (1) by means of the definition below:

Ns() ={g e g ==
p

+ z b,z" and Z nla, — b,| < 6,0
n=p n=p

<5< 1}.(20)
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Particularly for the identity function (z) = zip , we have Definition 2: A function f(z) €Y, is said to be in the
class Y, (A, M, 04,q,s), if there exists function g(z) €

1 N - 2p (L wm,aq,q,s), such that
No@)=]g €Y :g@ ==+ byz" and Y nlb,| e
4 z n=p - —1|<1—y,(z€y,0£y<1).

9(2)
5}.(21)
Theorem 5: If g(z) € ¥, (A, 1,m,04,9,5) and
(a1)p - ( )
5P = D2 = n(u(p - 2) ~ ) G5y 55
=1- .(22
y )y (aq) (22)

(300 = 12 = (o~ )+ 1) BBy~ W@ + D = Dp!

Proof: Let f(z) € Ns(g). Then, we find from (20) that

anan —b,| <6,

n=p
which implies the coefficient inequality

o0

é
D lan—bil < (2 ).

Since g(2) € ¥, (A, ,M,04,q,5) , then by usingr"ll":}zljeorem (1), we get
i b Nk +1) - Dp!
n=p ! (/1( -1)2 (u( 2)+1)))—(6(q)p’
po e TR T By~ By
so that
S(A(p — 1)2 (u(p —2) — 1)M
[@) | igltn =l 0 A~ 1)2p ~nlulp AN (AN i,
g(Z) 1—27910:73[911 _p (C( p ( q) .

(A -D2p —mup -2) + 1))m nup@+1) — Dp!

Hence, by Definition 2, f(z) € ¥,,,, (A, 1,1, 04,q,s) for y given by (22).
This complete the proof.

6. Radii of starlikeness and convexity:

In the following Theorems, we discuss the radii starlikeness and convexity.
Theorem 6: If f(z) € ¥, (A, w,M,04,q,s), then f(z) is multivalent meromorphic starlike of order 8(0 < 8 < p) in the disk
|z] < 7y, where

n

1)n (aq) P
|G —n@Am - D0 +p) —nun-2) + 1))m
= infy (n+2p - Omp(u@p +1) - DHn!

N 2P Lip( + P)anlz™?

The result is sharp for the function f(z) is given by (12). 1-Y% a,lz|™tP = p=0u,
Proof: It is sufficient to show that orif P

zf'(2) | o

+p|<p-—0for|z|] <n.(23 n+2p—0)a

fo) TPI=P lz| <7.(23) Z( p )nlzlnﬂ,gl_(m
But by p—¢0
2 DI @] _ |ERep(tp)anz™P| _ SR p(ntp)anlz™ P Since f(z) €%, (h 11,04, g, 5), we have

f(2) L+XR5p anz™P [ = 1-Y5kp anlz|™HP P

Thus, (23) will be satisfied if
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)n ( ) =1
i n(A(n — D+ p) —n(un —2) + 1))Wa
& np(u(p +1) = Hn! "
Hence, (24) will be true if
1)n ( q)n
t2p=6) ., "COZ DO GE-D D) Gy
p—0 np(u(p +1) — Dn!

or equivalently

(apn - (aq)n n+p
(p—0n(A(n — D +p) —nun —2) + 1))—
|Z| < (ﬁ )n . (Bs)n n > p
(n+2p—-0)—nu@+1) - n! T
which follows the result.

Theorem 7: If f(z) € ¥, (A, 1M, 04,q,s), then f(z) is multivalent meromorphic convex of order 8(0 < 6 < p) in the disk
|z] < r,,where

a)y - (“q) \n+p

p(p On(A(n — 1(n+p) —nu(n —2) + 1))W
r, = inf, R ,n = p.
n(n+2p—6) —nup+1) - Hn!

The result is sharp for the function f(z) is given by (12). Thus, (25) will be satisfied if
Proof: It is sufficient to show that Yn=pn(n + p)a,|z|™*P < 0

Zf”(z) _ Zoo | |‘n.+p =p—20,

- +1+ |S — 6 for |z| <1y (25 P~ Zn=pT AnlZ

(@ P|=p 2 (23) or if

But

c (n+2p—0)a,

zf"(2) @+ A +p)f(2) — |z|™+P < 1.(26)
ot 7@ P =9
_ Znpn(n + p)ay|z|™*?
T D Xipnaglz|tt
Since f(z) € ¥, (A, w1, 04,9,5s), we have
an
© n(Am-1D@+p) ~n@n-2) + 1))(;)—&‘3)“
n s’n a < 1
Z; np(u(p + 1) — Dn! "
Hence, (26) will be true if
( 1)n ( q)
A(n—1)(n+ 2) +1)) g
nnt2p-o) o, OO0 Gt =D D) Gy g
p(p—06) np(u(p +1) — DHn!

or equivalently

1)n- (aq) \n+p
. {p(p O)n(A(n — 1)(n + p) — n(uln — 2>+1>)—(ﬁ)n (ﬁs)n>

n(n+2p — Omul +1) — Hn!

,M=D, Theorem 8: Let the function f(z) be given by (1) in the
which follows the result. class 3, (A, 1M, 04,q,5). Then, the integral operator
1
7. Integral Operator (A)(Z) = Ef uf f(uz)du , (0 <u<sl, 0<e< o ), (27)
0

is in the class %, (A, 1, M, 04,9,5) , where
_ A -D2p U+ -D+E+p+ DAP-D2p —n)@@p+1) - 1))

(e+p+ D+ DAM - 1D2p —nup - 2) + D)nep - 2)(np + 1) — 1)
The result is sharp for the function f(z) given by (15).
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Proof: Let . @)y - (ag)
f@) = 55+ Bipaaa™ sinthe class 3, G ¥ n(An -~ D+ p) —nlun - 2) + 1))—(ﬁ (AN
Then — npulp +1) — Hn! n
L <1
w(z) =€ fo u® f(uz)du Note that (28) is satisfied if
1,81 * 1)n (aq)n
_ Sf (uzn _ Z wteq, 7" de sn()\(n —Dm+p)—nitn-2)+ 1))m
0 o P (e+n+Dnpp+1) —DHn!
1 a)n
=+ Z e n(A(n — 1) + p) — n(u(n — 2)+1))(‘j)—gﬁq))"
S n s/n
It is enough to show tha np(u(p + 1) — Dn!
(a)n
© sn(h(n —D+p)—nz(n-2)+ 1))(‘;)71—85%‘
an (e+n+ Dnp(zl@+1) - Dn! n

<1.(28)
Since f(z) € ¥, (A, 1, M, 04,9, ), then by Theorem 1, we get
or equivalently

S(Mn —Dn+p) —p+D-D+(E+n+D@AR =@ +p) —nun - 2) + 1))

(e+n+ D+ DAM-Dm+p) —nwh -2)+1) +neln —2)(u(p+1) — 1)

= w(n).

A simple computation will show that w(n) is increasing Author Profile

function of n.
This means that w(n) = w(p) .Using this, we obtain the
result.
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