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Abstract: A4 line dominating set D C V (L (G)) is a split line dominating set, if the subgraph <V(L (G)) - D> is disconnected. The

minimum cardinality of vertices in such a set is called a split line domination number in L(G) and is denoted by y,, (G) . In this

paper, we introduce the new concept in domination theory. Also, we study the graph theoretic properties of y (G) and many bounds

were obtained in terms of elements of G and its relationships with other domination parameters were found.
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1. Introduction

In this paper, we follow the notations of [1]. All the graphs
considered here are simple and finite. As usual p = |V| and

q= |E | denote the number of vertices and edges of a graph

G respectively.

In general, we use (X ) to denote the subgraph induced by
the set of vertices X and N(v) (N [v]) denote the open

(closed) neighborhoods of a vertex v.

The notation &, (G) (¢ (G)) is the minimum number of
vertices (edges) in a vertex (edge) cover of G . The notation
By (G) (B,(G)) is the maximum cardinality of a vertex
(edge) independent set in G . Let deg(v) is the

degree of vertex v and as usual &(G) (A(G)) is the

minimum (maximum) degree. A vertex of degree one is
called an end vertex and its neighbor is called a support
vertex. The degree of an edge e=uv of G is defined by

deg(e)= deg(u)+deg(v)-2 and & (G) (A(G)) is the

minimum (maximum) degree among the edges of G .

A line graph L(G) is the graph whose vertices correspond

to the edges of G and two vertices in L(G) are adjacent if

and only if the corresponding edges in G are adjacent. We
begin by recalling some standard definitions from
domination theory.

A set ScV(G) is said to be a dominating set of G, if
every vertex in V' —S is adjacent to some vertex in S . The
minimum cardinality of vertices in such a set is called the
domination number of G and is denoted by y(G). A

dominating set S is called the total dominating set, if for
every vertex v eV, there exists a vertex u€ S, u#v such
that u is adjacent to v . The total domination number of G,

denoted by »,(G) is the minimum cardinality of total
dominating set of G. A dominating set ScV(G) is a
connected dominating set, if the induced subgraph <S > has

no isolated vertices. The connected domination number,
7.(G) of G is the minimum cardinality of a connected

dominating set of G. A set D V(L(G)) is said to be line
dominating set of G, if every vertex not in D is adjacent to
a vertex in D . The line domination number of G, is
denoted by y,(G) is the minimum cardinality of a line

dominating set. The concept of domination in graphs with
its many variations is now well studied in graph theory (see
[2] and [3]).

Analogously, a line dominating set D < V(L(G)) is a split

line dominating set, if the subgraph <V(L(G))—D> is
disconnected. The minimum cardinality of vertices in such a
set is called a split line domination number of G and is
denoted by y,,(G). In this paper, we introduce the new
concept in domination theory. Also we study the graph
theoretic properties of y,,(G) and many bounds were
obtained in terms of elements of G and its relationships

with other domination parameters were found. Throughout
this paper, we consider the graphs with p >4 vertices.

2. Results

Initially, we give the split line domination number for some
standard graphs, which are straight forward in the following
Theorem.
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Theorem 1:
a. Forany cycle C, with p >4 vertices,

| (Cp) = ? for p =0(mod3).
= {E—‘ otherwise.
3

b. Forany path P, with p >4 vertices,

vu(P,) =n.for p=3n+1,n=123,.,

= ? for p =0(mod3).

= {g—‘ otherwise.

Theorem 2: A split line dominating set D < V(L(G)) is

minimal if and only if for each vertex x e D, one of the
following condition holds:

a. There exists a vertex yeV(L(G))-Dsuch
thatN(y)r\D = {x} .

b. x is an isolated vertex in <D> .

c. <(V(L(G))—D)u{x}> is connected.

Proof: Suppose D is a minimal split line dominating set of
G and there exists a vertex x € D such that x does not
hold any of the above conditions. Then for some vertex v,

the set D; = D—{v} forms a split line dominating set of G
by the conditions (a) and (b). Also by (c), <V(L(G)) —D> is

disconnected. This implies that D, is a split line dominating
set of G, a contradiction.

Conversely, suppose for every vertexxe D, one of the
above statements hold. Further, if D is not minimal, then

there exists a vertex x € D such that D—{x} is a split line
dominating set of G and there exists a vertex ye D—{x}
such that y dominates x . That is y € N(x). Therefore, x
does not satisfy (a) and (b), hence it must satisfy (c). Then
there exists a vertex ye V(L(G))—D such that
N(y)ﬁD = {x} . Since D—{x} is a split line dominating
set of G, then there exists a vertex z e D—{x} such that
zeN ( y) .
contradiction to the fact that N(y)nD ={x}. Clearly, D

is a minimal split line dominating set of G .

Therefore we N(y)ND, where w=#x, a

The following Theorem characterizes the split line
domination and line domination number of graphs.

Theorem 3: For any connected graph G, y,,(G)=7,(G)

if L(G) contains the set of end vertices.

Proof: Let ve V(L(G)) be an end vertex and there exists a

support vertex ue N (v) Further, let D be a split line

dominating set of G. Suppose u € D, then D isa y - set
of G. ugD, then veD
(D—{v})u{u} forms a minimal y - set of G. Repeating

Suppose and hence

this process for all end vertices in L(G) , we obtain a y;-

set of G containing all the
%vl(G):yl(G)'

end vertices and

The following Theorem relates the split line domination and
domination number in terms of vertices of G .

Theorem 4: For any connected ( p,q)— graph G,
Vst (G)-i-)/(G)Sp

Proof: Let C={v,v,,...,v,} =¥ (G) be the set of all non
end vertices in G . Further, let S < C be the set of vertices
with diam(u[,v[) 23, Vu,v;eS, 1<i<k. Clearly,

N[S]=V(G) and S forms a y - set of G. Suppose

diam(u;,v;)<3. Then there exists at least one vertex
xeV(G)-S such that, either xe N(v) or x e N(v') ,

where veS and v'eSu{x}. Then Su{x} forms a
minimal dominating set of G. Now in L(G), let
F ={u,uy,....u,} <V (L(G))

corresponding to the edges which are incident to the vertices
of S in G. Further, let Dc F be the minimal set of

vertices which covers all the vertices in L(G), also making

the subgraph <V(L(G))—D> contains at least two

components. Clearly, D forms a minimal split line
dominating set of G. Hence, it follows that
|D|U|Su{x}| £|V(G)| and gives 7, (G)+y(G) <p.

The following Theorem relates the split line domination and
total domination number of G .

Theorem 5: For any connected

74 (G)+7,(G)<ay(G)+ By (G)+1.
Proof: Let C={v,v,,...,v,} =¥ (G) be the minimal set of

be the set of vertices

graph G,

vertices with dist(u,v)>2 for all u,veC, covers all the
edges in G. Clearly, |C| =, (G). Further, if for any vertex
xeC, N(x) € V(G)—C . Then C itself is an independent
CuG, C,cC and
C, cV(G)-C, forms a maximum independent set of
vertices |C; UC,|=f,(G). Now, let S=C UC", where
C'cC and C' ¢ V(G)—-C, be the minimal set of vertices
with N[S]=V(G) and deg(x)>1, VxeS in the sub
graph <S > Clearly, S forms a minimal total dominating set
in G. Now by the definition of line graph, let
F={uj,uy,...;u,} = V(L(G))be the set of vertices

corresponding to the edges which are incident with the
vertices of S in G . Let there exists a set D — F of vertices

vertex set. Otherwise, where
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which are minimally independent and covers all the vertices
in line graph. Clearly, D itself is a y - set of G.

Therefore, it follows that |D|U|S| S|C|u|C1 UC2|U1 and
hence y,,(G)+7,(G) <ay(G)+B,(G)+1.

The following Theorem relates the split line domination,
connected domination and domination number of G .

Theorem 6: For any connected
75(G)+7.(G) < diam(G)+7(G)+a (G).

graph G,

Proof: Let C'c V(G) be the minimal set of vertices which
covers all the edges in G with ‘C‘ =a,(G) . Further, there

exists an edge set J ' cJ, where J is the set of edges
which are incident with the vertices of C, constituting the
longest path in G such that ‘J ‘ = diam(G). Let
S ={v,v3,...,v; } = C be the minimal set of vertices which

covers all the vertices in G . Clearly, S forms a minimal
dominating set of G. Suppose the subgraph <S> is

connected, then S itselfis a y, - set. Otherwise, there exists
at least one vertex er(G)—S such that S =Su{x}
forms a minimal connected dominating set of G . Now, in
L(G), let F={uj,uy,...,u;} gV(L(G)) be the set of

vertices such that {uj}z{ej}eE(G), 1< j<k, where
{e j} are incident with the vertices of S. Further, let
D F be the set of vertices with N[D]=V(L(G)) and if
the subgraph <V(L(G))—D> contains more than one

component. Then D forms a split line dominating set of G .
Otherwise, there exists at least one  vertex

{u} e V(L (G)) —D such that <V(L (G)) -D- {u}> yields
more than one component. Clearly, DU {u} forms a
minimal y,- set of G. Therefore, it follows that
|Du{u}|u|S1|S‘J"U|S|U‘C" and
75(G)+7.(G) < diam(G)+7(G)+a(G).

In the following Theorems we give lower bounds to
split line domination number of graphs.

hence

Theorem 7: If every non end vertex of a tree 7 is adjacent
to at least one end vertex with 7 containing at least two cut

vertices, then y,, (T)<c—1, where ¢ is the number of cut

vertices in 7 .

Proof: Let F ={v,v,,...,v,} <V (T) be the set of all cut
vertices in 7 with |F|:c. Further, let A= {e,e,,...,e;}

be the set of edges which are incident with the vertices of
F. Now by the definition of line graph, suppose
D ={uy,u,,...,u;} = A be the set of vertices which covers

all the vertices in L(T ) Clearly, D forms a minimal split

line dominating set of L(T ) Therefore, it follows that
|D|<|F|-1 and hence y, (T)<c-1.
Theorem 8: For any connected (p,q)- graph G,

V4
Vst (G) = {E—‘ :
Proof: Let D:{vl,vz,...,vn}c;V(L(G)) be the minimal
split line dominating set of G . Suppose |V(L(G))—D| =0.
Then the result follows immediately. Further, if
|V(L(G)) —D| > 2, then V(L(G)) — D contains at least two
vertices such that follows that
7a(G)=n<[p/2].
Theorem 9: For any
751(T)§‘1—A'(T)'
Proof: Let A={v,v,,..,v,} < V(L(T)) be the set of all

support vertices. Suppose there exists a set of vertices
4 ={u1,u2,...,um}gV(L(T))—A such that

2n< p. Clearly, it

connected (p,q)- tree T,

dist(ui,v_/)ZZ, Vu,e 4, v, €d, 1<i<m, 1<j<n.
Then, clearly S =AU 4, forms a split line dominating set of
T . Otherwise, if Az V(L(T)), then select the set of
vertices S=4, such that N[S]=V(L(T)) and the
subgraph <V(L(T )) —S> is disconnected. Clearly, in any

case S forms a minimal split line dominating set of T .
Since for any tree 7, there exists at least one edge

ecE(T) with deg(e)=A'(T), we obtain
|S|<|E(T)|-A'(T). Therefore, y, (T)<g-A'(T).
Theorem 10: For any connected unicyclic graph

G=(V,E), y,(G)<q-A(G)+1, if one of the following

conditions hold:

a. G=C,.

b. G=Cs(up,uy,...,u, ), deg(u;) =3,
deg(u, ) =deg(us)=2, diam(u;,w)<2 for all vertices
w not on C;y and deg(w) >3 for at most one vertex w
noton Cj.

c. G=C;, deg(u)=3, deg(u,)=3, deg(uz)=2, all
vertices not on C; adjacent to u; have degree at most 2

and all vertices whose distance from u; is 2 are end
vertices.

d. G=C;, deg(u;)=3, deg(u,)>3, deg(u;)=3 and all
vertices not on Cj are end vertices.

e. G=C,, either exactly one vertex of C, or two vertices
of C, have degree at least 3 and all vertices not on C;
are end vertices.

Proof: Assumey,(G)=g—A"(G)+1. Let 4 denote the
set of all end vertices of L(G) with |4|=m. Since
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V(L(G))—(Au{vl}) is a split line dominating set for any

vertex v of C, 7, (G)<g—m so that mSA'(G). Let e

be an edge of maximum degree A'(G). Analogously in

L(G), e=ue V(L(G)) such that |u|=A(L(G)). If uis

noton C, then m=A'(G) and there exists vertices v, and

v, on C such that ¥ (L(G))—(A4u{v,v,}) is a split line

dominating set of cardinality ¢-A (G), which is a

contradiction. Hence u lies on C and mZA'(G)—l, we

now consider the following cases.

Case 1: m=A (G)-1. In this case, all vertices other than

u and v have degree either one or two. Hence C=C; or

C, and G is isomorphic to one of the graphs described in

(a) to (e).

Case 2: m=A(G). In this case, there exists a unique

vertex uwon C such that V(L(G))—(Au{u}) is a

minimum split line dominating set of G . It follows that
C=C; and G is isomorphic to the graph described in (d).
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