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Abstract: Simplified fractional Fourier transform (SFRFT) are equivalent to the fractional Fourier transform (FRFT) for the
fractional filter design or fractional correlation. Besides, the SFRFTs can be used in many applications. In the present work, we have
generalized Simplified fractional Fourier transform in distributional sense.
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1. Introduction

The fractional Fourier transform (FRFT) has been used for
many years and it is useful in many applications. Most
applications of the FRFT are based on the design of
fractional filters or on fractional correlation. Simplified
fractional Fourier transform are special cases of linear
canonical transform. They have the same capabilities as the
original FRFT. But they are simpler than the original FRFT
in terms of digital computation, optical implementation,
implementation of gradient index media and implementation
of radar system [1].

The simplified FRFT of type 1, type 2, type 3 are special
cases of LCT where

{a,b,c,d} = {cota,1,—1,0},
{a,b,c,d} = {1, tana, —2cota, —1},

{cos<p, W, sing, _;i/w , cos<p} [2].

{aJ bl Cl d} =

In digital implementation and conventional convolution, the
simplified FRFT of type 1 is simpler than the FRFT but it
has some effects as the FRFT of order a for filter design.
Furthermore, the simplified FRFT of type 1 has a main use in
optical implementation.

The SFRFT of type 2 has main use in optical implementation
for the reduction of optical components. The SFRFT of type
3 has additive and periodic properties that use the GRIN
medium to design fractional filter that the total length of the
system is independent of the value of ¢ [3,4]. In the present
paper introduction to generalized Simplified fractional FTs
are presented.

2. Conventional Simplified Fractional Fourier
Transform

2.1 The Simplified Fractional
(SFRFT) of type 1:

Fourier transform

The Simplified fractional Fourier transform with parameter
a of f(t) denoted by OF (4, (f (¢) )performs a linear operation
given by the integral transform,

Ofy(f () = R{f(©}w)

= [, f(OK (Wt (2.1)

Where the kernel,

K, (tu) = (].Zn)_l/Ze(—juH%tzcota) 2.2)

2.2 The Simplified Fractional transform

(SFRFT) of type 2:

Fourier

The Simplified fractional Fourier transform with parameter 6
of f(t) denoted by 0,?(2)(}‘(15)) is defined as

08y (f(®) = Fo{f (D}(w)
= [7 FOK(t, u)dt (2.3)

Where the kernel,
to 1/, _Iy2 2
Ko(t,u) = (C;n) /273U COt0 g mutH3t7cotd (5 4)
2.3 The Simplified Fractional Fourier transform
(SFREFT) of type 3:

The Simplified fractional Fourier transform with
parameter @ of f(t) denoted by 0,9(3)( f (t)) is defined as

02 (f (1) = Folf (D}W)

= [% F(OKy(t, w)dt (2.5)
Where the kernel,

cscd 1/ J_w2cotp (—jut +
= (—— 202W w 2w
Ky(t,u) (jzﬂ x) e2Wx e x

(2.6)

csch Ltzcota))
X

W) e=i ()

NxMNo

1
where W, = E(

3. Testing Function Space

An infinitely differentiable complex valued smooth function
@ on R™ belongs to E(R™) if for each compact set I < S,
where, S, = {teR", |t] < a,a > 0}, IeR™.

Vep(@) = sup.e |Df o(t)| < oo, wherep = 1,2,3,— — — —
Thus E(R™) will denote the space of all @eE(R™) with
support contained in S, .

Note that the space E is complete and therefore a Frechet
space. Moreover, we say that f is a Simplified fractional
Fourier transformable if it is a member of E*, the dual space
of E.
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4. Distributional Simplified fractional Fourier
transform (SFRFT) of type 1:

The distributional Simplified fractional Fourier transform of
f(eE(R™) can be defined by

Of oy (f(©) = BAf(O}w) = (f (1), Ka(t,w)) (4.1)

)
where, K, (t,u) = (jZn)‘l/Ze(_J”“Etzcom) (4.2)
RHS of equation (4.1) has a meaning as the applications of
feE" to K, (t, u)eE.

5. Distributional Simplified fractional Fourier

5.1-Conversion of Simplified fractional Fourier
transform to Simplified Fourier transform
Proof: The generalized simplified fractional Fourier

transform is

0F ) (f(®) = BAf ()} (w)

= 1% f@©G2m) el Tzt g,
= Gamy e [, (el merstteote) gy
= (j2m)~ 2 [, f(ye 0 dt

where, f(t) = f (t)e(%tzc"“")

= (j2m)~2F{f ()}

FAF @Y = G2m)~ 2F{f (),

where, F { f (t)} is simplified Fourier transform.
Thus if f(t) is any signal then

0f ) (f®) = (2 2F{f (0}

5.2-Generalized Simplified fractional Fourier transform
reduces to conventional Simplified Fourier transform if

1
0= >
Proof: The generalized simplified fractional Fourier

transform is

OF 1y (f() = FAf(©)}(w)

_ f_oooof(t)(],27_[)_1/26(—jut+%tzcota)dt

putting a = g

= %, F©) G2m) (T eo) gy

= (j2m)~ /2 [, (e 0dt

= F{f(t)}(w), which is simplified Fourier transform of
f@.

= 0y (f () = FAF()}(w) = F{f ()} (w).

6. Properties of Kernel of Simplified fractional
Fourier transform of type 1

6.1 To prove K_(t,u) = K;y(—t, u)

Proof:- Consider,

Ka(t,u) = (j2m)ze(Turvieeots)

K_a(tu) = (j2m)~zelueriteoro)
_ (].2”)_1/2 e [—jut—%tzcota]

= Ae[_jut_%tzcom] , Where, A = (21tj)_1/2
= Kq(—t,u)

6.2 To prove K, (—t,u) = e K, (t,u)

Proof:- Consider,

j -1 (_l'ut'*'itzcota)
Ka(t;u) = (]27'[) /Ze 2'
K,(—t,u) = (jZn)_l/ze(jut+%fzcota)
= ezj(iZn)_l/ze(—J'uH%tzcota)
= ezjK(l (t’ u)
Ka(=t,0) = e Kq(t,u)

6.3 To prove K,,(t,0) = eW'K,(t,u)

Proof:- Consider, .
K, (t,u) = (j2m)Y2e(-Tur+5t?eota)
S Ky (t,0) = (j2m)- Vet eot)

= (]'27.[)—1/2e@tzcota)e_jquut

= ejutKa (t,w)

7. Linearity Property

If Oﬁ‘(l)(f (¢)) is generalized Simplified fractional Fourier
transform of f(t) and Oﬁ‘(l)(g(t)) generalized Simplified
fractional Fourier transform of g(t) then
Ory[Cif () + Cog(O)](w)
= C0r ) [f (OIW) + €054y [g(O)](w)
Proof:
Consider,

0?(1)[C1f(t') + C,9(®)](w)
= f (2m) 2T @) [ £ (8) + C,g(0)]dt

—00

_ Cl fjow(iZT[)_1/26(_jut+%t2wta)f(t)dt

+Cz f_oow(jZn)_l/Ze(_juH%tzwm)g(f)dt
= G 08 [fO1W) + €084, [g (O] (W)

8. Conclusion

In the present work generalization of simplified fractional
Fourier transform is presented. They have great potential for
replacing the original FRFTs in many applications.
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