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An Elementary Proof of Catalan-Mihailescu and
Fermat-Wiles Theorems and Generalization to Beal
Conjecture
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Abstract: A proof of both Catalan and Fermat theorems is presented and a generalization to Beal conjecture is proposed.
For this, we begin with Fermat, Catlan and Fermat-Catalan equations and solve them.
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1. Resolution of Catalan Equation

Catalan equation is y” = x7 +1
Let x/ )" —y"°x’ = 4

If

A=0=x"" =y
GCD(x,y)=1=> p=4

impossible, there is no solution, Ko Chao proved it and
If

1
A*=1;p>23=x""y—y"’x’ = — € Z impossible
y

thus p=2
We have

xq—3y2 _yp—2x3 — A — Ayp—ZyZ _qu—3x3
= (x"7 = Ay’ )yt = ("7 = ATy
(y2 + Ax3)xq"3 = (x3 + Ayz)y""2

But

GCD(x,y)=1

We have then four cases:

X =u(=x" + Ay ) v =u(—yP T+ Ax)
X7 =v(x’ + Ay*); 7 =v(y* + AXY)

or

ux® = —x77 + Ay"’z;uy2 = —y"’2 + Ax
Wi =x + Ay w7 =y + Ax°

or

X =u(=xT + Ay ) v =u(—yP T+ Ax)
Wi =x + Ay w7 =y + Ax°

or

ux’ =—x17 + Ay uy’ = —yP 7 4+ Ax

X7 =v(x + Ay*); y7 7 = (3 + AXY)
u,ves

First case

X =u(=x" + Ay )y =u(—yP T+ Ax)
X7 = v + Ay )y = vy + AxY)
We have

Yo=u =y" + Ax =AY =Y X7 = uv(—y” + Ax+ A7) =un(4” -1)y”
w(4*-1)=1

Impossible because A,u,v are integers

Second case
3

ux’ =—x + A" uy’ =y 4 Ax
wi = x4 Ayz;vy”’2 = y2 + Ax®
We have

wy” ==y + Ax1 =AY =Y x0T =P+ A+ A = (A -1)y”

wv=A"-1

and
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w(Yx =y’ ) =uvd = (= + XY A =u(yt —x*) 4

2p-4 2g-6

:>v:y4—x6;u:—y +Xx
w=A"—1=(* —xH(=p*"* + x>

= (7% w7 1= (0 - xO)(=  +x
= x4y = 2x 1y =1=(x =y ) = (2y" —1)’ =4y* —4y? +1
Impossible : = p =2

Third case

2q76)

X =u(=x + AP )y =u(—yP T+ Ax)

w7 =X+ Ay w7 =y A

We have

W =u(=y? + A2x = A y"? = Y x 7)) = u(=yP + Ax + A =u(4* -1)y”

v=u(4’-1)

and

WP =y ) ==+ A= () —x%) 4
:>u(—y2”4 +x2H) =l=p-2=¢g-3=0

Impossible because u, A are integers

Fourth Case

ux® =—x473 + Ay”fz;uy2 = —y”’2 + Ax4

X7 =v(xX + AY°); yP 7 =v(yT + Ax)
We have

u P =v(=y" + ALx = Ay’ =y x 7)) ==y + A+ A7) = (A =1)y”
u=v(4>-1)

and

u(yzxq’3 —x3y”’2) =ud = (—yz”’4 +x74 = uv(y4 —xé)A
=v(y' -x")=1

Impossible, because v,A are integers !

The only solution is A=1 and p=2 this case has been
studied by Ko Chao.

2. The Fermat Equation

Fermat equationis )" =x" £z" =x" +az"

Let x"°y° —y"?x’ = Aa

If A=0=x""=y""but GCD(x,y)=1=>n=4

impossible, there is no solution and

2 _ Aaz" <7

IfA*=z"n>3=x""y—y"

impossible = n =2
We have

(xn 2.2 n 2x2)Zn

n2n

=(x

:AaZn:AynZy Axn22
Ayn Z)y _(yn -2 _n Axn—Z)x

(y z" + Ax* )x - =(x "+ Ay )y"‘2

GCD(x,y)=1

We have then four cases:

x2=u( xn2n+Ay )’y2=u( yn2n+Axn2)

n

or

ux? =—x"? ”+Ay

X' =v(X°2" + AV " =v(y 2" + AxY)

n2n

suy’ =—y + Ax""

W' =X+ Ay v = Y72 4 AXC

or

x2 :u(_xn—ZZn +Ayn—2);y2 :u( yn 2 _n +Axn 2)

n-2 2_n

W' =X+ Ay vy = Y7+ A

or

ux’ =—x""z" + Ay"”

n2n

suy’ =—y + Ax"

X' =X+ AY?); Y T =v(y " + Ax7)

Withu,v e Z

First case

xZ =u(_xn—22n +Ayn—2);y2 =u(_yn—22n +Axn—2)

n

We have

V= uv(—y" 2"+ AN — Az (P

w4’ —z") =1

X' = (X2 + Ay " =v(y " + AxY)

) ==y 2+ A+ Aaz") = (AP — 2y

Impossible because A,u,v are integers

Second case

or

ux’ =—x""z" + Ay"”

n

n2n

uy’ =—y + Ax"

W' =X+ Ay v = Y72+ Ax

We have

uy” :_yrrZer T A" —Az”(xzy”’z

P
w=A"-z"
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But

(PN =YY =and= o=+ A=u(y' —x) A
Sar=—" P = 2
x<y

(A2 )=(7 +2 ) =) <0

AA+2) =y =Y+ =X =(F = NX 4+ >0
w=A—-7"<0

a>0

A=a(y’ x> —xy"?)<0

v=a(y' -x")>0

0<amA=vx* —**) <0

x>y

a(A=2")= (" +x)x" =y >0

2. .n=2

a(A+z") =y’ x"2 =xy" P4y —x" = =D +y" ) <0
w=A4"-2"<0

a<0

A=a(y’x"7 -x*y"?)<0

v=a(y*-x)>0

0<auvd=v(x"*-3y*"*) <0

It is impossible because = n =2
Third Case

or

n2n n2n

+ Ay"™ 2)y =u(—y + Ax" )

-2 2 —
W' =x 2"+ Ay vy
We have
W' :u(fy”zz" A 7Azn(x2y1)f
v=u(4’-z")

X' =u(—x

2 =9%2" 4+ Ax?

2 7yzx"’z)) :u(fy”zz" A"+ A2az") :M(Az o )y

and

2. n-2 _ 2)12

+x2n—4)A — (y4 —x4)A

=lDu=0;n=2

) =vA = uv(—y*"

v(y“x
:>u(_y2n -4 +x2n 4)

Impossible because u, A are integers
Fourth Case

uxZ — _xn—ZZn + Ayn—ZjuyZ — _yn—ZZn + Axn—Z

X" = v(xzz" + Ayz); y""2 = v(yzz” + sz)

We have
w'" = v(_ynZle + A" — A" (xzyn—z _yzxn—z)) _ V(_ylZZZIZ LA+ Azaz”) _ V(AZ g )y
u=v(A>-z")
and

272 (22 2n—4 4 4
u(y x" V" )=ud=(- y e JA=uv(y" —x")A

=y(x*-y )=1:>v=1;x =y*+1

Impossible! Because v, A are integers!

The only solution is A=1 and n=2

3. The Fermat-Catalan equation

The equation now is y” =x? £z° =x7 +az*

Let x/"y* — 7 7x" = ad
If
A=0= x"" =y

GCD(x,y)=1= p=4

It means that p=2 is the prime solution!
and

c
p-3 w_ %

A=z p>23=x""y -y x

Impossible because GCD(y,z)=1, thus p=2
We have

(quZ ypZW)Z_aAZ_AypZy quww
= (X7 =4 Yy = (P - AT )X

(y ZCH Ax )T =(x"z° + Ay )y”_2
GCD(x,y)=1

We have then four cases:
First Case

X =u(=x A7)y =u(—yP T+ AxTTY)
X =v(x"z¢ +Ay ); yp_2 = v(y z°4+ Ax™)

We have

Y =uv(—yP 2+ Ax —
w(A* -2z*)=1

Az (x"y”

Impossible because A,u,v are integers
Second Case

= —yPP 4 AT

i =x"z"+ Ay ;vy‘”"2 = yzz" + Ax"

ux” =—x" °+Ay”2

We have

uvy’ = 7y”zz‘ + A% — Az° (xwy"’Z 7yzx"’“') = 7y"zz‘ + AxT+ Azaz") = (AZ - zz")y

)
uv=A>-z*

and
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uv(yzx"’w —xwy"fz) =quvA = v(—yzr4 +x2”’2”’)A = u(y4 —xzw)A

R _yZp*4 +x2"72w;av _ y4 el
4 P
1< % < y_
X x?

a(A-z)=(* +x")(x"" =y ) <0

a(A+z%)= yzx"fw —xwypf2 +yf —x? = (y2 —x")(x"" +y”’z) >0
w=A"-z*<0

y>x"=a>0

A=a(y’x"" =x"y"?)<0

v=a(y'-x*")>0

0 < auvd =v(x*" —y**) <0

and if
4 P
1> yT > R
x w xq

a4 =)= (7 + ¥ ) =y >0

a(A+z) =y’ x = x"yP P4 yp? —x = (3T = x")(xT + 7)< 0
w=A>-z*<0

y<x"=a<0

A=a(y’x"" —x"y"?)<0

v=a(y' -x*)>0

0<auvd =v(x*" —y**) <0

Impossible because : = p =2
Third Case

X =u(=xT"z + AyP ) v =u(—yP Tz + AxT)
I = X"+ Ay vpP T = P2 + Ax”
We have

W =u(—y? 2 + AAx = Az (X" Y =y X)) = u(—yP 2+ A+ Aaz) =u(A - 2)y"
v=u(A—z*)

and

v(yzxqfw _xwyp72) — VA — uv(_y2p74 +x2q72W)A — (y4 —XZW)A

Su(-y" X =1 p=2

Impossible because u, A are integers
Fourth Case

ux” =—x7"z + Ay" Puy’ = —yP 25+ AxTY
xq—w :V()CWZC +Ay2);yp—2 =V(yZZc +Axw)

We have

wy? =v(=yP 2+ A x— Az (XY =YX = (P2 + A+ Aazf) = v(A - 27)y”

u=v(4>-z*)

and

u(y2xqfw _xwyp72) — MA — _y2p74 +x2q72wA — MV(y4 _ x2W)A

=v(y' —x)=1

Impossible, because v, A are integers! In the Fermat-
Catalan equation, one of the exponents must be equal to 2!
The Beal conjecture has been proved!

In fact, in the three precedent equations studied here, one
of the exponent greater or equal to 2 must be minimum,
which means that it must be 2!

4. Conclusion

We have solved both three equations by the same method
and proved two theorems and one conjecture.
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