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Abstract: Simplified fractional Fourier transform (SFRFT) are equivalent to the fractional Fourier transform (FRFT) for the 
fractional filter design or fractional correlation. Besides, the SFRFTs can be used in many applications. In the present work, we have 
generalized Simplified fractional Fourier transform in distributional sense. 
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1. Introduction 
 
The fractional Fourier transform (FRFT) has been used for 
many years and it is useful in many applications. Most 
applications of the FRFT are based on the design of 
fractional filters or on fractional correlation. Simplified 
fractional Fourier transform are special cases of linear 
canonical transform. They have the same capabilities as the 
original FRFT. But they are simpler than the original FRFT 
in terms of digital computation, optical implementation, 
implementation of gradient index media and implementation 
of radar system [1]. 
The simplified FRFT of type 1, type 2, type 3 are special 
cases of LCT where 
��, �, �, �� = �����, 1, −1,0�, 
��, �, �, �� = �1, ����, −2����, −1�, ��, �, �, �� =
�����, ������, �����

��
, ����� [2]. 

 
In digital implementation and conventional convolution, the 
simplified FRFT of type 1 is simpler than the FRFT but it 
has some effects as the FRFT of order � for filter design. 
Furthermore, the simplified FRFT of type 1 has a main use in 
optical implementation. 
 
The SFRFT of type 2 has main use in optical implementation 
for the reduction of optical components. The SFRFT of type 
3 has additive and periodic properties that use the GRIN 
medium to design fractional filter that the total length of the 
system is independent of the value of � [3,4]. In the present 
paper introduction to generalized Simplified fractional FTs 
are presented.  
 
2. Conventional Simplified Fractional Fourier 
Transform 

2.1 The Simplified Fractional Fourier transform 
(SFRFT) of type 1: 

 The Simplified fractional Fourier transform with parameter 
� of �(�) denoted by ��(�)

� ��(�)�performs a linear operation 
given by the integral transform, 
��(�)

� ��(�)� = ����(�)�(�) 
 = � �(�)��(�, �)���

��  (2.1) 
Where the kernel, 

��(�, �) = (�2�)��
�� ��������

�������� (2.2) 

2.2 The Simplified Fractional Fourier transform 
(SFRFT) of type 2: 

The Simplified fractional Fourier transform with parameter � 
of �(�) denoted by ��(�)

� ��(�)� is defined as 
��(�)

� ��(�)� = ����(�)�(�) 
 = � �(�)��(�, �)���

��  (2.3) 
Where the kernel, 

��(�, �) = (����
���

)�
�� ���

��������������
������� (2.4) 

2.3 The Simplified Fractional Fourier transform 
(SFRFT) of type 3: 

The Simplified fractional Fourier transform with  
parameter  of �(�) denoted by ��(�)

∅ ��(�)� is defined as 
��(�)

∅ ��(�)� = �∅��(�)�(�) 
 = � �(�)�∅(�, �)���

��  (2.5) 
Where the kernel, 

�∅(�, �) = ( ���∅
�����

)�
�� �

�
���

�����∅���������∅
��

� �
���

�����∅�  
(2.6)  

where �� = �
�

� �
����

�
�

��
, ∅ = � ���

��
�

�
��
  

3. Testing Function Space 

An infinitely differentiable complex valued smooth function 
� on �� belongs to �(��) if for each compact set � < ��  
where, �� = �����, |�| ≤ �, � > 0�, ����. 
��,�(�) = sup������

��(�)� < ∞, where � = 1,2,3, − − − − 
Thus �(��) will denote the space of all ���(��) with 
support contained in ��. 
Note that the space � is complete and therefore a Frechet 
space. Moreover, we say that f is a Simplified fractional 
Fourier transformable if it is a member of �∗, the dual space 
of �. 
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4. Distributional Simplified fractional Fourier 
transform (SFRFT) of type 1: 

The distributional Simplified fractional Fourier transform of 
�(�)ϵ�(��) can be defined by  
��(�)

� ��(�)� = ����(�)�(�) = 〈�(�) , ��(�, �)〉 (4.1) 

where, ��(�, �) = (�2�)��
�� ��������

�������� (4.2) 
RHS of equation (4.1) has a meaning as the applications of 
�ϵ�∗ to ��(�, �)ϵ�. 

5. Distributional Simplified fractional Fourier  

5.1-Conversion of Simplified fractional Fourier 
transform to Simplified Fourier transform 
Proof: The generalized simplified fractional Fourier 
transform is 
 ��(�)

� ��(�)� = ����(�)�(�) 

 = � �(�)(�2�)��
�� ��������

�����������
��   

 = (�2�)��
�� � �(�)��������

�����������
��  

 = (�2�)��
�� � ��(�)�(����)���

��  

where, ��(�) = �(�)���
�������� 

 = (�2�)��
�� ����(�)� 

����(�)�(�) = (�2�)��
�� ����(�)�, 

where, ����(�)� is simplified Fourier transform. 
Thus if �(�) is any signal then  
 ��(�)

� ��(�)� = (�2�)��
�� ����(�)� 

 
5.2-Generalized Simplified fractional Fourier transform 
reduces to conventional Simplified Fourier transform if 
� = �

�
. 

Proof: The generalized simplified fractional Fourier 
transform is  
��(�)

� ��(�)� = ����(�)�(�) 

 = � �(�)(�2�)��
�� ��������

�����������
��  

putting � = �
�
 

  

 = � �(�)(�2�)��
�� ��������

�������
�����

��  
 = (�2�)��

�� � �(�)�(����)���
��  

 = ���(�)�(�), which is simplified Fourier transform of 
�(�). 
∴ ��(�)

� ��(�)� = ����(�)�(�) = ���(�)�(�). 
 
6. Properties of Kernel of Simplified fractional 
Fourier transform of type 1 
 
6.1 To prove �(��)(�, �) = ��

∗(−�, �) 
 
Proof:- Consider,  

��(�, �) = (�2�)��
�� ��������

�������� 

���(�, �) = (�2�)��
�� ��������

������(��)� 

 = (�2�)��
�� ��������

�������� 

 = ���������
�������� , where, � = (2��)��

��  
 = ��

∗(−�, �) 
 
6.2 To prove ��(−�, �) = �����(�, �) 
 
Proof:- Consider,  

��(�, �) = (�2�)��
�� ��������

�������� 

��(−�, �) = (�2�)��
�� �������

�������� 

 = ���(�2�)��
�� ��������

�������� 
 = �����(�, �) 
��(−�, �) = �����(�, �) 
 
6.3 To prove ��(�, 0) = ������(�, �) 
 
Proof:- Consider,  

��(�, �) = (�2�)��
�� ��������

�������� 

∴ ��(�, 0) = (�2�)��
�� ���

�������� 

 = (�2�)��
�� ���

����������������� 
 = ������(�, �) 
 
7. Linearity Property 
 
If ��(�)

� ��(�)� is generalized Simplified fractional Fourier 
transform of �(�) and ��(�)

� ��(�)� generalized Simplified 
fractional Fourier transform of �(�) then 

��(�)
� ����(�) + ���(�)�(�) 

= ����(�)
� ��(�)�(�) + ����(�)

� ��(�)�(�) 
Proof: 
Consider,  

��(�)
� ����(�) + ���(�)�(�) 

= � (�2�)��
�� ��������

������������(�) + ���(�)���
�

��
 

 = �� � (�2�)��
�� ��������

���������(�)���
��   

 +�� � (�2�)��
�� ��������

���������(�)���
��  

 = ����(�)
� ��(�)�(�) + ����(�)

� ��(�)�(�) 

 
8. Conclusion 

In the present work generalization of simplified fractional 
Fourier transform is presented. They have great potential for 
replacing the original FRFTs in many applications. 
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