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Abstract: As the one dimensional (1-D) Fourier transform can be extended into 1-D fractional Fourier transform (FrFT), we can also
generalize the two-dimensional (2-D) Fourier transform. Recently several properties of FrFT have been developed by generalizing the
properties of the ordinary Fourier transform (FrFT). In this paper Applications of Generalized two —dimensional fractional Fourier

transform is presented.
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1. Introduction

Fractional Fourier transform (FrFT) is a generalization of the
ordinary FT. FrFT was first introduced as a way to solve
certain classes of ordinary and partial differential equations
arising in quantum mechanics [1]. FrFT has established itself
as a powerful tool for the analysis of time varying signals,
especially in optics [2]. FrFT has found applications in areas
of signal processing such as repeated filtering, fractional
convolution and correlation, beam forming, optional filter,
convolution, filtering and wavelet transforms, time frequency
representation. In every area in which Fourier transform and
frequency domain concepts are used, then exists the potential
for generalization and improved by using the FrFT[3].

Recently FrFT independently discussed by lots of
researchers. Ozaktas etal [4] had given applications of FrFT
in optics and signal processing. Alieva T [5] has developed
fractional transforms in optical Information processing.
Bultheel A. et al in [6] had given recent developments in the
theory of fractional Fourier & linear canonical transforms.
Djurovic [7] etal had established FrFT as a signal processing
tool. Salazar F. [8] had given a new introduction to the FrFT
and its applications.

In the present work generalization of two dimensional
Fractional Fourier transform in presented. Application of
two-dimensional Fractional Fourier transform in the form of
examples are given. Two dimensional FrFT of some
functions are obtained.

2. Preliminaries

2.1 Fourier Transform
The Fourier transform of function x (t) in defined as
0

x(w)=L [ x(w) eth dt

Nl

And inverse is given by

e IWt 4w

x(t):ﬁojox (W)

2.2 One dimensional fractional fourier transform

One dimensional fractional Fourier transform with parameter
o of f(x) difined as
FrET{f (x)} = E.(u)

= |7 f)ka(x, wdx-—-—(1.1)

where the kernel

ko (x,u) = ’1_;;:“1 eZSiina[(x2+u2) cosa—2(xw)]_____ (12)

3. Distributional Two Dimensional Fractional
Fourier Transform

3.1 Conventional Two- dimensional Fractional Fourier
transforms

The two dimensional fractional Fourier transform with
parameter < of f(x, y) denoted by

FRFT { f(x,y) } performs a linear operation given by the
integral transform

FRFT { f(x,y) } = EL f(x,y) }(w, v)

= F,.(u,v)

=7 %, f@y) Ku(x, y,u, v)dx dy, -—(3.1)

Where the kernel,

K. (o, y,u,v) = Cloceiczoc[(xz+u2+y2+v2)cosa—2(xu+yv)] ,

’l—icotoc 1
Cloc - o ) Czcx - 2sina ----(3.2)

—-(3.2)

3.2 The testing function space E

An infinitely differentiable complex values smooth function
@ on R™ belongs to E(R™) if for each compact set I < S, ;,
where,

Sap =, y:x,y €R" |x| < a, |yl <b,a>0,b>0},]

€ R™,

Vena(® = 0 DEY 0k, )|
< oo, where p,q = 1,2,3, ....
Thus E(R™) will denote the space of all @ € E(R™) with
support contained in S, j,.
Note that the space E is complete and therefore a Frechet
space. Moreover, we say that f is a fractional Fourier
transformable if it is a member of E* , the dual space of E.

sup
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3.3 Distributional Two-dimensional fractional Fourier
transform

The two distributional two-dimensional fractional Fourier
transform of f(x,y) € E(R™) can be defined by,
FRFT{F(X,Y)} = F.(u,v)

= (f(0,¥), K (X, 7, U, 1)) ..coe. .. 3.1)
When K, (x, y,u, v) = Clo(eiczoc[(xZ+u2+y2+u2)cosa—2(xu+yv)]
1- 1
, Croc = ‘;"“" Caot = 5o o oe o (3.2)

The right hand side of (3.1) has a meaning as the application
of feE*to K. (x,y,u,v) €EE.
It extended to the complex space as an entire function given
by
FRFT{F(X,Y)} = F.(g,h)

=(f(,y),Ke (6, 9,9, 1)) ev v (3.3)
Where
Ko (x,y,9,h) = Cixe
The right hand side of (3.3) is meaningful because for each
g hec, K, (x,y,u,v) € E, as a function of x, y.

iCox|(x2+9%+y?+h?)cosa—2(xg+yh)]

4. Examples on Generalized 2DFrFt

4.1- Prove that [2DFrFT(1)](u, v)

V2rn(1l —icota) im 1[3+_6052a](uz+,,z)

=——————e?2¢e2l sin2a
cota
Proof:
2DFTFT{f (x,y)}(u, )
= f f Claeﬁ[(ﬂ+u2+y2+v2)cosa—2(xu+y,,)]

i
[2DFrFT(1)](u,v) = Claef(uz‘ﬂiz)Cota

0%

L2iy2 i
ez(x +y?)cota—i(xu+yv)coseca 1 dxdy

[2DFrFT §(x — a,y — b)|(w,v) = Claeé(uzﬂiz)cotae%(az+b2)cota—i(au—bv)coseca

4.3- Prove that: [2DFrFT e/@* 0y (y,v) =

21(1-cot®) e%(u2+v2)cota
(cota+2a)(cota+2b)

2

u2
e icosec a(ZCO ta+4a+2cota+4b)

Proof:

i
[2DFrFT {f (x, y)}(w,v) = Cyqe2® +v7e0te

f fe%'(xz+y2)com—i(xu+yv)coseca f(x,y) dxdy

—00 —00

[2DFrFT ei(“"2+by2)](u v) =

. cota
Lz[

i 2. )
—(u“+v“)cota oo +a uxcoseca
C €7 ) [ |- d

fj:oeiyz[m;a ]—ivycosecocd

e4\/— ib?
Tz

J5, et P dp = SR eha —o(4.1)

cota
- b = —u coseca

m i(—u coseca)?
ea\m cota e4 r[

¢ |
cota Cota
2 N2

[ in
eam | iuPcosec?a+iv?cosec?a

e 2cota

cota

L 2

v1 —icota im iuz[cosal 1 1 i z[cosal 1 1

= ———\/2mme2e2" lsina sinacosale2” lsina ' sinacosal

cota

J2m(1 —icota) im iy2[l+cos? 0‘]
= ‘2 ez sinacosa
cota

+2r (1l —icota) im lu2[3+(1052a]

=X — ‘T e72e2" | sin2a
cota

J2r(1 —icota) im £[3+F052“](u2+vz)

= —pe2¢2l sin2a
cota

where, a =

%(u2 +v?)cota cota

= Clae

Lo2,.2
s(u+v*)cota
=C e2™
la

i o[1+cos?a]
e2 |sinacosal

i o[3+cos2a
L2[3%¢ ]
e2” | sin2a

[2DFrFT(1)](u,v)
J2rn(l=icota) = l3+msza](u2+y2)

= — e 2e2l sin2a
cota

4.2- Prove that: [2DFrFT 6(x — a,y — b)|(u,v) =

Cia esza[(a +u?+b2+v?)cosa—2(au+bv)]

[2DFTFT {f (x, )} (u, v)

%(u2 +v?)cota

= Clae

0%

eEi(xZ+y2)cot¢x—i(xu+yv)coseca F(x,y) dxdy

_ Claeﬁ(az +u2+b2+v?)cosa—2(au—bv)

cota

Taking a = [ + a], b = —ucoseca etc

Therefore using equation (4.1)
[2DFTrFT ei(“"z”’yz)] (u,v)

1—icot®
21

e%(uz +v?)cota

i i(—u coseca)? i i(—u coseca)?

ea\m e 4(cozta+a) ea\m e 4(cota+b)

cota a cota
2 2

+b
i
2me 2
J(cota+2a),/(cota+2b)

1-icot®

2 i 2 u? v?
Jeota ,icosecta (s oromaat o cotaran)

_ 2m(1—cot®) e%(u2+v2)cota
(cota+2a)(cota+2b)

e%(u2+v

i(—v coseca)?
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2

i 2o(—H- VT
elcosec a(zmta+4a+2£ota+4b)

4.4- Prove that: [2DFrFT e'(@*+D))|(y, v)

J2n(1 —icota) im _i

= e 2e2cota

cota
2., 52y 3+cos2al, 2. 2
e{(a +b?) 2coseca(au+bv)}+[—sinm ](u +v?)

Proof-

i
(u?+v?)cota

[2DFrFT {f (x, )} (w, v) = Cipe2

Therefore using equation (4.1)

[ZDFrFT el(ax+by)](u v) = lCOtQ) (u 2492)cota € * VT 4' T[
Cota

V2r(l —icota) im ipag,., (a-ucoseca)?,

= —p2¢2 cota
cota
(b-v coseca)?
ez[v cota+———_""——]
J2n(1 —icota) in i[uzcota  a’—2au coseca  u® Cosecza]
= pe2¢2 ! cota ' cota
cota
i 2 cotadt b2-2bv coseca | v2 casecza1
ez[v ad cota " cota !
[2(1 — icota) in L a’?-2au coseca | u? (3+cos2a)]
= = ‘e 7Ze2? cota ) sinza |
cota
irbz—zbv coseca | v2 (3+cos2a)
ez2! cota sin2a ]
V2m(1 —icota)
cota
i i (a +b2) 2 cuseca(au+bv)1 (3+cos2a)(u +v2)
e 2 ezcota' cota ' sin2a

[2DFrFT '@+ (y, v)

V2 (1 —icota)

cota
i g e e Sz
Generalized 2DFrFT
S.N.| f(x,y) {2DFrFTf (x,y)}(u,v)

1 1 V2r(1 —icota)
_ e 2
~ cota
e%(ScosecZa+cot2a)(u2+v2)
2 d(x—ay C eﬁ[(az+u2+b2+v2)cos¢x—2(au+bv)]
_ b) la

3 HaxTby®) 2n(1 — cot®)
(cota + 2a)(cota + 2b)

i
=(u?+v?)cota

. 2 u? v2
elCOSEC a(ZCota+4a+2c’ota+4b)

4 | e'@*by) | r(1 — icota)
cota

in 2
ez eZcotae{(a +b2)-2coseca(au+bv)}

[3 + cosZa] 2 4 2
sin2a (u v

J‘ J‘ e%(xz+y2)cota—i(xu+yli)COSECa f(x,y) dxdy

—00 —00

[ZDF TFT ei(““b”](u, V)
bo2,.2 . . .
= + t [e<] 2 _

— Claez(u v)cota f_ etx cota Luxcosecaﬂaxdx

o0 .2 s .
f ely“cota mycosecaﬂbydy
—o0

cota

Taking a = , b = a —ucoseca etc

i(b—u coseca)?
e4\m 4_(cota)
e 2

i(a—u coseca)®  im

G

cota
2

5. Conclusion

In the present work generalization of two dimensional
Fractional Fourier transform is presented. Some applications
of 2DFrFt is obtained.
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