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1.Introduction

Let ). denote the class of functions of the from:

F@) =2+ ay", (1)

which are analytic and univalent in the open unit disk U.
If a functionf is given by (1) and g is defined by

9@ =2+ ) b, (2)

n=2
is in the class ). , then the convolution (or Hadamard
product) of f and g is deﬁned by

(f*g)(z)—Z+Zanb z",z€e U.(3)

Let}," denote the subclass ofz
of the from

f(2) =Z+Zanz",(an >0,nE€N).(4)

n=
We aim to study the subclassY.* (o,c,5,A) consisting of
function f € ¥*  and satisfying the condition:

o) () ] |
c2(Df (@) + (1 - (D @) +1))|
where 0<0<1,0<c<1,0<p<1andD*f(2)is the

Ruscheweyh derivative [6], [7] of f of order Adefined as
follow:

consisting of functions

DAf(2) =z + Z ap A, ()2,
n=2
where

A+1DA+2).A+n-1)

An(l) =
(n—1)!

Another classes studied by several authors, like, [2] and [4]

consisting of functions of the from (4).

A>—1,z€ U (6)

2.Coefficient Inequality

In the following theorem, we obtain anecessary and sufficient
condition to be the function in the classY." (o, ¢, 8, A).
Theorem 1:Let the function f be defined by (4).Then
f €¥*(o,c,B,2) if and only if

S [n(otn +§) ~ Bletn = 1) + )4, Dy
" <BR2-0),(7)

where 0<f<1,0<0<1,0<c<1l,andA>—1.The
result (7) is sharp for the function
2—0
f) =2+ B( )
[n(c(n + B) — Blc(n— 1) + 1)]A, (/1)
> 2)(8).
Proof: Suppose that the inequality (7) holds true and |z| = 1.

Then we have
o]z (p*r@) - ((p*r@) -1)]

—dw@vwf

+ ((1 ~0) (D @) + 1>|

z" (n

-42@MMQMﬂZHHZ@n_mﬂ1
—on)4, (A)an - 2+ (2-0)

< z[n(a(n +8) - Blc(n—1) + 1)]4, @) - B2 — o)

<0,
by hypothesis, hence,
feY*(o,c B A).

Conversely, assume that f € ¥* (g, c, 8, 1), so that
olz(0*r@) - ((p*f®) -1)]
cz(D*f ()" +((1 - )(DAf () +1)

hence

by maximum modulus principle

<pB,zeU,
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o [2(p*r@) "~ ((0*r@) ~1)]|
<pB |cz (D’lf(z))”

+ ((1 ~0) (D @) + 1)‘

Therefore we get

Z(anz)A MNa,z™ 2|<,8|Z(cn —c+n

=
— o)A, () a,z" %+ (2 -0)|,

thus

Y [nlot+ B = pletn = D + D)]4,Wa, < 2 - ).

Ezozrollary 1: Let the function f € Y.* (o, ¢, 8,1).Then

B2 —o)
=T+ - pet-D+ D)AD

3.Distortion and Covering Theorems

We introduce the growth and distortion theorems for the
function f in the class Y.* (o, ¢, 5, 1).
Theorem 2: Let the function f € 3. (g, ¢, 5,1). Then

2] — pz-o) 1217 < If @)
[2(c2+B)—Blc+ D)2+ 1) -

3 B2 - o) ]

<|z| + |z|%, |z] < 1.

[2(c2+ ) —Bc+ D)1+ 1)
The result is sharp and attained
P B2-0) 2
[2(c2+p)-Bc+D)]A+1)
Proof:

@I =12+ auz"|
n=2

[oe]
<|z| + Z a,|z|" < |z| + |z|? Z a,.

n=2 n=2

By Theorem (1), we get

Z B2 —o) )
T [2(624+B) B+ D)2+ 1)

Thus
B2 —o0)
F@l <zl + [2(c@+ ) - flc+ D) A+ 1) 21"
Also
F@I 212l = ) aylal"
n=22 |z
_|Z|2 a,
> |z|

B2 —o0)
[2(0(2 +B) - B+ D)+ 1)

and this completed the proof.
Theorem 3:Let f € Y (o,c, B, 4). Then

3 B2 —o)
[2(c2+p)—Bc+D)]A+1)
<1
B2 —o)
[2(0—(2 +B)—Blc+D)]r+ 1)
with equality for
B2 —o0)

f@=z+ 2(c@+p) - ﬁ(c+1))](/1+1)

Proof: Notice that

2(02 +5) - e + D)@+ 1) Y na,

[oe]

lz] < If' (@I

< Z[n(a(n —-2+p)

n=2
—Blc(n—1) + D)]ADa,
< B(2-0),(10)

from Theorem 1. Thus

@1 =11+ nanz"|
n=2

[ee)

>1- Z na,|z|" ' =>1-|z| Znan
n=
(1

2 —
"s2-0) D

[2( Q+p)-Bl+D)]A+1D
Combining (10)and(11),we get the result.

>1-

4.Radii of starlikeness, convexity and close-to-
convexity:

In the following theorems, we obtain the radii of starlikeness,
convexity and close-to-convexity for the classy.* (g, ¢, B, ).
Theorem 4: Let f € ¥ (g,c¢,,1). Then f isstarlike in the
disk |z| < Ry, of order a,0 < a < 1, where

Ry
_inf [(1 - a)[n(a(n +pB)—Blc(n—1)+ 1))]An(/1) n-1
" (n—a)B(2—-o0) '
>2.(12)
Proof:f is starlike of order ,0 < a < 1, if
Re {zf’(z)} >a
f(2)
We must show that
zf'(2)
ifz;s—'— 1|‘< 1—a,
for|z| < R;.
Indeed we have
'@ _ | Sl = Daylz™?
f(2) I B Sy M A L

<l-a,(0<a<1)(13)
hence by Theorem 1, (13) will be true if
n-a oy _[pe@+B) - plet—1) + D)AW
1- B2 —o0)
or if
|z

| |n 1

(1 —)[n(o(n+p) = Ble(n = 1) + D)4, ]** n
(n—-a)B(2-0)

> 2 (14)
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the theorem follows easily from (14).
Theorem 5: Let f € ¥*(0,c,B,14). Thenf is convex in
|z]| < R, oforder @, 0 < a < 1, where

R,
1
_inf [ 1- a)[n(a(n +pB)—Blc(n—1)+ 1))]A D2
n nn—a)B2 - o)
> 2(15)
Proof:f is convex of order a,0 < a < 1, if
Re {1 + 2f (Z)} >a
f'@
Thus it is enough to show that
zf"(z) <l-a
f'@)
for |z| < R,.
Indeed we have
Zf”(Z)| D= zn(n — Day|z["*
f'@ | = 1=, na,lz|"t

<l-a (0Sa<1)(16)
Hence by Theorem 1, (16) will be true if
nn— a)|z|™? [n(a(n +B)—Blc(n—1) + 1))]An(l)
1-a) B2 —o)
or if
|z]
(1 — a)[n(a(n +pB)—Blc(n—1)+ 1))]A M
nn—a)B2 — o) o

>2.(17)
Theorem 6: Let € Y*(0,c,8,1) . Then f is close-to-
convex function in |z| < R; of order @,0 < a < 1, where

(1 —a) n(o(n +pB)—-Blc(n—1)+ 1))]An(/1) = T
) -(18)
Proof:f is close-to-convex function of order a,0 < a < 1,

if
Re{f'(2)} > a.

Thus it is enough to show that

[oe]

I (z>—1|—|zna <) naglal

n=2
then

Thus
|n 1

IF (Z)—1I<1—alfz Sl 21,49

hence by Theoreml, (19) will be true if
nlz|"! - [n(a(n +B) - Bcn—1 +1)]4, D)
B B(2—oa)

1—-a
or if
||
(1 - a)[n(a(n +pB)—Blc(n—1)+ 1))]A D
np(2 — o)

> 2(20)
the result follows easily from (20).

5.Extreme Points:

In the following theorem, we obtain extreme points for the
class 3. (a,¢, 5, ).
Theorem 7: Let f;(z) = z and

fn(2)

B(2—oa)
[n(a(n +pB)—-Blc(n—-1)+ 1))]A (/'l)

=23,.
Then f € Z+ (o,c,B,4) if and only if it can be expressed in
the from

z" forn

f@) =) infal@),
n=1

where
(ﬂHZOand Zun= lorl =u1+2/xn>.

Proof: Let i "

%)

= k@

n=1 o
~ B2 - 0)
e nZz [n(cn+ B) — Blc(n—1) + D)[A.(D) '™

B2 —oa)

BE-0)

—Z#n—l—#1<1

Using Theorem 1, we easﬂy get (2) € ¥V (0,c,6,2) .
Conversely, let f(z) € ¥*(0,c,,1) is of the from (4).
Then
B(2—o)
[n(a(n +pB)—-Blc(n—-1)+ 1))]A w’
Setting
_ [n(a(n +B8)—Blc(n—1)+ 1))]An(/1)
fin B2 —0)

,(n=2).

a,, forn

and

Then

i ([n(a(n+ﬁ) Bletn —1) + 1))]4,(A)

)” "[n(etm+B) = Blc(n — 1) + 1))]4, (D)

fl@) = Z+Zanzn

n=2

R B2 -o0) n
-zt Z (ot + p) — ple—D+ D A.n "

=z + Z AG)
n=2
Thus

f(Z) = Z Mnfn(z) = .ulfl(z) + Z ”nfn(z)'
n=1 n=2

6.Hadamard Product

In the following theorem, we obtain the convolution result for
function belong to the class).* (o, c, 8, 1).
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Theorem 8: Let fand g € Y. (g,c,8,1). Then f*g €
»t (0, c, 6, /1) for

where

fz)=z+ Z a,z",g(z) =z+ Z b,z",
n=2 n=2

B*(2 = o)lno(n — 2)]

A ()l)[n(a(n + ,8)) Blc(n—1) + 1)] - B?2 - a)[n(a —(cn=-1D+ 1))]

Proof: Since f,g € ¥* (5, ¢, B, 1), then we have

- Blc(n—1)+ D)4,

i [n(a(n + )
B2 —o)

a, <1(21)

and
Z [n(o(n+B) —Blc(n—1) + 1))]A n(/l)
B2 —o)

We must find the smallest number dsuch that

i [n(o(n+6) — 5(c(n — 1) + 1))]4,(A)

<1.(22)

5(2—-o0) OnIn
<1.(23)
By Cauchy-Schwarz inequality, we have
Z [n(e(n+B) = Blc(n = 1) + 1))]4,(2)
B2 —o)
<1.(24)
Thus, it is enough to show that
and

ay by,

[n(a(n +6)—6(c(n—1)+ 1))]An(l)

52 —o0) dnPn
L@+ p - penr - D+ D)AD —

N B(2—o) nPn
that is

—— (e +p)—plctn—1) +1)]6

b =[G+ 0) —sem-n + s >
from (24), we get

[ab, < B2 - o) (26)

[n(a(n +pB)—-Blc(n—-1)+ 1))]A )
Therefore, in view of (25) and (26) it is enough to show that
B2 —a)
[n(o(n+B) = Blc(n — 1) + 1))]4,(D)
[(0(71 +B)) = Ble(n = 1) + 1))]§
[(o(n +8))—8(c(n—1)+1)|B

p*(2 = o)no(n — 2)]

A (A)[n(a(n + ,8)) Blc(n—1) + 1)] - B%(2 - J)[n(a —(cn—-1+ 1))]

This complete the proof.
Theorem 9: Let,g € ¥ * (0,c,8,4) . Then
h(z) = 7+ Z(ag + b2)z"

belong to the class).* (a, c, 51?:1), where
26?2 —o)no
[n(a(n + ,8)) Blc(n—1) + 1)] A (/'l)
Proof: Since f,g € Y¥* (0, ¢, B, 1) so by Theorem 1, yields
i [[n(a(n +B) - B -1+ D)4, |
d

o>

=0 an] <1

<1,

an
i [ [n(o(n+ B) — Blcn — 1) + 1))]4, (/1)
B2 —o)
we obtain from the last two inequalities
1[[n(ct+p) - Blcr— D+ D)]A,D]  , .,
ZE[[ ( G =) ) ] (a2 + b2)
<1,(27)
but h(z) € ¥* (0, ¢, 6,4) if and only if
i [n(o(n + 6) — 6(c(n — 1) + 1))]4, (D)
6(2—0)
<1,(28)
where 0 < 6§ < 1, however (27) implies (28) if
[n(a(n +6)—6(c(n—1)+ 1))]An()l)
6(2—-0)
[[n(o(n +pB)—Blc(n—1)+ 1))]A (/1) ]
B2 —o) "

n=2

(ai +b})

n=2

Simplifying, we get
2622 —o)no

[n(a(n +8) — Bletn— 1) + D] 4,(0)

7.Closure theorems

We shall prove the following closure theorems for the
classY* (o,c, B, 1), let the functionf;(2) (i =
1,2, ..., m)defined by

fi(z)=z+ z aniz", (an; = 0,n € N,n > 2)(29).

n=2
Theorem 10: Let the functionsf;(z)defined by (29) be in the
class Y.* (o, ¢, B, Dfor every = 1,2, ...,m . Then the function
h(z) defined by

h(z)—z+Zan (cp,=20,nEN,Nn=2)

also belongs to the class ¥*(o,c, ,8 1), where

Cn = EZ an,i .

i=1
Proof: Since f;(z) € Y (0,c, B, 1), therefore from Theorem
1, we obtain

[oe]

> [n(et+ B = fletr =1 + )] 4, Day,

i < B2 - o), (29)
then
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Zhwm+m Be(n - 1) + D) dn(es

Z[n(a(n +B) - Ble(n — 1) + 1D)]4, () [ z aml

< B2 —-o0).
Hence h(z) € X" (o,¢, 5, A).

Theorem 11: Let the functionsf; (z)defined by (29) be in the

classY* (o,c,8,4), for every i=1,2,..,m. Then the
function h(z) defined by

h(z)—del(z) and Zd —1,d,>0

in the classY.* (0 c, ,8 A).
Proof:By definition of h(z), we have

h(z)—Zdz+Z Zdanllz

since f;(z) are in the class Z+ (g,¢,B,4) , for every
i =1,2,..,m, we obtain

D (ot + B = e -1 + D)4, Way,

n=2

< B2 -o)

forevery i = 1,2, ..., m, hence we can see that
[ee]

z [n(o(n+ ) — Blc(n—1) + 1))]4,(D) [Z dian,il
n:OZO o i=1
= Z d; [Z [n(c(+B) = Blcn—1) + 1))]An(/1)an,il
i=1 n
<ﬁ(2—a)2d - B2 - o).
Thus h(z) € ¥* (0,¢,B, /1)

8.Convolution Operator

Definition 1 [2,5]: The Gaussian hypergeometric function
denoted by

a),(b z
JFi(a,b;c;z) = ( )(Z)( )n
n=0 n
wherec > b > 0,c > a + b and
_fx(x+Dx+2)...(x+n—-1) forn=123,..
@ ={ T
Definition 2[3]: For every f €Y' , we defined the
convolution operator W, j, .(f)(z) as below:

Wapc(f)(2) = ;Fi(a, b; % 2) * f(2)
N (@)n(b)n _—
(€)nn!
n=2
where ,F;(a,b;c;z) is Gaussain hypergeometric function
(see[2] and [5]) introduced in Definition 1.
Theorem 12: Let f is given by (4) be in the class
" (o,¢c,B,2). Then the convolution operator W, ;, .(f) is in
the class Y.* (o, c, B, ) for|z| < r(B, §), where

||<1

r(B,6)
B S[n(ctn+pB) - pcn-D+1D)] |
= infn @n(b)
B[n(a(n +6)— 6(c(n - 1)) + 1) ﬁ
The result is sharp for the function
() = pe2-2)
" [n( n+pB)—-Bcn—-1)+ 1))]A (/'l) K
=>2.
Proof Since f € ¥* (0, ¢, B, 1), we have
Z [n(a(n +B8)—Blc(n—1)+ 1))]A )] <1
Z, B2-0) =t
It is sufficient to show that
5fﬂdn+®—5@@—1ﬂ+ﬂﬁ%ﬁ¥ .
- 5(2—-0) n<1.60)
Note that (30) is satisfied if
[n(a(n +8) — S(C(n - 1)) + 1)] %
52 —0) e a,|z|t <
[n(a(n +pB)—Blc(n—1)+ 1))]An(/1)
B2 —o) i

solving for |z| we get the result .
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