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Abstract: In this paper, we propose and analyze a mathematical model to study the dynamics of a fishery resource system in an aquatic
environment that consists of two zones, a free fishing zone and a reserve zone where fishing is strictly prohibited. The existence of
biological system is discussed. The local and global stability analysis has been carried out. An optimal harvesting policy is given using

Pontryagin’s Maximum Principle.
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1. Introduction

It is well known that many species have already become
extinct and many others are at the verge of extinction due
to several natural or manmade reasons like over
exploitation, indiscriminate harvesting, over predation,
environmental  pollution, loss of habitat and
mismanagement of natural resources etc. To save the
species from getting extinct we are taking measures like
improving conditions of their natural habitat, reduce the
interaction of the species with external agents which tend
to decrease their numbers, impose restrictions on species
harvesting, create natural reserves, establish protected
areas etc. While creating protected areas for a species,
several factors have to be taken into consideration. The
competitive cooperative and predator-prey models have
been studied by many authors.

The mathematical and bio-economic theories concerning
renewable resources for harvesting have been
systematically developed by Clark [1, 2] in his two books.
he discussed the management of biological population
from an analytical point of view. Kizner [11] focused on
the stability analysis of a certain class of catch effort
controlled discrete stock-production models for optimal
management of exploited populations. Kar [6] considered
a prey- predator fishery model and discussed the selective
harvesting of fishes age or size by incorporating a time
delay in the harvesting terms. Kar and Chaudhary [8]
studied a dynamic reaction model, in which prey species
are harvested in the presence of a predator and a tax.
Kronbak [4] set up a dynamic open-access model of a
single industry exploiting a single resource stock.Karet.al.
[10] considered a prey predator fishery model with
influence or a prey reserve.

Mikkelsen [3] investigated aquaculture externalities on
fishery, affecting habitat, wild fish stock genetics, or
fishery efficiency under open access and rent maximizing
fisheries. Zhang et.al.[S] analyzed of a prey predator
fishery model with prey reserve. Kar and Matsuda [7]
examined the impact of the creation of marine protected
areas, from both economic and biological perspectives.

Kar and Chakraborty [9] considered a prey predator
fishery model with prey dispersal in a two patch
environment, one of which is a free fishing zone and other
is protected zone.

2. Mathematical Model

We consider a prey —predator model with Holling type of
predation. Following Kar and Swarnakamal [10],
mathematical formulation for this model is as under

dx X OXZ
a = rlX(l_f)_(l+—mX)_Glx +0,y—-q,Ex
1
d
enyl-D)rox-oy (1)
2

dz koxz
—=-dz+——-q,E,z.
dt (1+ mx)

Here, x(t) and z(t) are biomass densities of prey species
and predator species inside the unreserved area which is
an open-access fishing zone, respectively, at time t. y(t) is
the biomass density of prey species inside the reserved
area where no fishing is permitted at time t. All the
parameters are assumed to be positive. rjand rare the
intrinsic growth rates of prey species inside the unreserved
and reserved areas, respectively. d, a and k are the death
rate, respectively. K;and Ksare the carrying capacities of
prey species in the unreserved and reserved areas,
respectively. ojand ocyare migration rates from the
unreserved area to the reserved area and the reserved area
to the unreserved area. Ejand E,are the effects applied to
harvest the prey species and predator species in the
unreserved area. ;and g,are the catch ability coefficients.

Where 0 < m < 1is constant, If there is no migration of
fish population from the reserved area to the unreserved

area i.e. when o,=0and 1,—0,—q,E, <0, then

x <0. Similarly if there is no migration of fish
population from the unreserved area to the reserved area

ie.when 6, =0and r, -5, <0.Theny < 0.
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We assume that
r-6,-qE >0,1,-0,>0. 2)

3. Existence of Equilibria

Equilibria of model (1) can be obtained by equating right
hand side to zero. This provides three equilibria
E,(0,0,0), E,(X,¥,0).E,(%,9,2) .The equilibrium E,
exists obviously and we shall show the existence of E; and
E, as follows:

3.1 Existence of E; (X,V,0)

Here X and y are positive solutions of the following
algebraic equations:
=2

y= L|:(_r1 +0, + qlEl)§+ 1}:

2 1

}and z = 0,then we get

algebraic equation a,x’ +bx’ +¢,x+d, =0 (3)

Where
_ rzr12
KzKlzczz ’
— 21.1r2(r1 — 0 _q1E1)
Klecz2 '
c= L(r —o _qlEl)z _ (1, -0,)
chz2 Ko,
(r,-o,)
d :#(rl —0, _q1E1)_61 .
O,

Equation (3) has a positive solution X =X if the
following inequalities hold :

rz(rl — 0, _'~]1E1)2 < rl(rz _Gz)

“4)
K,o, K,
(r,—0,)1,—0,-qE))>0,0, (5)
And for yV to be positive, we must have
K -
—(-0,-qE,) <X (6)

it

Here the equilibrium E,(X,y,0) exists under the above
conditions.

3.2 Existence of E; (X, ¥,2)

Now again X,¥y, and Z are positive solutions of

X oXZ
rlx(l_z)_m_clx—'—czy_qlElx:0 (7
Ly(l-2)+ox-0,y=0 @®)
KZ
koxz
Az —22 G E,z=0
(emx) 22 ©)

d+q,E,
ka—-m(d+q,E,)

value of X in equations (7) and (8) ,then

From (9) we get X= , and substitute

we get

:2 [(r 02)+{( cs) +4r,0,x/K }1}

52

~ X N
{(r, -0, _qlEl)X_]?-i_Gzy}

1

1+ mx)

z=

It may be noted that for Z to be positive, we must have
)

A rx
( —o,—qE)x- i(

1

+0,y>0 (10)

4. Stability Analysis

a) In the absence of predator, the model (1) becomes

:rlx(l—Ki)—Glx+G2y—qlElx (11)
1

dt

d
d—i]: rzy(l—KL)+Glx—Gzy .
2

For the study of the stability of the equilibrium point the
variational matrix of the system (11) is

2rx
rl_?_cl_qlEl G,
J= ‘ (12)

The characteristic equation of the variational matrix of
(12) at E;(0,0) is
A —(r,—0,—q,E, +1,—0,)A

(13)
+(,—o,-q,E)(r,-0,)-0,6,=0

Since A, +%,=(,-0,-q,E,+1,-0,)>0 and
Ay =(r-0,-qE)r,-06,)-06,>0

Hence E;(0,0) is unstable.

Similarly, The characteristic equation of the Jacobian
matrix of (12)at E,(X,y) is

—(—x+ b y+%i+%?)x
K, Kz Yy X
(14)

L 1 5 1—2
2y (- +1L
K, y(Kl X Y) Ky

_ L_ L, _ O _
Since A, +A, = (X +-2y+—=LX+
D y

1 2

%?) <0 and
X

o
A A +1Lx?
1M = K (K XY) Ky

Thus E,(X,y) is locally asymptotically stable.

>0.
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b YWe assume that system (1) has a positive equilibrium
E,(X,¥,z) .The Jacobian matrix of (1) at E;(X,¥,2) is

2r,x oz —ax
L -———-———5—-0,—qE, O, >
K, (+mx) (I1+mx")
ey’
G, e 2 _ 2 0
KZ
kaz" kox”
(I+mx ) (1+mx )
(15)

The characteristic equation of the Jacobian matrix of (15)
at B, (X,9,2)is

A +ad’+a,l+a, =0 (16)

L . T, .+ OZmMX O, . G,
4 =—X +—=—y +——+—X
K, K, (I+mx)” vy X

[r_zy*ﬁ J
K, y*

X+ =2y + -
Y T lemx )y

.

L .+ G, . Oomzx

a, =|— [ —
K, X

Ne—

ka’x"z"
+6,0, + —————
(I+mx )
ka’xz r, . o .
= S * X )

(1+mx")’ 'K, Y y

a3

According to Routh —Hurwitz criteria, the necessary and
sufficient conditions for local stability of equilibrium
point E, area, >0,a, >0 ,andaa, —a,>0

It is obvious that a, >0,a, > 0. Thus , for the stability of
E2 ,we calculate a,a, —a,

.
Ly b, GZmX O . O,

T, .
4 x + = X +—2
[K1 K, (1+mx)*> vy X v
r . 0, . ozZzmx I, . G
[(K—1X : . 2)(K—Zy FX)
aa -a,_ K X *( + mx) )
ko’x'z
+0,6, =1
(I+mx )

ka’x'z" . B
Sexz (r—zy +Gix)>0
y

Hence E, (X,¥,2) is locally asymptotically stable.

Theorem 1. The equilibrium point E; is globally
asymptotically stable.

Proof- Let us consider the Lyapunov function
V(x,y)=o,(x—X-XIn2)+o,(y-y-yIn )
X y

Where o,, o, are positive constants, to be chosen later on.
Differentiating V with respect to time t, we get

dV_oE0d, Gy
dt x dt y dt

q.E

. ®, Yyo, ) ) . .
Choosing—==—=, a little algebraic manipulation
o, X0

yields
dv L®,0,X _ r —
e (-0 - e, (y - T
dt Ko,y K,

®,0
-2 (Xy - xy)? < 0.

Xyy

Therefore, E,(X,y) is globally asymptotically stable.

Theorem2. E, (X, ¥,Z) is globally asymptotically stable.

Proof. Let us choose the Lynpunov function.

V(x,y,2) = 0,(x—x =X In5) +0,(y—y -y In%)
* y

* * Z
+w,(z-z -z In—)
z

Where © , ®, 5 are positive constants, to be chosen later
on.

Differentiating V with respect to time t, we get,

dv -x)d -y)d -z)d
v _ &=x)dx o (y-y)dy o~ (z-z)dz

1 3

2

dt x dt y dt z dt
Choosing &:k,ﬂ =X—*i , a little algebraic
0‘)3 0‘)2 y 62

manipulation

dv o, *12 rz(’)]GZy* *\2

A b BV - R A S

m K, ( ) Ko (y-vy)

®,0

S(x'y-xy)? <0.

XyXx

Therefore E,(X,¥,Z) is globally asymptotically stable.

5. 6. Optimal harvesting policy:

Our objective is to maximize the present value J of
continuous time stream of revenue given by

T=[e ™ {(pax—¢)E, (1) +(p,q,7—¢,)E, (D} dt

27

Where 0 is instantaneous rate of annual discount. Thus
our objective is to maximize J subject to state equation (1)
and to the control constraints

O0<E(®1)<E_,. (2%

To solve the optimization problem, we utilize the
Pontryagin Maximal Principal.

Volume 3 Issue 7, July 2014

Www.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: 22071410

2131




International Journal of Science and Research (1JSR)

ISSN (Online): 2319-7064
Impact Factor (2012): 3.358

The associated Hamiltonian is given by
H=e¢™ {(p1q1X -¢)E, +(p,q,z—c, )Ez}

+, qx(l—i)—ﬂ—clx+c2y—qlElx}
. X

(29)

2

ki
+As —dz+ﬂ—q2Ezz ,
(1+mx)
Where  A,,A,,A,the adjoint variables and the

Hamiltonian function H are is linear in control variables
E, and E, The optimal control are not a binding, we have
singular control.

According to Pontrygin’s maximal principal

OH _ oM _ o o
OE, OE, dt  ox’
o, _ OH Oh, _ OH

dt oy ot oz

(30

* * *
L + © 0z mx

Where A, =—-x"+ 221 e,
K, X (1+mx)

A, c kaz

A, E +—— -

=pq A +0 +(p, o )(1+mX 7
From (31) and (37) , we get the singular path
Ae™ ¢,

=(p,—— 38

A1 (P, ‘a ) (38)
Using

1
. K, , 4rox %
y =—|1,-0,+4(, —0,) +—K

. d¢,q,

kax” .
P99, (8 +d - )+oaq,(p,g,x —¢,)
(1+ mx)

1
1 1 4dr,c.x" |2
A, =—(1, —62)+5{(r2 -0,) +2K—1}

2

41,0, x 2
+0, X1, /[(I’2 _62)"' {(I'2 _62)2 K }2
2

*

, « o,K 41,6,x

Solving from (29) and (30) then we get 5 5 2 1
OH st C, A, :?X +2 A, —0,)+[(r, —0,) +K—]2}
8?20:%1 =e (pl—g),(ﬂ) ! LX 2
1 1 C
oH st c, A, =p,q.E +(p, __I)Gz /[% (r,-0,)
—=0=>A,=¢"(p,——)(32)
%, b 1 41,0, x 1
— — 24 2
2 e pak) Hyie et
e ez o E ) (33) / ,  4nox 5
TR ey O +o0,X/ (1, =6,) +[(r, =6,)" + ———]* + 9]
2
koz *
A0+ N okagq,c kax
2 mx)? + ZGP g C,p,(8+d- —)
- (1+ mx) (1+mx)
2= L0, +A,(r y 6)},(34) . kac
dt { 102 PR i 2 +(p1q1X —cl)aqz]—m
on s A 0x 42
at p.9,E, 1+ )2 )
(35) Thus (38) can be written as
kox . c A efét
P e TR RO =0 =) s
1 3
— _Ae whose solution is There exists a unique positive root
. v T x =x_ of F(x")=0 in the interval 0 < x"< K,if the
given byA . following inequalities hold :
h(D="2—(36) . .
A+ F0) < 0, F (K) > 0, FPo(x) > 0 for x> 0.For
. y X =x_,wegetz =z
Where A, =2 y' +2% A =(p, ——)o, o> WEE g
K, y qX Then we have
N, ~ . , K b2
From (33) we get — " —-AA =—A,e”, whose solution y = i I -o, +{(r2 —02)2 + 4o, rzc1X}
is given by . 2
IA467St I.I Xoo Zoo Gl GZYoo
M =1 (37) B, =fq-Xey_ % O, O0Ye sy
st q, K, 9 9 Xw
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kax d

0

o q(I+mx,) q,

Hence the optimal equilibrium (X,.,y,,Z,) and optimal

harvesting effort (E,, and E, ) can be determined.

6. Numerical Simulation and Conclusion
If we consider the values of the parameters as

r, =3,1,=1.6,K, =100,K, =150,0, =1.5,
c,=14,04=84q,=05,q,=03,E, =LE, =5,
k=.01,d =.01,0<m<10)

We find the equilibrium point using the parameters; the
following table shows the stability of system with the
variation of m.

This table shows the bifurcation behavior of system (1)
with m as the bifurcation parameter. Let us take m = 0.1 to
0.5, then the corresponding interior equilibrium point is
unstable and we show that increase the value of m from
0.5 to 0.9 then, x(t) and z(t) are biomass densities of prey
species and predator species inside the unreserved area,
y(t) is the biomass density of prey species inside the
reserved area are stable. We have discussed the local and
global stability of the system, whether in the absence or in
the presence of predators. The optimal harvesting policy
has been also discussed.

Table 1: Prey predator density with m changing
m | x y z

0.1 2503744 | 17.22
0.2 | 3.33 | 39.04 | 24.44
0.3 | 5.00 | 42.24 | 41.032
0.4 ]0.16 | 29.18 | 0.8428
0.5]0.17 | 29.18 | 0.8467
0.6 | 0.17 | 29.05 | 0.8506
0.7 ] 0.17 | 28.99 | 0.8544
0.8 | 0.17 | 28.93 | 0.8583
0.9 | 0.17 | 28.86 | 0.8621
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