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Abstract: The integral transform plays an important role in the solution of a wide class of problems of mathematical physics, for
instance, boundary value problem for Laplace equation etc. Considerably which are used to solve the boundary value problems of
Mathematical Physics and Partial Differential equation etc. In this paper, the generalization of Fourier- Stieltjes transform is
presented. Abelian theorem of initial value type and final value type are proved. These results are widely used to solve the boundary

value problems.
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1. Introduction

The conventional Fourier-Stieltjes transform of a complex
valued smooth function f{t,x} is defined by the convergent

integral.
Fls,y) = F5{f (t.x)} _

=0, fit.x) & (x +9)P dtdx (1.1
Where, £ and x are positive real numbers. The peculiarity of
the transformation (1.1) lies in fact that it involves the
integration with respect to parameter. Its extension to the
distribution of compact support which involves some
complicated analysis has been done by Zemanian [7].

The distributional Fourier-Stieltjes transform is defined as
FS{f(t.x)} =F(s,v) = <f(t.x).e™™ (x +¥)7P> (1.2)

where for each fixed #{0 = £ = =), x(0 < x = =) the right
hand side of above equation has same as an application of
f(t.x) € F5;to = (x + ¥)™P € F§,, for some s = 0 and
& =< Re pand F5_ is dual space of F5.

Considerably the Abelian theorem is important in solving the
boundary value problems of partial differential equation and
mathematical physics etc. We know that, Integral
transformation is one the well known techniques used for the
functions transformation and integral transform method have
proved to be the great importance in solving boundary value
problems of mathematical physics and partial differential
equation[1] etc.

There are various transforms such as Laplace, Fourier,
Stieltjes, Mellin etc. We studied several theorems for the
integral transform and then extend this result to the
distributional generalized sense. This paper provides
extension of distributional generalized Fourier-Stieltjes
transform to initial and final value theorem.

Different S-types spaces are introduced in[3,4,5] along with
some operators on these spaces. The testing spaces £5,
transform given as-

A function @(t,x} defined on t{0 = £ < =) x(0 = x = =)
is said to be member of F5, if @(t, x} is smooth and for each
non-negative integer . L g,
Vip1.g0 (. ) = Sup|t*(1 + x)P D} (xD,)? 0z, )|

b

= w(1.3)
In this paper we have proved some Abelian theorem of initial
value type and some Lemmas in section 2. In section 3, we

established the Abelian theorem of final value type. The
notation and terminology will follow that Zemanian[7].

2. Some Abelian Theorem of Initial value Type

Conditions:
(i)f{t,x:] =0for—wm=t=T, 0<x=<mwm
(1) There exist real number s and ¥ such that

£l x)e™ ™ (x + )77 is absolutely integrable.
2.1 Theorem:-

For locally integrable function f(t,x) satisfying above
condition with T = 0 and existence of any complete constant
A and real number m and n such that-
ijm=—liijn=—-1liii]fep =n +1

(=™ " rime+n)

And lim;,_p+ Py f(t.x) = A then
lim s—e s™FL P11 Fs 4} = 4

r0T
Where, € = P

Ip-n-1rm+l
Proof:-

We extend the result to a distributional F5 Transform-

= . f_pmEl o
. M-zt _ -0 m+1
i] -IFD tte dt = i

form=-1, s =0 (2.1.1)

ii] Also by Widder-

fn " (x+ vy Pdx = pp—
forn=-1,Rep=n+1(2.12)
So that-

™ty R s,y — A

rp-n-irn+1i
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?'I"+i }.. -n—-1
- - Acx® ™
fn fn e~ (x + y)-F |f'{i',x] _—.;-ﬁm-ir.;rr.+1:.| dt dx
= gMtl p#-n-1
L S -p _ AcCx™ ™
Uy oo™ G+ [fle0) - 55— dedx
= e _iep A=p Acx® ™
+I e+ )P ) - S| dtax
T = - - Acy ™
+J'.D J;_.e? wr':x-i—_‘}-‘:] B f{t,xj—m dt dx
ac- o - J LM
+ e 4+ P |Flex) - —2E ] dt dx)

[(—O™* rrm+n)
(2.1.3)

By Widder Page No.181,

For any £, we can find a constant M Such that —

i n m

srr.+1J’xg—|3r |f{-r 1—:]_—51 AL |
T ! (—i™* Frm+1y
Cx™ gt

( ( —— for s = ¢ Whereas R.H.S. of this
[—{1m#1 [g_g)glls—=)T

inequality approaches zero as = becomes infinite.
And also by Widder page number 183, Lemma 2.

o
lim _ax) dx — 0
oot {.:c + ¥)?
Therefore by using above inequalities
= lim si‘T.+1. J_,r.'l—i"!—l
— E=m
y=0~
cx® ™ —0™*? rrme1)

Ll

P o—py™m rime 1 |f{t"r:].
e = (x +v)P dtdx

_,q|

C x™ ™

(=)™ F(m +1) _A‘

Cxm™m
. DEx=sX .
Since, T and X are arbitrary

lim [s™** yP="~F(s,y) — Al

=07

< lime g+ [f(e2) &2
x—0"

O™ rome1)

Cx® tm

_,q|

From which the result follows.

2.2 Lemma:

If f(t.x) € FS, with its support in te £t < and
xp=x=w  Where ¢ =0 and x>0 then
IF(s.y)| = M % x¥ where, M is sufficiently large constant.

Proof:-

Let glt.x) be a smooth function on 0O =<¢# <= and
0 = x = @ such that g{t,x} = 1 on [tf, =) and [xg,%) and
g{t.x) =0 on (0.T) and (0,X) where, T < t; andX¥ < x;.
As a distribution of slow growth satisfies a boundedness
property of distribution, there exist a positive constant K and

a non negative integer such p that

IFis.v)| =K max sup [£*(1 + x)*D}(xD, ) 0(t, x)|
PostX=x

= H mi"‘nsrsa_supnstz{x

651 + 2P DH D, ¥ g(E, ) F (t, x)|

= K max sup |£5(1 4+ 27 g'*+9(, x)F (£, x)]
bsStsp petem
PP

Where g[“?{t, ) gives the [th derivative of g'it,x] w.r.to £
and derivative of glt,x) w.r.to x.

F(s.y)| _ _

= K maxpepe, Suposte: [t5(1 + x)P g'+9lt, x) f (2. x)

= K maxpepe, SUP psts= th xP+a
pEX s

As f(t.x})is a member of F5 and k.g =012
F.y)l =K max sup £ x

2P0 pataex
DS XSm

IF(s.y)| < M 5P
Where, M is sufficiently large constant.

2.3 Lemma

If f(t.x) is decomposed into flt.x} = f (t.x) + £ (£, x),
where f;(t,x) is the ordinary FS transformable function
satisfying the hypothesis theorem (3.1) and #(t x} is a
regular distribution satisfying the above lemma then
lim s=es sMAL P11 Flz v = A
y=0
Proof:-
It follows from above lemma that-

i]lim s== 5™ 9?7 Fls,y) =0

y—=0
And from theorem (3.1), we have-
ii] lim s gMtd pp-n-l Fs,y) = 4

y—=0
Moreover the distributional F5 transform F; of f; equals the
ordinary  generalized F5 transform offi, so that
F(s,v) =F (s.v) + E(s,v).Therefore (i) and (ii) proves
theorem.

3. Some Abelian Theorems of the Final Value
Type

Theorem:

For a locally integrable function f{t,x) satisfying condition
with T = [l and existence of any complex constant 4 and real
number m and = such that-

ijm= —liiln=—-1liii|Rep=n+1
and limr_x_,x%—’;:m f(t.x) = Athen

lim,_ = s™+ yP-"1 Fls,y) = A where, £ =

¥

iy
rp-n—1rn+i

Proof:-
We know by Zemanian page number 243 and extend the
result to a distributional F5 transform-

. . r_pmEL -
m _—izt _ =0 rm+1
[y tTe ™ dt = R

form = -1, 5 =0(3.1)
ii] Also by Widder-
= _ _ rp-n-irn+i
T (x4 y) P ax =TI,
forn = —1,Rep=n+1(3.2)
So that-
[sTHL P =m-lp(s ) — Al
|5+ y-”'“"‘F{SJ}-‘TJ -4l
= g+l J:.p—r!—l

Tr¥ i - Acxt ™

iy [ e = & +y)F |f{t,.ﬂ —m| dtdx
= pX it - Aca® ™

+I e e+ |0 - S | dtdx
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Acxt ™

+fn _|;_. e (x + y)7F |f':t,.r:] —ml dt dx
W ey o __Acat™
+ e e+ )7 |fx) —[_Dm_mmu| dt dx}
(3.3)
Here,
T
im 5 [ &= |pxt SR AL
dm st e ) T e rmr 1)
o
As s — 07 above integral approaches zero
Also,
[ e
ox
lim j— dx —= 0
Yo s {_r + _1}.':]!'-"
As ¥ approaches above integral becomes zero.
Therefore (3.3) implies that-
[sTHL P =m-lp(s ) — Al
£ gMmtl _,}_.p—n—l.
WopR  per —p _ Acx® ™
Je fe e ™0+ 9)7P |f @ x) = S| dt dx

Taking limits on 5 = 07 y — =0
limls™* y? " F(s.y) — Al
=

yow

Y
W cx®
'I:-" JF"‘-' |f—[j"-"_'i;:£rr.+lj
fit. x) —"_ljc Iﬂlr:':m - .H| e = (x +¥)7F dtdx
(=)™ F(m + 1)
< £, —
= s fEeD——F=m
Ksxsm

Since T and X are arbitrary
lim, g+ ls™t: P10 (s, y) — A |

Y
=™ rim+1)

Cx™ ™

< lim |7, — 4

Hence proved

4. Conclusion

This paper provides extension of distributional generalized
Fourier-Stieltjes transform, Also Abelian theorem of intial
value type and final value type are proved. This Abelian
theorem can be used to solve boundary value problems.
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