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Abstract: Fractional Cosine Transform (FRCT) is a generalization of the ordinary cosine transform and it has similar relationship
with Fractional Fourier Transform (FRFT) as the ordinary cosine and sine transforms have with the Fourier Transform (FT).
Fractional domain is useful for solving some problems, which cannot be solved in the original domain. In this paper Operation
transform formulae on two dimensional fractional Cosine transform are discussed in the range — to ©
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1. Introduction

Integral transformations have been successfully used for
almost two centuries in solving many problems in applied
mathematics, mathematical physics, and engineering science
and one of best transform is Fourier transform. Fourier
transform (FT) is named in the honor of Joseph Fourier
(1768-1830). In the theory of Integral transform, Fourier
analysis is one of the most frequently used tools in signal
processing and many other scientific fields. The FrFT is a
generalization of the ordinary Fourier transform [1] with an
order parameter o and is identical to the ordinary Fourier
transform when this order a is equal to p/2. Since the
ordinary Fourier transform and related techniques are of
importance in various different areas like communications,
signal processing and control systems, it is natural to expect
the FrFT to find many applications in these fields as well. In
fact, the FrFT has already found many applications in the
areas of signal processing and communications [2-3].

We know that the Cosine and Sine transforms and their
discrete versions are useful tools in signal and image
processing, such as signal coding [4], watermarking [5] and
restoration of de-focused images [6]. In the Ref. [7] Pei and
Yeh extended the Cosine transform to the discrete fractional
cosine transform (DFrCT) and the discrete fractional sine
transform (DFrST). Both of them possess well the angle
additivity property of the DFrFT. Moreover, the DFrCT and
DFrST are used in the digital computation of FrFT for the
reducing computational load of the DFrFT.

The success of FrFT in its application has promoted the
development of other kinds of fractional transforms like
fractional Hartley transform, fractional Hadamard transform,
fractional cosine transform and fractional sine transform
(FrST). Pei Soo-Chang redefined the fractional cosine
transform and fractional sine transform based on fractional
Fourier transform in 2001 [8-9]. FrST is the extension of sine
transform and it has been widely used in domain of digital
signal and image processing [10].

The idea of fractionalization of CT and ST was proposed in
[8]. There the real and imaginary parts of the fractional FT
kernel were chosen as the kernels for a fractional CT and a

fractional ST respectively. The fractional CT can be used for
separately processing the even part of two sided function.
Although, the generalization to the two —and-higher
dimensional cases is straight forward. The fractional CT can
be considered as Elementary fractional transforms of causal
signals, which are able to treat the even part of general (non-
causal) signals separately. In rest of paper we discussed some
examples on generalized two dimensional fractional cosine
transform in the range—oo to .

2. Examples

21If F{f (x, y)}(u, v) denotes generalized two dimensional
fractional Cosine transform of f(x,y)then

—i
F&{1}(u,v) = V2 tan?a — itanqez (W +v*)tana

Solution:

i(x2+y2+u2+v2)cota
2

o po @ -
r@n = [ 1 2m
o —® cos(coseca.ux).
cos(coseca.vy) dxdy

1 —icota

1 —icota i(u2+v2)cota
_— 2

FED @) = [

© ro  j(x2+y?)cota
J- f le 2 cos(coseca.ux) .cos(coseca.vy) dx dy

i(u?+v?)cota
2

1-icota
B=e

Let, A=

i(x%)cota

F&{1}(u,v) = ABf e~ 2 cos(coseca.ux) dx

© i(yz)cota
f e 2 cos(coseca.vy)dy
Let, a= % , b=coseca.u, c=coseca.v
F&{1}(u,v) = ABf ei**a cos(bx) dx

f_ocoo e’ cos(cy) dy
F&{1}(u,v) = AB
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/ erfl( (2ax—c)>
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<4\/—( 1)4\/_6_;)
\+(erf1 (— (2ax + c))

I
\1
|
)
]
FE{1}(u,v) = B—( 1)2 \/_4

wa V@
| erfi ( L (2ax — b))
el

I (4=
l\+(erfz (2\/5 (2ax + b))
/ erfi (Z—‘/\g (2ax — c)) \]l
| 4 |
\+(erfi (2—‘/\2 (2ax + c))/Jl
1 3 —i(b%+c?)
FE{1}(u,v) = ABE (-Dzr (e 4a )
<erfi (% (oo)> + (erfi (% (@)) -
(erfi (% (—oo)) + (erfi (% (—oo)))
(e}
(erfz( (—oo)> + (erft( (—oo)))

Here erfi(vio) =i

[
|
|
I
|

—00

1 3 —i(b2+c?)
FE{1}(u,v) = ABE (-Dzr (e 4a ) [16i]

1 3 —i(b2+c?)
F&{1}(u,v) = ABE(—l)Zn (e 4a >i
Fé{1}(u, v)

3
1 —icota iu’+v?)cotaj(—1)27 [ =i(b®+c?)
= |/ _—¢€ 2 e 4a
21 a
1 —icota i(u2+v?)cota
Fé{1}(u,v) = Te 2

] 3 —i(csc?au?+csc?av?)
i(-1)zm Lot
e 2
a

3
1—icota =i 1 i(—-1)z
FE)v) = |t 0y LT
2n a
’1 —icota =i; 2, 2 i‘m
a _ S-(u?+v?)tana
F&{1}(u,v) = —n ez Cota
2

1—icota =i/ 2, - 2n
Fe{1}(u,v) = - (u?+v?)tana
¢ 2n ¢ cota

—i
F&{1}(u,v) = V2 tan?a — itanqez (W +v*)tana

2.2, HEA{f(x,y)}(w,v) denotes generalized two
dimensional fractional Cosine transform of f(x, y) then

Fc‘-"{((ﬁ(x —a).6(y — b))} =K&(a,b,u,v)
Solution:

FH{(6(x —a).8(y — b))} = f f (6(x—a).6(y = b))

i(x2+y%+u?+v?)cota
2

1-icota

2T

cos(coseca.ux).cos(coseca.vy)

FE{(6(x — a).8(y — b))} = f f (6(x—a).6(y = b))

i(x2+y2+u2+v?)cota

—1_;?“ e 2 cos(coseca.ux) .cos(coseca.vy)
dxdy
—i i(u?+v?)cota
Let A= 1-icota B = ef
FE{(8(x — 0).6(y — b))} = AB

i(x?)cota
f 6(x—a)e” 2 cos(coseca.ux) dx

i(y?)cota

f_w 6(y—b)e 2z cos(coseca.vy)dy

i(a?)cota
Fé"{((S(x —a).6(y — b))} = ABe™ 2
i(b?)cota
cos(coseca.ua).e” 2 cos(coseca.vb)

We know that [~ &(t — a) p()dt = ¢(a)
i(a?+b?)cota

Fg‘{(S(x —a).6(y — b))} = ABe 2

cos(coseca.ua).cos(coseca.vb)

Fg‘{(S(x —a).6(y — b))} = K%(a,b,u,v)

23. If EX{f(x,y)}(u,v) denotes generalized two
dimensional fractional Cosine transform of f(x,y)then

—m2(1 — icotar)
F&{cosx.cosy}(u,v) = S —

i
ei((u2 +v?2)cota—tana(csc?au?+csc?av?+2)

cos(seca.u).cos(seca.v)
Solution:

Fg{cosx.cosy}(u,v)=f J- COSX.COSy

1 —icota i(x*+y*+u*+v?)cota
——e 2
21 dy

cos(coseca.ux).cos(coseca.vy) dx

F&{cosx.cosy}(u,v) = ABf J- COSX.COSy
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i(x?2+y?)cota
e 2 dy
cos(coseca.ux).cos(coseca.vy) dx

(12 42
1—-icota i(u?+v?)cota
Let A= /—n,B =e 2

F&{cosx.cosy}(u,v) = AB
f f i(x2+y*)cota +y2)cota 1

- (cos(csc. u+ x
+ cos(csc.u —1x)
1
> (cos(csc.v + 1)y + cos(csc.v — 1) y).dx dy

1
F&{cosx.cosy}(u,v) = AB 2

i(x?2+y?)cota
f f e 2 (cos(csc.u + 1)x + cos(csc.u — 1)x)

(cos(csc.v + 1)y + cos(csc.v — 1) y).dx dy

Letb; = (csc.u + 1),b, = (csc.u—1),
cota

2

¢, = (csc.v+1),¢c, = (csc.v—1) =a

F&{cosx.cosy}(u,v)

17 .
= AB Z_f glax’ (cos byx + cos byx)dx
f i@’ (cos ¢,y + cosc, y) dy
o ) .
F&{cosx.cosy}(u,v) = AB — (—1)27r

<erfl ( \/_(Zax - b1)> + erfi ( N (2ax + b1)>>

+e_iba2 (erfl( (2ax — b2)> + erfl( (2ax + bz)))
—ics? <erfi <% ay — C1)> +erfi (% ay + Cﬂ))

e 2a
+eif:; (erfl (2\/_ (2ay — C2)> +erfi ( (2ay + Cz)))

.37_[

F&{cosx.cosy}(u,v) = ABE

I[(e‘%(m) + e%(4ﬁ)>|
[(3%32(4@ + e%?iz(m))}

. r(e_tl-lz1 +e_ilbaz>
—1T

—I.Cz
“T4a 4 e 4a )

ﬂbl
e 4a

F&{cosx.cosy}(u,v) =

F&{cosx.cosy}(u,v)

[ —i(csc.u+1)2
e

2cota
—i(cscv+1)? —i(cscv—1)2
e 2cota + e 2cota

—IT —Lt ana

—l(cscu 1)2 'I
i 2cota
—ITT

2cota

|

F&{cosx.cosy}(u,v) = AB 7

|

(esc?au?+1)

ta
ltana (elsecocu + e—lsecau)

e (csc?av?+1)

(e isecav + e—lSeCO(U)

F&{cosx.cosy}(u,v)
—im
= AB e
2cota
2 cos(seca.u).2 cos(seca.v)

Fag Y ) 1 —icota i?+v?)cota —2ijx
cosx.cosy}(u,v) = |[—e 2
¢ Y 2n cota

—Ltana
e cos(seca.u).cos(seca.v)

—2(1 — icota)
F&{cosx.cosy}(u,v) = ot?a

i
ei((u2 +v?2)cota—tana(csc?au?+csc?av?+2)

—itana
—5—(esc?au?+csc?av®+2)

(csc?au®+csc?av?+2)

24. If EX{f(x,y)}(u,v) denotes generalized two
dimensional fractional Cosine transform of f(x,y)then

i(u2+v2)cota
Fefei@® 0y, p) = o
2T

2
-i ( u2 ) 2 )
esinza\(1+2atana) "(1+2btana) T[

1-icota

\/(1+2atana)cota(1+2btana)cota

Solution:
- i(u2+v2)cota
af,i(ax?+by? _ [i-icota S ITICONE
F{e ( )}(u, v) = € 2
i(x2+y?)cota
0 (0 (qx24by? RxmHy”)cota
I 07 el Jem 2

cos(coseca.ux).cos(coseca.vy) dx dy

2
Fca{ei(ax2+by2)}(u' V) = ABJ- f e (ax?+by?)

i(x2+y?)cota
e 2 cos(coseca.ux). cos(coseca vy) dx dy

2ax? 2by

Fa{e(ax +by2)}(u v) = ABf f ez(x +y? +oota Toota)cota

cos(coseca.ux) .cos(coseca. vy) dx dy
Fca{ei(ax2+by2)}(u’ v)

o0 o0 ]
ZABf J- e%((1+2atana)x2+(1+2btana)y2)cotoc
—00

cos(coseca.ux).cos(coseca.vy) dx dy
F;a{e(ax2+by2)}(u’ v)
= AB f ei®* cos(cx) dxf i@ cos(dy) dy

(1+2atana)cota _ (1+2btana)cota

Letp = 5
Fa{eilax® by )y, v) =

(—( 1)4\/_e_‘;zc7)

+p
; (2px = ©) \

I

)

AB erfi
| V1

\+(erfl

(pr +¢)
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( (- 1)4\/_(3_:;2)
l/erfi(z—J;(qu—d)>

\+(erfi (E (2gx + d))

F“{el(‘lx 07 )} (u,v) =

—ic?
e 4p

|
)

=0

—iABm

16,/pq

erfi i(2px —-c)

erfi ( (2gx — d)

—id?

F“{e‘(‘“‘ +by2)}(u v) =

+(erfi (— (2qx + d)

|
_ +(erfi 2—(2px+c) /

—ic
e 4p

16\/5
erfi(Vio) + erfi(\io) —
[erfi(—\/foo) — erfi(—Vix)
_:;2 [ erfi(Vio) + erfi(vio)
¢ —erfi(—Viwo) — erfi(—Vio)

—id?

Fa{el(ax +by2)}(u v) = 56:4/1;_(16 ap [4\/_16 4 [44/i]

Féx{ei(ax2+by2)}(u v)

(coseca.u)? (coseca.v)? )

(1+2atana)cota ' (1+2btana)cota

ABm 2 2

=—e 4

Jra

7 i(1,2 2
Fe{ei @™ by* )}y, v) = \/I_ZLE ew
T

—i 2 2
i u , v ) o

esinza\(1+2atana) (1+2btana)
\/(1+2atana)cota(1+2btana)cota

3. Conclusion

We solved some examples of generalized two-dimensional
fractional Cosine transform

In the range —oo to ©
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