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Abstract: In this paper, we present an adapted method for solving linear Volterra integral equations of the second kind with regular
kernel. This method is based on the corrected Simpson's rule. Numerical examples are given to prove the efficiency and accuracy of our

method by comparison with known methods.
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1. Introduction

We consider the following linear Volterra integral
equations of the second kind:

u(x)=1f(x)+ J.X k(x,y)u(y)dy, a<x<bh.

where the function f(x) and the regular kernel k(x,y) are
given, and u(x) is the unknown function to be determined.

Many problems for physics and other disciplines lead to
integral equations. Several analytical and numerical
methods for solving integral equations have been studied
by the authors [1,2,5,6,8]. An adapted trapezoidal method
presented in [3] for solving Fredholm integral equations
and then in [4] for solving Volterra integral equations given
by Eq.(1.1). Also, Eq.(1.1) solved by modified adapted
trapezoidal methods in [9] and by adapted Simpson's
method in [10]. In this paper we introduce an adapted
method which is based on the corrected Simpson’s rule to

solve Eq.(1.1). To do this we assume the functions Tkooy)

Ix
, @ and f'(x) must exist. The idea is to approximate
y

the solutions of the above equations in even number of
equally spaced points. Then in interval [a, a+2h] we have

a+2h h
[ ke yudy = S(Tk(x.au(a)+

16k(x,a+h)u(a+h)+7k(x,a+2h)u(a+2h))+
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here, J(x,y)=——>7=.
where, J(x,y)

This approximation indicates that the error E(h) of
integration over two segments by corrected Simpson's rule
is proportional to h® . Also, we note that if the segment
width h is halved to h / 2, then

(h/2)°
302400
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2. Adapted Corrected Simpson's Method

Consider the Volterra integral equation given by (1.1). Let
the interval [a, b] be finite and partitioned by 2n equally
spaced points

a=Xp <X| < <Xpj_1 <Xpj <+ <Xjop =b.

The approximation of Eq.(1.1) in the even nodes (xy;) is
given by

u(a1) = 0+ 7 k(x, Yu(y)dy

i—1
X2j+2
=00+ ) [ ko y)u(y)dy
=07
which can be rewritten as
il X242
uy; =t + ZLT k(X,i, y)u(y)dy.
=0 "4

Using corrected Simpson's quadrature rule, the above
discrete equation becomes

i—1
h
Uy; =1 +ZE(7k2i,2ju2j +
=0

16Ky; 51182541 + 7Koi 251000142 ) +

2
! ’
E(JZi,Ouo +koi gup = Toi piun; — ko 55U )
b—a
where h = x| —X; zu.
2n

For a smaller step h, an approximation to uy; can then be
computed by replacing uy,; by the average

(u2j+u2j+2)/2a
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If we take the derivative from both sides of Eq.(1.1) with
respect to x we obtain the equation (2.2)

u'(x)=f'(x)+ LX H(x, y)u(y)dy + k(x, x)u(x).

where H(x,y) =@. We note that if u be a solution of
X

Eq.(1.1) it is a solution of Eq.(2.2) too. Now, for solving
Eq.(2.2), we must consider two cases.

2
Casel: If &;Y) exist, in this case, we use adapted
X
corrected Simpson's method for solving Eq.(2.2).
Therefore, we obtain the following system:

' ’
Ug = fo + koyouO,

! ! h h2
uy =15 + E(7Hzi,o + 8H21,1)+EL2i,0]u0 +

ie

h
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h h?
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E(HZLO% _H2i,2iu'2i), (i =1, 2,...,n).

By substituting Eq.(2.3) to Eq.(2.1) we obtain following

system:
h? h7Ky; o h?
Uy; = Fy +— Ko off) —————2—| £ +—H,: off |+
2i 2i 15 21,010 15+h2H21’2i 21 5 21,010
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Ein’zi +k2i’21j Us;, (1 = 1, 2,...,n).

where U, = fO- This system can be solved to find the

unknowns {u 2 }inzl by any suitable methods.

0°k(x, )
Ox0y

adapted Simpson's method for solving Eq.(2.2). Therefore,
we obtain the following system:

' ’
Ug = fo + koyouO,

Case2: If dose not exist, in this case, we use

! ! h
uy; =1 +§(Hzi,0 +Hyiy )uo +

2h &
EY (HZi,Zj—l +Hyi i +Hoinin )qu +
=
h )
E(HZi,Zi—l +Hy; 5 ) +Kgi 05 |ug, (i=1,2,...,0).

By substituting Eq.(2.5) to Eq.(2.1) we obtain following
system:
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where, Uy = fo. This system can be solved to find the

unknowns {u 24 }inzl by any suitable methods.

3. Numerical Examples

We present in this section numerical results (error between
exact and approximate value of u(x) ) for some examples to
show the efficiently and accuracy of the adaptive corrected
Simpson's method (ACSM) by compares this method with
other numerical methods such as adaptive Simpson's
method (ASM) and Taylor-series expansion method

(TSEM), the computations were carried out using
MALAB® 7.6.0
Example 1. Here we solve Eq.(1.1) with

k(x,y)=sin(x —y). To evaluate the accuracy of

same as in Example 1. Numerical results by ASM [10] and
ACSM with h=0.1, 0.05 are given in Table 2.

Table (2): Numerical results for Example 2

. ASM ACSM
h=0.1 | h=0.03 h=01 | h=0.05

0 0 0 0 0

02| 56610107 | 3.5408=10-F | 1501900~ | 2347710712
04 || 115441075 | 722041078 | 304621072 | 4.7611=1071
0.6 || 176491078 | 10030107 | 4632800~ | 7241 L1071
0.8 || 23976x107% | 149061077 | 626161077 | 078731012
1| 3052510 | 190920077 | 793281010 | 1.2300.10-1

Example 3. In this example we consider Eq. (1.1) with
k(x,y) = e_(X_Y) , f(x)= e ™ (l—X) and the exact

solution is U(Xx) =€ . Numerical results (also, by ASM
and ACSM) with h=0.1, 0.05 are given in Table 3.

Table (3): Numerical results for Example 3

- ASM ACSM
h=01 | h=0.% =01 | h=0.0%

0 0 0 0 0

02 || 60272102 | 15096107 | 4.8250ec107% | 12070104
0.4 [ 100621073 | 27456107 | 8.77545107F | 2106010~
0.6 || 150021073 | 3.7376107% | 1.2000:c1073 | 3.0065:=10~%
0.8 || 1.8300:107° | 438611077 | 146381077 | 3.6603=10"°
1| 200180073 | 52644107 | 1682621077 | 42122107

Example 4. In this example we solve Eq.(1.1) with
k(x,y)=y—x, f(x)=1 and the exact solution is

u(x) = cos X . Numerical results by TSEM [7], ASM [10]
and ACSM with h=0.1 are given in Table 4.

Table (4): Numerical results for Ex. 4 with h=0.1

approximation produced, f(x) is chosen such that the exact I TSEM [ ASM [ AcsM
solution isu(x) = x +1. Numerical results by ASM and 0 0 0 0
ACSM with h=0.1, 0.05 are given in Table 1. 02 186782102 | 6587=10° | 52706210
Table (1): Numerical results for Example 1 04 [123937x107F | 2.3825x10~ | 2.0663x10~
ASM ACSM 06 [ 78078107 | 5.6170x10~ | 4.4943x10~
X h=0.1 [ h=0.05 h=0.1 [ h=0.05 0.8 10145102 | 9515810 16136104
0 0 0 0 0 1 [ 5.1522x10°° | 1.3934x107° | 1.1163x107F
02 | 4.5715x107 | 2.8532x10°% | 1.2938:10°10 [ 2.0197x1071
04| 2.4108=107 | 5.873210°F | 2.638610-1 | 4.1121x10-2 4. Conclusions and Recommendations
0.6 | 14363100 | 008791078 | 4042810710 | 631141012 . . . .
- — S o = In this paper we proposed an adaptive corrected Simpson's
0.8 § 2.0072x107 | 1.2525=107" | 5.5151=107" | 8.6093=10 method for solving the linear Volterra integral equations of
1| 259832107 | 162131077 | 70638=1010 | 1.1026x10-11  the second kind with regular kernels. From numerical
examples it can be seen that the proposed numerical
Example 2. Here we solve Eq(l.1) with method is efficient and accurate to estimate the solution of

k(x,y)= e—(x—y)’ f(x) =1 and the exact solution is the
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these equations, also, this method be more efficient in case
the exact solution u(x) is a polynomial type.
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