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Abstract: The objective of this paper is to develop an improved population variance estimators in the presence of two auxiliary
variables in stratified random sampling adapting the family of estimators proposed by Koyunchu and Kadilar (2009) for the estimation
of population mean in stratified random sampling using prior information of the two auxiliary variables. In this paper, we proposed
ratio-product type estimators and derived their mean square errors using first order approximation of Taylor series method. Efficiency
comparisons of proposed estimators with respect to their mean square errors have been discussed and achieved improvement under
certain conditions. Results are also supported by numerical analysis. Based on results, the proposed ratio- type variance estimators may
be preferred over traditional ratio-type and sample estimator of population variance for the use in practical applications.
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1. Introduction

In sample surveys, it is well known that to use information
of auxiliary variable(s) to estimate unknown population
parameter(s) in various sampling designs. In sampling
literature, many Authors have used information of auxiliary
variables such as population mean, variance, kurtosis,
skewness, etc to estimating population mean and variance of
the study variable. Many authors who done important work
in this area, were Das and Tripathi (1978), Srivastavactal
and Jhajji (1980,1983,1995), Isakietal (1983,2000), Singh
and Kataria (1990), Prasad and Singh (1990,1992),
Ahmedetal.(2000,2003), Gupta and Shabbir (2006). Kadilar
and Cingi (2006) studied population variance of interest
variable using population mean, variance, kurtosis and
coefficient of variation of auxiliary variable in simple and
stratified random sampling. Recently Olufadi and Kadilar
(2014) estimated the population variance of interest variate
in simple and two-phase sampling by using the variance of
auxiliary variables and got interesting results. This paper
mainly focuses on population variance estimators using prior
knowledge of two auxiliary variables in stratified sampling
design.

Consider a finite population P ={P;,P,, Ps,...,Py} of N
units. Let the study and two auxiliary variables are denoted
by Y, X and Z associate with each P; (j=1,2...,N) of the
population respectively. Let the population is stratified in to
K strata with h" stratum containing Nj,units, where
h=1,2,3,...,K such that Y¥_,N,=N and from the ht"
stratum, a sample n;, is drawn by simple random sampling
without replacement such that Y% _, ny=n. Let (Vpi, Xni, Zni)
denote the observed values of Y, X, and Z on the i*" unit of
the ht* stratum where i=1,2,...,N},. The population variance
of the study variable (y) and the auxiliary variables are
defined as follows.

(V= DSy = Ther T8 Oni = 1) = Thct i [Oni =
B + (%, =

Where Y, the population is mean of the variate of interest in
stratum h, and yy;is the value of the i*" observation of
interest variate in stratum h. For large sample size, assuming
that N=N-1 and N, =N,—1, then
Yo whszyh"‘z:ﬁﬂ wp (Y, —Y)?

_ 1
Y= YK 1 Vni - sample mean of h" stratum.
h

2 ~
Ststy =

Vse=2K 1 wp Yy - is the sample estimator of population mean
of the study variable.

Yh:Ni Zfl[ﬁl yhi -population mean of ht" stratum.
h

1 N 4 . .
S th:m Y2 — ¥)* - population variance of h*"
stratum.

1 _ . .
Szyh_nh—1 Yt (Yni — ¥p)?-sample estimator of population

variance in the ht" stratum. Similar expression are defined
for the auxiliary variables x and z.

2. Adapted estimators

Koyuncu and Cem Kadilar (2009), defined the classical ratio
estimator to estimate the population mean of the study
variable Y in the stratified random sampling when there are
two auxiliary variables as follows:
_ __ (R\(Z
B ) Ve Vst (f_st) (Z__St) (D
Where X and Z are the population mean of the two auxiliary
variables and X ,Z;; and Yy, are sample estimate of the
population mean in stratified random sampling scheme. The
regression estimator of the population mean ¥ also defined
as:

Where 3, = ?Z'—x and S, = Iz Adapting the estimator given
X

s2, "
in (1) and (2) to the estimator for the population variance of
the study variable y and assuming the population variance of

the two auxiliary variables in each stratum is known, we
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develop the following ratio -product type and regression
estimators:

2 _o2 5% 5%,
ST st.y <stt,x> (stt,z) (3)
2 — o2 2 2 2 2
S regfs st,y+ Bl(s xS st,x)+ﬁ2 (S zS st,z) """ (4)
Where szst,x:Z;{lzl (‘)hsth"_Z;{z:l wp (X, — Xt )27

stt,y:Z;(zﬂ whszyh—i_ZE:l wp(Fn — Vst )%, and
stt,fﬂ{m (‘)hszzh"’_z:;clzl wh(z_h — Zg )27 are the sample
estimator of population variance of each variables in
stratified sampling scheme when neglecting population
correction factor of each stratum. The mean square error of
the variance estimator, given in (3) and (4), is obtained as

follows:
2 ~ S*xs*s
MSE(s%) =m[H1+H2] --------------- (5)

MSE(szreg) = [H1+H3] --------------- ©)

[see Appendix (A.3) and (B. 1)]
3. The Proposed Estimators

In this section some variance estimators are proposed using
the variance of two auxiliary variables, population kurtosis,
coefficient of variation and their combination. Motivated by
Cingi and Kadilar (2005a, 2006b) and Koyuncu and Kadilar
(2009), the following population variance estimators are
proposed in the stratified random sampling:
(522+B2(0))(522+62(2)

— o2
Som TS sty (s2stxtB2(0))(525t,2+2(2)) )
$2,. =52y, (52t B2(0))(52,C2+B2(2)) ®
2 " (stt,xCx*'/?z(X))(stt,zcz+ﬁz(2))

The MSE of the estimators, given in (7) and (8) is found
using the first degree approximation of Taylor series method
as follows:

((szxwz(x))(szzwz(z)))z

+ -9

(1482 W2 +622)) {H H 4}
(520200 (5%0:) )2

= + -- (10
((vlcxwz(x))(nczwz(z)) {H 1 H } (10)

(See Appendix C and D) where C, and C, - are population

coefficient of variation of the auxiliary variables (X) and (Z)

respectively. B,(x) and 8,(z) are the population kurtosis of

the auxiliary variables (X) and (Z) respectively. The detail
derivations of all the mean square error of the estimators

MSE(s%y,, ) =

MSE(s%p, )

considered in this paper was presented in appendix at the
end of the paper.

4. Efficiency Comparison of the Estimators

In this section, we compare the performance of the proposed
estimators with other estimators considered here and some
efficiency comparison condition is carry out under which the
proposed estimators are more efficient than the usual sample
estimator of population variance and the adapted variance
estimators considered in this paper. These conditions are
given as follows:
HpS*xS*,

MSE(s?,)- MSE(s?y,,) <0 if H; < — s (D
MSE (s%,04)- MSE(s%;,) <0 if Hy < 0 —=memeemaeev (12)

MSE (52, )- MSE(5%5,,) <0 if Hy<
H4((s2x+ﬁz(x))(szzﬂzz(z)))2
. s (13)
(524 B2(0)(522+62(2)) ) —((va+B200) (v2+B2(2)))
MSE (5%, )- MSE(s%4,)<0 if
Hy<— Hs((szxcxﬂ?z(x))(szzczwz(z)))2

(522G +82(0)(5%2C,+B2))) ~((v2Cx+B2(0) V2 Cy+B22)))
(14)
Where H; for i=2,3,4,5- is the term of each mean square
error with out the common multiplier of all terms and H;.
The other method which is used to compare the performance
of the proposed estimators over s2, is Percent Relative
Efficient (PRE). The Percent Relative Efficiencies (PREs) of
the different estimators are computed with respect to the
adapted estimator s2, using the formula:

2 2\ MSE(s?) .
PRE(s%;, s ”rf)_mx 100 for i=1, 2 ---------- (15)

5. Empirical Study

In this section, the performance of the suggested estimators
have been analyzed with respect to the estimators considered
in this paper. To achieve this, the data set of state wise area,
production and productivity of major spices in India was
used. In this data set, the study variable (Y) is productivity
in metric tons , the first auxiliary variable (X) is area in
thousand hectares , and the second auxiliary variable (Z) is
production in thousand tons. From each stratum 12 states are
selected. The summary of the data is given in the following
tables.

Table 1: Data statistics

N" n, Xh Yh Zh CXh Cy” CZh ﬂz(-xh) ﬂz(yh) 182(2’1)
29 12 90.2534 2.2252 150.23 1.524 0.745 1.502 6.72 2.411 12.383
29 12 90.6693 2.3486 142.95 1.515 0.781 1.722 6.23 2.476 13.564
29 12 84.9562 2.3434 138.48 1.443 0.766 1.669 5.361 2.584 14.257
Table 2: Data statistics of parameters S 50.5266 72.5386 60.66
Parameters Stratum [ Stratum 11 Stratum IIT »x
. -5 . -5 | 1.819x10°° 24 2.532 0.927
Hh (yx) 1.643 x 10 1.42 X 10 X Syz
25758.621 23551.724 20482.7586
(yz) | 56047 x107°|3.9563 x 10°[ 42985 x 10°° S.
6,z
2.774x107° | 2.782%x 1077 |4.4645x 10~°
Hh (xz) X
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Table 3: Values of parameters

Vo =3.378592 V- 18960.84 V,~ 64358.93

S2X:4400
[.=524x10"
-
[.=311x10"

C.lion Coois IBz(x)= 65522 le(Z)

=14.4724

S2
2 =14945.833

9.61x 107°

%
ﬁ =412%x 107
2

Table 4: Summary of ,U

rsth

lLl Stratum Stratum 11 Stratum 111
rsth
2.890 4.771 4.506
ILl300h
-103.789 -127.5024 -121.621
ILlZth
-135.134 -197.1155 -194.107
ILlZOIh
-10344.828 -12896.552 -8379.31
ILllZOh
55517.241 52034.483 41034.483
ILllOZh
,Ll 4827586.207 [4620689.655 |2965517.24
0304
,Ll 5413793.103 |4620689.655 |3551724.138
021k
ﬂ 12206896.552 |11068965.517 (9413793.103
0124
ﬂ 46551724.138 (44827586.207 |37586206.897
003

Table 5: PRE of the different estimators with respect to

2
N
Estimators 2 2 2 ) )
S st,y S |8 reg S pr, S pr,
PRE 4.52 100 |4.3458 |107.163 |113.5684

Table 6: Estimators with their MSE values

Estimators 2 2 2 2 2
S st,y S t S reg S p]/'l S p]/'Z
MSE values |0.420353 | 0.019 | 0.4372 | 0.01772 | 0.01673
6. Conclusion
Table 5 reveals that the suggested estimators S 2 , for
pr,

i= 1,2 has the highest PRE among other estimators
considered in this paper. So that the suggested estimators in
stratified random sampling provides a sufficient

2 .
t
It is also observed from Table 5 that the sample and

improvement in variance estimation compared to the Y

regression estimators are less efficient than S2 .Table
t

6shows that the proposed estimators of S2 is more
y

efficient than the traditional estimator of population variance
of interest variable in stratified random sampling according
to the data set of a population considered in this paper.
Theoretically, it has been established that, in general, the
regression type estimator is more efficient than the ratio-
type estimators. However, in this paper the regression

estimator of S 2 is not efficient than the sample estimator
y

and the proposed ratio-type estimators of population
variance of interest variable. From the above results and
discussion it is observed that incorporating prior
information’s obtained from the two auxiliary variables
improves population variance of interest variable in
stratified random sampling scheme. As a recommendation
based on results, the proposed ratio-type variance estimators
may be preferred over traditional ratio- type and sample
estimator of population variance for the use in practical
applications. This paper can be improved by adding higher
order Taylor series terms. In forthcoming studies, we
recommended to develop improved variance estimators by
adapting the estimators of Rajesh Singi and Mukesh Kumar
(2012).
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(A.1) Where

dl;{izh(a’ be.de.f.g.h0lsz,, w7 52,808 520202 G2 :%h(a, bcd,e.f,g,hDls2, 7,752, 0% 52207 -
dy=2-h(a,b,c,d e, f, 6, Dls2,, 7,7 57 50k 5770
d,= :—d h(a,b,c,d,e, f,g,h,i) |52yh,7h_7 52 R S I
ds=2-h(a,b,c,d e, f, 0,0 Dl52,, v7 57 50k 5770

a .
d67 Eh(aﬁ bﬁ c, d; e, f; g; h, l)lszyh‘?h‘]? 'Sthr)?hr)? 'Szzh,zhrz »
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2 .

d,= % h(a,b,c,d,e, f,g,h,i) |52yh,7h,? S? 0 XnX 2 I
] .

dg=--h(a,b,c,d,e,f,g9.hDls2, v, 752 %,%.5%,0207

i} .
d97 Eh(a, b, C, d. e, f: 9, h, l) |52yh’7h’}7 rsth‘)?h‘)? 'Szzh,Zh'Z and

o’ 0. 0. Ou Os Ow On Ox O
Oy 0% On Ou Os Ox On Ox O
O On o2 Ou Os Ox On Ox O
Ouw On Ou g% Os Ow On Os O
590y On Os Ou g Ox Os Os Os [4.2]
Ouw On Os Ouw Os oo Os Ox O
0. On On Ou Os Ox g% Ox O
0w Ow Ouw Ou Os Ow Ow oo O
Ouw On Ou Oswu Owu Ow Osn Ou O

Here h(a,b,c,d,e, f,g,h,i)=h (szyh, Vi Vst » sth, Xn, Xsr » Szzh Zn, Zst) and X, is the variance-covariance matrixes of

h(a,b,c,d, e, f, g, h,i). Note that Xo, =¥%_, w, X,=X,
Yor =YK _ 0, V=Y and Zy, =Y%_, w,Z,=Z. According to equation (A.2), we obtain d,, for the estimator, 52, as follows,

Let V0:Z§:1 whszthFZ’ﬁ:l wp (Y, —Y)?
V, = Zho1 0nS2n+Eh=1 0n (X — X)?

V,= S wpS? Yk wn(Z, —Z)?, then we have

VoWh 2vowp(Xp—X) 2vowp(Xp—-X) vowp

Wy th(Yh - 7) - th(Yh - 7) -

_S?x % Vi Vi V1 V2
ViV _ 2vowp(Zp=2) 2vowp(Zp-2)
V2 V2

dp

We obtain the MSE of s, using (A.1), as
2N  S*xS%y
mMSEGs?) =5 | H + H | (A3)

k — _
_\¥ 2 2 2 v v A 2
Where H] - Zh=la) ;,V(S yhj+4;a) h(Yh YICOV(yh’S yhj COV(yM,S yhj}—i_ !
k — — _ _
AN _
Lo ,,(Yh—Y )Z )20y, )+ (,)]
H2 =—4 Zﬁ:l Vowzh(Yh - 7) [i (COU(}_’h.Sth) - COU(Yst'Sth)) + %(cov(yhﬁszzh) - COUO_/sttszzh))] -

vV (IJZ
2yk Ov—lh cov(s?un, s%yn) —

o o
kK Voo n(Xp—X)
4Yh=1 v

— — vV — — vV —
[cov(xh,szyh) — cov(%g, s%yp) — f (cov (%, 52 ¢p) — cov (X, $%4)) — i (cov(xp, s2,1) —

S 2 Kk Yow?n 2 2 ko1 2 (V. _ V(% 7 s = s =
cov(Xs¢, zh))] - 22h=1TCOU(S 2 S2yn) — 82}1:1; vow?, (Y, — V)X, — X)[cov(Fp, %) — cov(Yp, Xst) —
_gvk Y@’hTn-NEh-2)

82’1:1 vy

'Vz (1)2 'Vz (IJZ
25:1 321 A U(Sth) + 2 Zﬁﬂvi_hhcov(sth, Szzh) +4 Zﬁﬂ

cov(Yse, Xp) + cov(Vgr, Xst)] [cov(Fn, Z1) — cov(Fn, Zgt) — cov(Fse, Zn) + cov(Pse, Zse)] +
v 0% p (Xp—X)?
v2,

[v(xp) — 2cov(Xy, X)) + v(Xs)] +

2yw? 2, (Xpn—-X)(Zp-2) R R - - - -
Shor it v(s% ) — 8 By ST [cov (T, o) — €0V (T, Zy) + €OV (Tt 7)) — cOV (T, Zsr)] +

v2ow?p(Zp—-2)2 _ _ _ vow?p(Zn-2) _ _
4‘22:1% [U(Zh) - ZCOU(Zh: Zst) + U(Zst)] - 42%:1% [COU(Zh: szyh) - CO‘U(Zst, szyh) -
v _ _ v _ _
f (COU(Zh' Sth) - COU(Zst, Sth)) - i (COU(Zh, Szzh) - COU(Zst, Szzh))]
Appendix B

The MSE of the regression estimator for the population variance in the stratified random sampling in the presence of two
auxiliary variables can be obtained using the first degree approximation in the Taylor series method as follows:

dn=l wp 20,(Yy = Y) = 20,(Y, = Y) —Brwp — 2B10p(Xp — X) 2B1wpn(Xp — X) —Pown — 2Br0p(Zy — Z) 2Brwn(Zy —
Z) 1 and Xy, ,using (A.1) and (4.2) ,
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MSE(524) = [H1+H3] (B.1)
Wheref]3 =

-2, Yoy 02cov(s?e, Szyh)+4ﬁ1 YK 02y (X — X) [cov(%g, szyh) — cov(%y, szyh) + By (cov(Fn, %) —

Cov(fst' Sth)) + BZ (Cov(fh' Szzh) - Cov(fst' szzh))] - ZBZ ZE:l thCOU(S‘zyh, Szzh)

4B, Yk 0y (Zy — Z) [COU(Z_sr'Sth) - COU(Z_h'Sth) + 31(0017(Z_h'52xh) - COU(Z_suSth)) + BZ(COU(Z_h'Szzh) -
cov(Zg, Szzh))]+4 25(1:1 wzh(Yh -Y) [ﬁ1 (COV(J_’st: Sth) = cov(Yp, Sth)) -

B2(cov(Fn, $%21) + cov(Tse, 5% 20)) [ +2B1B, Thieq 0200V (5% xn, 8% 21)+8B, Yoy 0* 4 (Vy = Y)(Z) — D)[cov(Fy, Zse) —
cov(Fn, Zy) + cov(Fsp, Z) = cov(Tse, Zor)] + 8B1 Loy 0?4 (Y — V(X — X)[cov(Fy, %se) — cov(Fn, %) + cov(Tse, %) —
cov(Ygp, X5 )]+8

BB, Xho1 02w (X, = X)(Zy = Z) [cov(y, 2,) — cov(Xp, Zse) — cOV(Xye, Zy) +

COV(fst'Z_st)]+ﬁ21 Yho1 @, v(sth)+4,[1)21 Z;(_l=1 w?, (X = X)? [v(Xy) — 2c0v(Fp, Xst) + v(Esp)] +
B2, Shoq 0P v(s? ) H4B%, Yoy 0P (Zy — 2)? [v(2y) — 2c0v(Zy, Zg) + v(Zg)]
Appendix C

The MSE of the proposed estimator szpr1 and szpr2 for the population variance in the stratified random sampling in the

presence of two auxiliary variables can be obtained using the first degree approximation in the Taylor series method as
follows:

5 oy _ v _ oy __ Vown _ 2vowp Xp—X) 2vowp (Xp—X) __ Vown
(2200 (s Bate) [On 200 =YY =200 (0 = V) - e s a0 k@) warha) Usin
T (482 (0) Va4 B2 (@)  2v0n(Zh-2) 2vown(Zh-2) &
(v2+B2(2)) (v2+B2(2))
(A.1) and (A.2), we have
2
(574B20)(522+82(2) )
MSE(s?,, ) = ( + (C.1)
(%) (1482 W2 +82(@)) (H.+H.)
Where
vow?,(Yh-Y) _ _ vow? (Y h-Y) _ _
Ho= 435000 (0G5, 52,0 — cov e, s2m)) — 4 Zhes S50 (cou ), 52,) = cov (s s2) -
vow? vow?p(Xp-X) _ _ v _
2 Zﬁzlmingc))cov(sth,szyh) - 42%:1% cov(%p, s%yn) — cov(Fst, S%yn) — (vlTOz(x)) (cov(Zn, s%xn) —
— V, — — vV (IJZ
COV(xst,Sth)) - m(cov(xhyszzh) - Cov(xst:szzh))] -2 Z’ﬁﬂmcov(szzh,szyh) -
2, (Ph-D(Xp-%) _ _ _ _
8 Thoy 2D (00, ) = OV (T Toe) = €OV ) + OV (ot T =
2 (1}_’ 217)(2 7Z) v2ow?
VoW el bt — — — — — — — —
822:1% [COU()’h,Zh) - cov(yh, Zst) - COU(YSU Zh) + COU(YSU Zst)] + ZZ:lmv(sth) +
k vZw?y 2 2 Kk ViwlnXp-X)?%r o\ - - -
2 Zh=1 (V1+/32(X))(V2+,32(Z) ) COU(S xh» S Zh) + 4‘Zh=1 (v1+ﬁ2(x))2 [v(xh) ZCOU(xh, xSt') + v(xSt)] +
k Vzoa)zh 2 _ k Vo wzh()?h—)?)(Zh—Z) — — _ — — — — _ — —
Do T 0(s% 1) = B B (s EEIDE 00 (R, 2) — covin, 21) + 0Vt ) = OV (o, 23] +
2 2 7 2 2 7 7
4yk_ Yo hEh D o —2c0v(Zy, 7o) + v(Z)] — 4 XK. M[COUZ_,SZ —cov(zy, s%,,) —
Zh—l (V2+B2(z))2 [ ( h) ( h st) ( st)] Zh_l (V2+B2(Z)) ( h yh) ( N3 yh)
vV — — v — —
m(cov(zh,sth) — cov(Zy, s%4)) — W‘;@) (cov(zy, s%2n) — COU(ZsuSZzh))]}
dh:
v _ vy _ G _ oy __ VownCx _ 2vowpCx Xp—X) 2vowpCyx (Xp—X) __ VowpCg
(Szxcx‘*'ﬁz(x))(szzcz‘*'ﬁz(z)) wp 2wp(Yy =Y) — 20, (1, — 1) (viCx+B2(x)) (viCx+B2(x)) (ViCx+B2(x)) (V2Cz+B2(2))

(v1Cx+B2(x))(v2Cz+B2(2) ) _ 2vowpCz(Zp—2) 2vowpCz(Zp—Z2)
(v2Cz+B2(2))  (v2Cz+PB2(2))

Using (A.1) and (A.2), we have

2

(524482 0)(s%22+622)))
- C.2

((V1Cx+/?z(X))(vzcz+pz(z) ))2 {Hl Hs} (C.2)

Vo Cxw?p (T p-Y) _ _ Vo Czw2 (Y p—-T) _
Where J, =—4 X, 20D (0op (5 2y cop (G, s%n) — 4Dy R (o o2y

(viCx+B2(x)) (v2Cz+B2(2))
C. Voa)zh 2 2 k
x cov(s xh» S yh) —4y5, o Cot o ()
voCz — 2 _ — 2 _
it D) (cov(#y, s ) — cov(Xg, s Zh))]
VoCxw?  (Th—Y)(Xp—X)
(v1Cx+B2(x))

MSE(s?,,, ) =

VoCxw?p(Xp—X)

cov(Fse, $%21)) — 2 Xhea o cov(%y, s%yn) — cov(%g, s%yn) —

1Cxtp2 (x))

c _ _
Yotx (cov(xh,sth) - cov(xst,sth)) -

(v1Cx+B2(x))
VoCrw?
2 Zfz:l#ﬁzéncw(szzh, Szyh) -8 Z§=1
Cov(yst'fst)] -
kK VoCzw?n(Yp=Y)(Zn—2)
8 2h=1 W2C+B2(2)) [

[cov(Fp, Xp) — cov(Yp, Xs¢) — cov(Fgp, Xp) +

o o L L 2 (2,2
cov(Fy, Zn) — cov(Fy, Zst) — covFse, Z1) + covTsr, Zse)] + Thoy m—2Lav(s%,) +
(v1Cx+B2(x))
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CxCZVZOth
+B2(X))(v2Cz+B2(2))
Kk V3w 2 k Vo CxCrw?p(Xp—X)(Zp-2)
q———v(s —8) 5.
Zh=1 (v2C4B2(2)° (%) =8 L1 (V1Cxet B2 () (V2 Co+B2(2))

2 ¢, 2,2 (Z —Z)Z _ _ _
4yk_ 1oz LRIV [v(Z,) — 2c0v(Zy, Zg) + v(Z)] — 43K,
(v2Cz+B2(2))

V2 oCxlw? p(Xp—X)?
Z
(v1Cx+B2(x))

[cov(Xy, Zg) — cov(Xy, Zy) + cov(Xge, Zy) — cov(Xgp, Zg )] +

2 25(1:1 (V1Cx COU(Sth: Szzh) + 42%:1 [v(fh) - Zcov(fh:fst) + v(fst)] +

voCz w?p(Zp—2)

(v2Cz+B2(2)) COU(Z_h,Sth) - COU(Z_St'Sth) -

Volx = 2 ) = o2 _ Yoly = <2y = o2
(V1Cx+32 (x)) (COU(Zh, S xh) COU(ZSD S xh)) (2Cz+B2(2)) (COU(Zhﬁ S zh) COU(Zst, S zh))]
Appendix D

1 N e o = 1 N
Ursth = N—hzhﬁl(ym =Y )" Xni — Xp)*(Zni — Zp)", A = o @n = BhoCh

T n N
Gh(yx) — H220h , Bh(yz) — H202h , Hh(xz) — Ho22h

H200nH020R H200nH002R HozonKoz0n”
B (yh):::o‘)h - is the population kurtosis of the variate of interest in stratum h.
200h

B (xh):::ﬂ -is the population kurtosis of the first auxiliary variable (X) in stratum h.
020h

B (zh)—;zﬂ - is the population kurtosis of the second auxiliary variable (Z) in stratum h.
002h

2 2 2
o3| :v(szyh) =Sty (B2 (yn) — 1) o)y _ v(¥n) =AnS%yn O3 ~ V(Fst) = Xhoq 025 AnS?yn

2 2 2
O4 ~ V(5% n) =AnS*xn (B2 (xn) — 1) o5 ~ V(%) =AnS%xn o6 ~ v(Es) = Xi=1 0*n AnS%en
2 2 2
o7 ~ v(s%n) = S* 0 (B2(zp) — 1) oX: v(Zn) =AnS%2n 09 ~ v(Z) = D=1 0% n AnS? o0
On=-0x~ COU(Yh:Sth) =Anlizoon O3 _ O 31— Cov(yst'szyh) =Y =1 @n AnHsoon
Ou_0 . - COV(Sth, Szyh) = S anS?yn(0n(yx) — 1), Oi5_05— COV(fh, Szyh): AnM210n
Ois O — Cov(fst: Szyh) = Xh=1@n AnHa10ns Ois —Osi— COU(Z_h: Szyh) =Anbzo1n
O17_ O _ V(% 5%2n) = S? 1S yn0n(¥2) = 1) s G _ O 4y — €OV Thr $%en)= Anbazon
O = O =0V (Fse: $%yn) =Xh=1 On Anbzotn » Oryy _ O3y . €OV Fst)=Lhi=1 On An SZyn
O»5_0Os_ cov(Yn, Xn) =AnSyxn. Oy " On_ cov(Fp, $%21)= Antaozn
Ox%x_0¢_03_0s =cov(Fse, ¥n)= cov(Fp, Xst)=Xh=1 Wp AnSyxn
O O _ VT Zn) =nSyzns Orro_ O or— Ozs — O sz = €OV, Zst)=2fi=1 @n ApSyzn
Oy O cov(Fse, $%xn)= Z;cz:l WpAntizon, O Og ™ cov(Yse, fsf):Z’fl:l w?y ArSyxn
O3y TO»x~ cov(Fst, 5% 2n)= Lhi=1 @nntiozn, O39_0O9;_ cov(Fst, Zst)=N=1 0°p AnSyzn
O Oy _ OV, %)= Anthoszons O 6 =0 o = COV(Xst, 5% xn)= Zh=1 @ndnkozon
Oy~ Oun ™~ cov(s®xn, $%2n) = AnS? nS%xn (O (2x) — 1), Ox O™ oV (Zp, 5% xn)= Ankoz1n
O Owu~ cov(Zse, $%xn)=Xfi=1 ©OnAntoz1n, Oss O¢s cov (T, Xst)=Xk=1 Wp An S%xn
O 5= 075 = ov(Xn, 5%20)= Anboran sy = Ogs = €OV(En Zn) =AnSxzn
Oso=Oos ~Oes ~ Ose~ COV(Tn Zst)=c00(Zy, Xst)=Lfi=y Wp AnSxzn
O¢i O~ cov(Zst, 5% zn)=Yfi=1 Wnlntlo1zn » Ow Oy ~ cov(Esp, Zse) =X =1 ©° nAnSxzn
Ox Os ~ cov(Zn, 5% 2n)= Antoosns O Oy~ cov(Zy, 5% 1) =X =1 WnAntoosn

= = s 7 )=yk
O3 O — cov(Zp, Zst)=Nip=1 WpARS?%
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