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1. Introduction

Let A(p) denote the class of functions of the form:

F(2) = 2P + Z @ 7* (a2 0,p € N = {1,233, ...}), (L.1)
k=p+1

which are analytic and p — valent in the open unit disk U =

{z:z € C,|z| < 1}. If f and g are analytic functions in U, we say

that f is subordinate to g in U,

written f < g or f(z) < g(2), if there exists a Schwarz function
w(z) analytic in U, with w(0) = 0 and |w(z)| < 1 such that
f(2)=g(w(),(z €.
In particular, if the function g is univalent in U, then f < g if
f(0) = g(0), and f(U) < g(U) ([4,13)).
For the functionf given by (1.1) and g € A(p) given by

g =27 + Z byz*.
k=p+1

the Hadamard product (or convolution ) of f and g is defined by

(fxg)(2) =2z + Z agbz® = (g * f)(2).

k=P+1
The set of all functions f that are analytic and injective on

U / E(f), Denote by Qwhere
E(f) = {( €U : l;_r)x}f(Z) = oo}.
and are such thatf ({) # 0 for { € AU\ E(f ) (see [14]).

Let 1: C3 x U = C, andh is univalent in U withq € Q. Miller and
Mocanu [13] consider the problem of determining conditions on
admissible functions 1 such that

¥(p(2),2P(2),2°p(2); 2) < h(2) (1.2)

implies p(z) < q(2), for all functions p(z) € H[a, n] that satisfy
the differential subordination (1.2),moreover, they found
conditions so that q is the smallest function with this property,
called the best dominant of the subordination (1.2).

Let¢p: C3xU —>C, andh € H withq € H[a,n]. Recently
Miller and Mocanu [14,15] studied the dual problem and
determined conditions on ¢ such that

h(z) < ¢(p(2), 20(2),2°D(2); z) (1.3)
implies q(z) < p(z), for all functions p € Q that satisfy the
above super ordination. They also found conditions so that the

function g is the largest function with this property, called
the best subordinate of the super ordination (1.3).

In [5] Catag extended the multiplier transformation and
defined the operator I7'(A,€)f (z)on A(p) by the

following infinite series

o [P+ L+ Ak —p)]"
', Df(2) = 27 + Z [p—(p)] a7,
p+1
k=p+1
A1=20;l=20;peNmEeENy;z€eU),(14)
we note that:

I, Df (2) = f(2), and I;(1,0)f (z) =
By specializing the parameters m, A, £ and p, we obtain the
following operators studied by various authors:

1) ', Df(2) = L,(m.1)f (2) (see [12,21])

2) I*(1,0)f (z) = Dg*f(2) (see [2.11,18]).

3) M(LDf(2) = [['f(2) (see [6,7]).

4) I"(1,0)f(2) = D™ f(z)(m € Ny) (see [19]).

5) I"(4,0)f (2) = D;*f (2) (see [1]).

6) I7"(L,1)f (2) = I"f(2) (see [22]).

7) I3'(4,0)f(z) = Dy, f (z) where D}, f (z) is defined by
SN I
Furthermore  we dl‘tef“lpr:re1 the  integral

I3*(A, &, 6)f (2), f(2) € A(p) as follows :
(4 a,8)f(2) = f(2)
;4 a,8)f(2) = L,(4, a,8)f (2)

_ (p J;“‘S)Zp—(%“&) f G ORI

Zf(Z)

operator

A, a,6)f(2)
-(* ;a(s)zp_(%ﬁ)fo PG
and, in general
', @, 6)f (2)

= (E22) 05 | "B g, 0, ) (0 de

(f(z) € A(p);m € Ny;z € U) (1.5)
We see that for f(z) € A(p), we have that
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m

o p+ad
FAasf@) =2+ (p T ad + Ak — p))
k=p+1 a,z*, (m € N,) . (1.6)

From (1.6), it easy to verify that
22(I2£(2)9) = (a8 +p) (1 f(2)) -
(a6 +p(1 - D) (1;;”2 f(z)) .(1.7)

We note that:

1) I™(4,0,0)f(z) = I;"f(z) (see [18])
2) IF(L,1,1)f(2) = I1%f(2) (see [10]).
3) '(1,1,1)f (2) = I;*f (2) (see [20]).
4) I"(1,1,1)f(2) = D™f(z) (see [17]).
5) "(LLDf(2) =1"f(2) (see [9]).
6) 17"(1,0,0)f(2) = I"™f(2) (see [19]).

Also we note that :
=Jp'f(2)

1- 17(1,0,0)f (2)
= {f(Z):]Z;"f(Z) =+ y (B
k=n+p

2- "(LLDf(2) =] (Df (@)

a,z®, me Ny, z € U}.

= p+NH"
=3f(@2):Jr(Df(z) = 2P + —_— az",meN,l>O,zEU}.
{ g kzzm (k+l) k 0
PG00/ (@) = [ @)

= {f (2):Jpaf (2) = 2P

k + A(K ) k ’ o -
k=n+p

eu}

In this paper, we shall determine some properties on the
admissible functions defined with operator I" (4, a, §).

2. Preliminaries

In order to prove our results, we shall make use of the following
known results.

Lemma (2.1)[8]: Let g be univalent in U,{ € C* \ {0} and

suppose that
Re {1 + %} > max{O —Re <f)} (2.1)

If p(z) is analytic in U, with p(0) = q(0) and
p(2) +{zp(2) < q(2) +{z4(2),(2.2)

then p(z) < q(2), and q(z) is the best dominant.
Lemma (2.2)[13] :Let the function q(z) be univalent in the unit
disk, and let 8, ¢ be analytic in domain D containing q(U) with
@(w) # 0 when w € q(U). Set
Q(2) = 24(2)¢(q(2)) and h(z) = 6(q(2)) + Q(2). Suppose
that

1- @ is star like univalent in U.

zh(z)
2- Re{Q( )}> OforzeU.

If p is analytic with p(0) = q(0),p(U) € D and

0(p(2)) +zp(D e (p(2) < 6(q(2)) + 24(2)9(q(2)), (23)
then p < q, and q(2) is the best dominant.
Lemma (2.3)[3] :Let q(z) be convex in U,q(0) =a and
{ €CRe(() >0.
Ifp € H[a, 1] and p(2) + yz4(2) is univalent in U then

q(z) +{zq(2) < p(2) + {zp(2),(2.4)
implies q(z) < p(2), and q(2) is the best subordinant.
Lemma (2.4)[4] : Let q(z) be convex univalent in the unit
disk U and let 6, ¢ be analytic in a domain D containing
q(U). Suppose that

6(q(2)
1- Re{ o ())}>0,f0rzEU.

2-zq(z)p(q(2)) is star like univalent in U.
If p(z) € H[q(0),1]NQ, with p(U) € D, and 6(p(2)) +
zp(z)p(p(2)) is univalent in U, and
0(q(2)) +24(D9(q(2)) < 6(p(2)) + 26D e(p(2)), (2.5)

then q(z) < p(2), and q(z) is the best subordinant.

3. Main Results

Unless otherwise mentioned, we shall assume in the
reminder of this paper that 1> 0,a,6 2 0;p E Nym €
Ny =NU{0};z€ U and the powers are understood as
principle values.

Theorem (3.1): Let q(z) be univalent in U with q(0) =
1,5 € C*, ¥y > 0 and suppose that

Re {1 + %} max {0, —Re (M)}, (3.1

BA
If f € A(p) satisfies the subordination
a /3)< y Sz )> B(%””f(Z))‘Tlﬁl“f(Z)

I*2f (2)
z4(2),(3.2)

zP

<a@+ y(ad +p)

Im+2 o
(—’” Zf (Z)) <q(2)

and q(z) is the best dominant.

then

Proof : If we consider the analytic function

(W) ,0>0,z€U(3.3)

Differentiating (3.3) logarithmically with respect to z and
using the identity (1.7) in the resulting equation, we have

zp(z) o(ba+ IMtif(z
p(z) _o( p) (1 f()_l’(3'4)
p(2) A I5*%f (z)
that is
Im+2 7 o Im+1 7
i = (B@Y (Br@
o(8a +p) zP n2f(z)
Thus, the subordination (3.2) is equivalent to
() + =2 2p(2) < () + e 24(2). (35
piz a(6a+p)ZpZ ¢z J(5a+p)zqz'(')
Applying lemma (2.1), with {=J(5a+p), the proof of
Theorem (1.1) is completed.
+Az

Taking the convex function (z) = , in the Theorem

1+Bz
(1.1), we have the following corollary.

Corollary (3.1): Let A, B€C,A# B,|B| <1,Re(8) >0
andy > 0.1f f(2) € A(p) satisfies the subordination

52 f () B @\ 5 f(2)
B)( ) ﬁ(” = > @)
1+ Az BA  (A—B)z

<1+BZ o(1 +p) (1 + Bz)?

Then
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1+ Az
1+ Bz

<1£”+2f (Z)>0'
zP

and % is the best dominant.
Taking m = 0 in Theorem (3.1), we obtain the following result:

Corollary (3.2): Let g(z) be univalent in U, with q(0) = 1,8 €
C*,o > 0, and suppose that (3.1) holds. If f(z) € A(p) satisfies
the subordination

12 2 14
(1- ﬁ)( f(Z)) +ﬁ<1pf(2)>

zP

Lf ()
Lif(2)

<q(2) + zq(2),

BA
o(ad +p)

(151‘(2))” B,

then

zP
and q(z) is the best dominant.
Taking « =4 =1 in the Theorem (3.1), we have the
following result.

Corollary (3.3) : Let g(2) be univalent in U, with q(0) = 1,8 €
C*,0 > 0, and suppose that (3.1) holds. If f(z) € A(p) satisfies
the subordination

1m+2 1m+2 o
(1- ﬁ)( f()) ﬁ<p f(Z))

zP

L f(2)
Iif(2)

z4(2),

< q(z)+—a(5ﬁ+ _

1m+2 a
(—’” Zf (Z)> < q(2).

and q(z) is the best dominant.

then

Theorem (3.2) : Let q(z) be univalent in U, with q(0) = 1 and
q(z) #0 forallze U, let A, € C*, f € A(p) and suppose that
f and q satisfy the next conditions:

m+2f( );to (3.6)
and )
Re {1 + Z;((ZZ)) - qu((zz))} >0,(z€eU)@3.7)
If
I f (2) Azq(2)
i)~ @ r e Y
then
1m+2 a
(£12) <o

and q(z) is the best dominant of (3.6).

m+2 o
p(z) = (%#) ,z € U (3.9)

According to (3.4) the function p(z) is analytic in U, and
differentiating (3.9) logarithmically with respect to z, we obtain
4 m+1
zp(z) _o(Sa+p) <1p f@ 1>’(3.10)
p(2) A I7*2f (2)
In order to prove our result we will use Lemma (2.2). In this
lemma consider

Proof: Let

A
o(ad +p)w
then 6 is analytic in C and @ (w) # 0 is analytic in C*. Also
if we let

f(w) =1and p(w) =

126
Q) = z4(p(q(2) = a(a+§,z))q(z)
and
Az
h(z) = 6(q(2) +Q(2) = 1 +w(+(;;(z)

from (3.7), we see that Q(z) is a starlike function in U. We

also have
Zh(Z)} { 24(2) Z!?(Z)}
Re Re{l+ — - >0,(zel)
{Q(Z) 4(z) q(2)
and then, by using Lemma (2.2) we deduce that the
subordination (3.6) implies
r(2) <q(2)

and the function q(z) is the best dominant of (3.8).
@) =" (-1<B<A<1) in

1+Bz
Theorem (3.2), it is easy to check that the assumption (3.5)

holds, hence we obtain the next result.
Corollary (3.4) : Let 0 € C*. Let f(2) € A(p) and suppose
that

Taking

m+2
1”2# #0,(z € U).
If
I f(2) <14 Az(A — B)
m+2f(z) g(ad +p)(1 + Az)(1 + Bz)
then
mM2f(2)\° 1+Az
( zP ) 1+ Bz

1447 . .
and q(2) = I:—Bz is the best dominant.

Taking q(z) = g in Theorem (3.2), it is easy to check that
the assumption (3.5) holds, hence we obtain the next result.

Corollary (3.5) : Let 0 € C*, f(z) € A(p) and suppose that

m+2
1”2# #0,(z € U).
If
1 (2) ) 21z
12 f(z) " o(@d + p) A -2 +2)
then
mM2f(2)\° 14z
( zP ) = 1—2z

and q(z2) = 2*2 s the best dominant.
1-z

Theorem (3.3): Let g(2) be univalent in U, with g(0) = 1,
let 0 € C*,and lety,v,n € C with v+ 1n # 0. Letf € A(p)
and suppose that f and g satisfy the next conditions:

VI f(2) + 0l f (2)
(v +m)zP

#0,(z € U) (3.11)

and

Re {1 + M} > max{0, —Re()}, (z € U) (3.12)

(2)
If
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T @) + R ()]
W(z)—w[ & T
vz(ILf (2)) + vz(I2f (2))
I\ V@) + )

- p)] (3.13)

Y(2) <q(2) +——

and

24(2)

ok ,(3.14)

then

v1m+1 7 Im+2 7 o
[ p f (@) + 0l f( )] <4
(v +n)zP
and q(z) is the best dominant of (3.11).
Proof : Let
Vg (@) + gt f(2)]”
p(z) = [ )z ] ,Z €U (3.15)
According to (3.8) the function p(z) is analytic in U, and
differentiating (3.15) logarithmically with respect to z, we
obtain

Zﬁ(z) _ VZ(I;;n_Hf(Z)j + VZ(IZ;n+2f(Z)j ~ ]
p(2) =0 [ VI{,’H'lf(Z) T 771,§"+2f(z) r|,(3.16)
and hence
zp(z)

_, [vl,s”“f(z) + nlgr“f(z)]" [vzu;r“f(z)j +vz(I* f (2))
v +n)z? VI (2) + nIftef (2)

-Pp

In order to prove our result, we will use Lemma (2.2). In this
lemma consider

6(w) = yYw and p(w) = %

then 6 is analytic in C and ¢ (w) # 0 is analytic in C*. Also if we
let

Q(2) = 24(2)9(q(2) = a[
and
h(z) = 6(q(2)) + Q(2)
- [w;““f(z) + nl;"”f(Z)]”
(v+n)zp
. vz(IF* 1 f (2)) + vz f (2)) ~
VI @) + it f(z) L
from (3.11), we see that Q(2) is a starlike function in U. We also
2§(2)

have
R{Zh(z)} { T4 }>0(EU
0 ) =R T 0 EED

and then, by using Lemma (2.2) we deduce that the subordination
(3.14) implies

va(I £ (2)) + vz(Ug2f (2)) ]
VI @) + i f )

P(Z) <q(2).
Taking q(z) =

and according to(3.4), the condltlon (3.12) becomes
1-1B|
0,—-R < —
Hence, for the special case v =1 and n =0, we obtain the
following result.
Corollary (3.6) : Let i € C with

1—|B|

max{0,—Re(¥)} < 1718

Let f(z) € A(p) and suppose that
I (2)
zP

#0,(z e U).
If
vImf(2) +]° z(If (2))
"’[ 7 ] to [( ()
1+ A4z

1+ Bz
1+ Az

@)Y
zP 1+ Bz

1447 . .
and q(2) = I:—Bz is the best dominant.

)

(A-B)z
(1+A2)(1 +B2)

then

Taking p=v=m=1,n=0andq(z)=g in

Theorem (3.3), we obtain the next result.
Corollary (3.7) : Let f(z) € A(p) and suppose that

2f()

—*0,(z€l).
ando € C*. If
1?f ()]’ z(I*f (2))
1”[ z *"K 77 (2) ‘1>]
142z 2z
Vi ta+aa-o
then
Pf)\ 1+z
( z ><1—z

14z . .
and q(z) = —= is the best dominant.
1-z

4. Superordination and Sandwich Results

Theorem (4.1): Let q(z) be a convex in U with q(0) =
1,8 €C Re(B) >0,y > 0. If

I*25(2)\
£(2) € A(p) such that (—) € H[q(0),1] N Q and
1-p) (Ip m+2 f(z)) +B <1p +zf(z)>
U, and satisfies the superordination

q(z) +

<1-p (' / (Z)>
iy (1;“+2f(z>> ()

2 ) @

pf(2)
IT¥2f(7)

is univalent in

BA ,
(a(g—_{_p)ZQ(Z)

4.1

then
m+2 o
q(2) < (%#)

and q(z) is the best subordinant.
Proof :If we consider the analytic function

m+2 g
(%) ,z €U (4.2)

Differentiating (4.2) logarithmically with respect to z and
using the identity (1.7) in the resulting equation, we have

zp(z) _o(Sa+p) <1£”+1f(2) B 1)
r(2) A I7*2f (2)

that is
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A . 22\ (B f(2)
Gai PO =" i,y 1
o(Sa +p) zP *2f ()
Thus, the subordination (4.1) is equivalent to

. BA ,
A S < _ .
40 + 5y M) < ) + s 7B()
Applying Lemma (2.3), with { = pr (5: pres the proof of Theorem

(4.1) is completed.

Taking m =0 in Theorem (4.1), we obtain the
following result:
Corollary (4.1): Let q(z) be convex in U, with q(0) = 1,8 €
C,Re(B) > 0,0 € C*, and suppose that (3.1) holds. If f(z) €

A(p) such that ( pf(z)) € H[q(0),1] n Qand
2 2 g
a- ,8)( f(Z)> + <1pf(z)> L,f(2)

zP I3f (2)
Is univalent in U and satisfies the superordination

q(2) +

z4(2)

2f(2) 2f(2)\°
<1 B)( ) ﬁ(—”z,,>

2 I
o <(P22)

and q(z) is the best superordinant.

Taking @ = A =1 in the Theorem (4.1), we have the
following result.
Corollary (4.2): Let q(z) be convex in U, with q(0) = 1,8 €
C,Re(B) > 0,0 € C*, and suppose that (3.1) holds. If f(z) €

A(p) such that ( ﬂz)) € H[q(0),1] n Qand
(1-p) (I;mzf(z)) ‘B (1;n+ f(z))

VAL
Is univalent in U and satisfies the superordinant

q(2) +

o(ad +p)
I;f(2)
I3f(z)

then

L f(2)
2 f(2)

z§(2)
<1-p) (1 f (Z))

ny (l;in”f (Z)) I f(2)

2 ) IpfG)

o) < ( 2f(Z)>

and q(z) is the best superordination.
Theorem (4.2) : Let q(z) be convex in U, with q(0) = 1,let
0 € C" and let Y,v,n € C with v+n # 0 and Re(ip) > 0. Let
f € A(p) and suppose that fsatisfies the next conditions:
VI f(2) + 0l f (2)
(v +n)zp

o(8 +p)

£0,(z € U) (4.3)

and

V1m+1f(z)+7llm+2f(2) [
( 3 v+ n);; > € H[q(0),1] n Q, (4.4)

If the function ¥ (z)given by (3.13) is univalent inU and,

Ya@) + "(( )) < W(2), (45)

Im+1 + 1m+2 g
S < (B @ @)
(v+mzP
and q(z) is the best subordinate of (4.5).

then

Proof : Let
VI f(2) + it f (@)
D D
= ,Z€U (4.6
p() ( e ) z€U (46)
According to (4.3) the function p(z) is analytic in U, and

differentiating (4.6) logarithmically with respect to z, we
obtain

(@) _ [ @ v @) L
@ | @ v T
In order to prove our result we will use Lemma (2.4). In
this lemma consider
1
6(w) =yYw and p(w) = ”

then 6 is analytic in C and ¢ (w) # 0 is analytic in C*.
We see that

() = 242 (a() ,
_ [veUpt @)+ va(UR (@)
RO o)

and
h(z) = 6(q(2) + Q(2)
o [vl;"“f(z) + nl;"”f(z)]”
(v +n)zp
” [(VZ(IZ,"“f (2)) +vz(I"**f(2))
VIF*f (2) + nlp*2f (2)
)

from (3.11), we see that Q(z) is a starlike function in U.
From, we also have
24(2)

R{Zh(z)} {¢+1+ }>0( e
,(z
Q(2) 4(2)
and then, by using Lemma (2.4) we deduce that the
subordination (4.5) implies
q(z) < p(2)
the proof of Theorem (4.2) is completed.

Combining Theorem (3.1) with Theorem (4.1) and
Theorem (3.3) with Theorem (4.2), we obtain, respectively
the following two sandwich results.

Theorem (4.3) :Let q;,q, are two convex functions in
U withq,(0) = q,(0) =1 and ¢, satisfies (3.1) , B €
C,Re(B) > 0 and Re(o) > 0. If f(z) € A(p) such that

m+2 o
<M> HIg0),11n 0,
wo o-p (B g (E B
univalent in U, and satisfies
A
q1(2)+y( 5+ zq,(2)
m+2
<a- ﬁ)( f(Z))
BHF @\ I @)
”( Z ) o)
BA ,
<q(2) + mz%(z), (4.8)
then
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1m+2 g
q:(2) < <pz—£(z>> < q2(2)

and q4,q, are, respectively, the best subordinant and the best
dominant of (4.8).
Theorem (4.4) :Let g4, q, are two convex in U, with g;(0) =
q,(0) =1, let c€C andyp,v,n €C with v+n+#0 and
Re(y) > 0. Let f € A(p) and suppose that fsatisfies the next
conditions:

VIPHS (2) + i (2)

(v+n)zp

*0,(zeU)

and

[l [m+2 o
(v ; f((j);g;; f(Z)> € H[q(0),1] N 0,

If the function ¥ (z)given by (3.13) is univalent inU and,
2G,(2) 24,(2)

Yaq,(z) + o) <W¥(z) <Yq,(2) + ROk

v1m+1f(z) + 771m+2]c(z) g

p p

< <

and q,(2),q,(2) are, respectively, the best subordinate and the
best dominant of (4.9).

(4.9)

then

Remark 1: Combining Corollaries (3.2), (4.1) and (3.3), (4.2),
we obtain the corresponding Sandwich results for the operators
Lyand I**1, respectively.

Remark 2: Taking p =41 =1 and [ = 0 in Theorems (3.1),(4.1)
and (4.3), respectively, we obtain the results obtained by Cotirla
[8, Theorems (3.1),(3.4) and (3.7), respectively].
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