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Abstract: This manuscript endow with a new method to compute the determinants of a 3x3 matrix by describing only five entries of the
determinants, where it is created a new easy scheme to compute. The main advantage of this method when compared to the other known
methods (The Permutation Expansion, Sarrus’s Rule, Triangle’s rule, expansion by the elements of whatever row or column, Chio’s
condensation and Dodgson’s condensation) is it is very fast (like Dardan Hajrizaj new method) to compute the determinants of a 3x3

matrix and it is very easy to use.
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1. Introduction

Determinants emerged gradually during the 18t century
through the theory of equations in the work of Leibniz,
Maclaurin, Cramer, and Laplace. By the 19t century, the
subject had become a mathematical area of increasing
significance. Gauss (who invented the name determinant,
Cauchy, and Cayley all produced important results on the
subject, and in 1841, the German Mathematician Carl Jacobi
published three major papers which finally brought the
subject into the mathematical mainstream
(Ershaidat,M.N.(2007) and Rice, A. and Torrence, E.
(2007)). These(Carl Jacobi results) were important in that
for the first time the definition of the determinant was made
in an algorithmic way and the entries in the determinant
were not specified so his results applied equally well to
cases were the entries were numbers or to where they were
functions. These three papers by Jacobi made the idea of a
determinant widely known.

Cayley gave an explicit construction of the inverse of a
matrix in terms of the determinant of the matrix. He also
proved that, in the case of 2x2 matrices, that a matrix
satisfies its own characteristic equation. He stated he had
checked the result for 3x3 matrices, indicating its proof, but
says:-

| have not thought it necessary to undertake the labor of a
formal proof of the theorem in the general case of a matrix
of any degree. An axiomatic definition of a determinant was
used by Weierstrass in his lectures and, after his death; it
was published in 1903 in the note On determinant theory
(Ershaidat, M.N., 2007).

The determinant of a matrix can be thought of as a function
which associates a real number with every square matrix in
particular for 3x3 matrices. Determinants functions have
important applications to solve systems of linear equations
and also used to find the inverse of an invertible matrix in
particular for a 3x3 matrix. There are several methods to
find the determinant of a 3x3 matrix. The main objective of

this paper is to understand these several methods and
formulate a new method to find the determinant of a 3x3
matrix.

2. Co-Factor Expansion and Row Reduction
Method to compute Determinants of a Matrix

2.1 Introduction to Determinants

Definition: - Every square matrix A with numbers as
elements has associated with it a single unique number
called the determinant of A, which is written detA (Jeffrey,
A., 2002). We denote det( A} = |A| and this is most often
done with the actual matrix instead of the letter representing
the matrix.

2.2 The Permutation Expansion

Definition:- Determinant of n order will be called the sum,
which has n! different terms z; ;, : & &;; - &;;  Which
will be formed of the matrix A elements, see (Lipschutz, S.
and Lipson, M.(2004); Gjonbalaj, Q. and Salihu, A. (2010)

and Hajrizaj, D. (2009))
By Gy Buz "7 i
D=det(d) = |A|= % %2 %2 77|
By v oot g

Ei o i My fn. e eeeily .
Z-‘-’q: JET T P ) E i 8 L.

Where
. _ I+1 VI i ajzee s Jp @5 a0 even permutation
. i

Jpedzein |, if ji.fzseesfn 5 an odd permutation

In base of definition, determinant of the third order
(for n = 3) can be computed in this way
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det(4) = |A|=

Gy; B3 &

By3 iy 512‘
Gz; O3z 0O

Ey330yy Bgz0zg + 13704y OBoglgg + 5393 Qg3 g3 0an

EigaByy Gpplgy T £133043 Go3 Ogz T F317 83 Gy Oz

= G703 Ogg — O3 033837 + @308y Bag -

-2 10 2
Example:-LetA=|1 0 ?] then find det(A).
0 -3 5
-2 10 2
Solution: -det(4d) =1 0 7
0 -3 3

= (-2(ME)—27)(-3) + 201)(=3) - 2000 (0) 4 1007 (0) - 10(1)(5) = —c8
2.3The Co-Factor Expansion

Definition: If A is a square matrix then the minor of s ,
denoted by M;; , which is the determinant of the sub matrix

that results from removing (deleting) the i** row and j**

column of A (Lipschutz,S and Lipson, M.(2004); Leon, J,
S.(2006) and Jeffrey, A. (2002)).

@3y Oyy Oy
Example 1: - Let A =8 83 8| then
B33 Gzz O

My My, =det I

My : My, =det| a:!] = -

My i My, =de = a0 qg
12 12 21 a3 1138 13 a1

1 Oz
MM, =det ] = gy 8q; — Gy G, aNA SO ON.
a1

Definition: - If A is a square matrix then the cofactor of a;,

denoted by Aj;, is the number (—1)"*/f;(Lipschutz,S and

Lipson, M.(2004); Leon, J, S.(2006) and Jeffrey, A. (2002)).

+ £331 043035831 F E3390y3 Boglyy + E313 02031 837 =

+ £330 013822831 + E731017 033031 + 03 Oy20 Bag

Oy38p 83y + Gp38g3083 — 3 0g Ogg

Definition:- The recursive definition of the determinant
using cofactor expansion along the ¢** row of A:

detd = & Ay + 3ip A +3p4 + o+ 3y = det(d) =T (-1)F ap iy

The recursive definition of the determinant using cofactor
expansion along the j* column of A:

lj.E-‘t.‘%. = alj‘:!"lj + a:j‘:!":j + azj*‘ﬁl!j + 34j*':54j + nan + al:lj":!"l:lj .
With  sum  notation:  det(4) = XF_,(—1)*F a;; 4;
(Lipschutz,S. and Lipson, M.,2004).

Example: Let A=

P e

ci | E]then
> 4 6

find det (A) along in the entire row.

Solution: - 1) In the first row,

detA = Ayyay; + Ayp 8y3 + Azt

detd = (-1)"*'a,, detMy, + (-1 a,detM,; + (1)1, detM,;
= {_1:] :ﬂ-]_]_ d?ﬂl"f]_]_ + {_ ljgﬂ-l: dﬁtﬂ"f]_: + {_1:]4&13 d?tﬂ"flg

Gz O3 33 Gz Gg3 Gz
=—16
O3z Oz

=ay — 843 T 843

flzy  fag Bz Oz

2) Inthe second row, detd = Agjayy + Az 875 + Apag

Qi3 Oy Gy O3 By Oy 5 4 2 4 2 5
= —, o — - = — — = —
1 3z g == ldg O Blayy 0 3 |4- ﬁ|+ . |5 5| - |5 =1-| 16
d - - -
3) Inthe 37 row, 3. ga(ljculﬁtlng Determinants Using Row
eauction
detd = Ayjay + Az 055 + Ao
The idea to use row reduction on a mxn matrix is to get it
_ By | By Oz B3 Oy | down to a row-echelon form.
~ %tlay o Plag  ag #lag e
Note: - The determinant associated with either an upper or a
- 5 |5 4| -4 |2 4| + E-|2 5| - ~16 lower triangular matrix A of any order is easily expanded,
1 2 3 2 3 1 that it reduces to the product of the terms on the leading

Note: The examples above are also true with “row" replaced
by “column.

diagonal, so the expansion of the n™ order lower triangular
determinant with elements ay; (as; . ..., @,y J ON its leading
diagonal
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Baq 0
Eeyn 1 0

det A = | = @y, (Byg s ees By e
Bz " v Opp

and a corresponding result is true for a upper triangular
matrix(Jeffrey, A.( 2002) and Matthews, K.R. (1998)).

i =1 0
Example: - LetA=|0 4 5] then find detA.
o o0 1
i =1 0
Solution:- detd = |0 4 5| =(3)(4}(1) =12
o o 1

Here are the three row operations, how the row operations
used in the row reduction process

e Interchange two rows, ;< R;;

o Multiply a row by a nonzero scalar. B; — c&;;

e Add to a row a scalar multiple
row, R; —= R; + cR; (Jeffrey, A., 2002).

of another

Perform row operations until the matrix is in echelon form.
As we row reduce, we need to keep in mind the properties
of the determinants.

Example:-Use row reduction to compute the determinant of
the following matrix.

ml:"‘b‘mlm-a

1 0 7 1o

1071 8 01
=—I0 10 1a (ER:J:—(lﬂ]U ER3+3R::—|:1|]J

0 -3 3 0 -3 3 0o

Now, we’ve gotten the matrix down to triangular form and
so at this point we can stop and just take the determinant of
that and make sure to keep the scalars that are multiplying it.
Here is the final computation for this problem.

detA = —10(1) (1) (?] = _og

1 0 7
p 1 2
Note: - Now the matrix A = s | above is an
p o £
5

example of an upper triangular matrix (all of its non-zero
entries are located on or above its main diagonal). That is
detA is just the product of the entries along the main

diagonal of A.

4. Condensation Methods
4.1 Dodgson’s Method of “Condensation”

Definition:- The Dodgson’s condensation method is a
method, which determinants of the order mxn expansion in

determinant of  the n—1xh —1) order,
than{n — 2)x(n — 2) order and so on (Gjonbalaj, Q. and

-2 10 2 Salihu, A. (2010) and Hajrizaj, D.(2009)). Using the
A=l1 0 7 Dodgson’s condensation method for the determinants of the
0 -3 5 third order, we obtain
Solution: If we interchange rows take a minus sign onto the 8, @3 Oy |ﬂ-n '5!-1:| |ﬂ1: 1z
determinant and if we multiply a row by a scalar we’ll need 4] = |oz Grn G| = [ P2t P22l lEm 8z
to multiply the new determinant by the reciprocal of the e e o G713  Gg Oy O3
scalar. ooTErTE Bz1  Caz O31 B33
-2 10 2 1 0 7 |1 8zz — Oyo gy Oyz0zy — Oy30;; |
detd = | 1 D 7 {Rli—' Rg:] =—-|-2 10 2 {Rz‘l‘ZRl:] figg Ogs — Gon Ogq @y Ry — Qo Oy
n -3 3 0 -3 5
= (@12837 — B3202: ) (32022 — G22022 ) — (830027 — 022021 ). ( 012857 — @202
= G3;813 O3 — G107 073Gy — G128y Ggp@ag T Ggy G Gralyy T Ggaly Gyg Gog — Gl Ggp By
In base of Dodgson’s condensation method the final result
will be divided with a,, term, we have
|A| = apayfzz — 00303 — A1 033 T G103 013 T @33 833833 — A33031 043
2 5 4
Example: - LetA = |3 1 2|then find detA.
5 4 _ 2 -3 s -1(4)| _ |2 -15 10-4|_ _4
3(4) —5(1)  1(6) —4(2) 12-5 6-8

Solution: - Using the Dodgson’s condensation method for
the determinants of the third order, we obtain

2 s g B3 Y
215_31||12|
3 4 4 6

In base of Dodgson’s condensation method the final result
will  be divided with &a;;=1 term, so we

have |A| = _lﬁ:—lﬁ
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4.2 Algorithm of Dodgson’s Method of “Condensation”:

The method then consisted of four steps: see (Rice, A. and
Torrence, E. (2006-2007):

1) Use elementary row and column operations to remove all
zeros from the interior of A.
2) Find the 2x2 determinant for every four adjacent terms to

form a new{n- 1}x{n- 1) matrix B.

3) Repeat this step to produce (n=2)x(n=-2) matrix, and
then divide each term by the corresponding entry in the
interior of the original matrix A, to obtain matrix C.

4) Continue “condensing” the matrix down, until a single
number is obtained. This final number will be det A.

4.3 Chio’s Condensation Method0

Chio’s condensation is a method for evaluating a nxn

Gy 0z — Oygfag
Ogp gy — Ggpplg

L |Bg1033 — Gyzfgy

Oy gy — Rgpligg

O34

determinant in terms of (n — 1Jx(n — 1) determinants: see

(Gjonbalaj, Q and Salihu, A.(2010) ,Habgood, K.and Arel,
1.(2011)and Hajrizaj, D.(2009))

|ﬂ'11. Gy3 | |ﬂ'11 Gy3 |ﬂ'11_ Gin
G331 Gz G313  Gg3 G113  Gan
. || Be2 fyg  Bg3 Gy Gyn
|-4| = =7 |10z O3z O3 Ozz |u. a |
a5y : : ni ni
Gy1  Gy3 Gy1 Gz G113 Byn
Op1 GBpz Opy Gz Onr Ban
For n = 3, we obtain
i s i @
@y Oy Gym | 11 1:| | 11 s
1 G113 Gz G113
|H| = |G Gz Gpz|= —
N o o gy ||®11 B | 13 Oy
3 T2 T2
#ooTE == G313 O3 O31 33

1
2 Llauag —ag ag;)- (@43 833 — agzag) — (ayag; — agag ). (ay; 055 — ag3ay)
11

G4

Gyzfgy Gy Opy

1 - 2
(6831072853 — G4y Q320,363 — i3y Gy 823 + G330z Gy30zy — 053 O37023 T g3 Gy Opy + G203 853 Gz —

= @zpfyf3z —@pRy3fi] — @@y fGiz — G383 03 T Gty T epanan

Let us verify chio’s condensation method. This method is a
variation of the upper-triangle procedure, except that the
triangular form is achieved implicitly by evaluating 2x2
determinants. We illustrate this method by first considering
the following 3x3 matrix:

Gy3  GBy3 G4z
A= |G Gy O3
Ggy Ogz COgg

The determinant det[A] is evaluated by reducing the first
column to upper-triangle form. Therefore, factoring a;; from
the first row gives:

Now
Oy Oy Oy 1 ay/a; 6afe,
|A | =% O G| =ay |6y X3y 033 (::iigiiﬁi
Oy Ogz Ogg Ggy B3 Ba3
1 '31.:-/511 Gz -’fﬂ'u_
=ay, |0 @ —a; (o -"rﬂ'j.j_:] Oz = u‘:L{ui!'fu'li:]
0 &g — oy (8 f"rﬂ'u_:] O3z — O3y (B3 f"rﬂ'u:]

But, by Laplace's Method, only one 2x2 minor is needed;
hence

- '5!':1':'312!(511:]
- ﬂ'!i'iﬂufﬂn:]

Gz — ﬂ':i{ﬂ'uf(ﬂ'n]

O3z = ﬂ'!i{ﬂ'u?{ﬂ'n] Oaz

|-’£-'| =0y 22

)

Now, if one is to factor out 1/a;; from both rows, then

A| Oy |ﬂ':: Gy3 — @3y Qyy0zg — G738
Qyqgq Br18ay — @ypfay By 0z — Oy Hyg
|ﬂ'1_1 Gz | |ﬂ'1_1 i3
1 Gpy Gz Ozy Gz
ORdet A = — a a a G
Oyy 11 1:| 11 17
O3y Cgz Og; Cgz

The previous equation states that an nxn determinant can be
reduced to an (n-1)x(n-1) determinant whose (n-1)? elements
are the determinants of 2x2 matrices. This process can be
repeated until a single 2x2 determinant is obtained.

Z 2 4
3 1 2|thenfind detA.
a3 4

Example: - Let A =

Solution: - Now using chio’s condensation method, we have
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The number of 2x2 determinants = (n-1)? = (3-1)* = 4

5. Methods used to compute only Determinants
of third order

5.1 Sarrus’s Rules

Sarrus's rule or Sarrus's scheme is a method and a
memorization scheme to compute the determinant of a
3x3 matrix. It is named after the French mathematician
Pierre Frédéric Sarrus(http://en.wikipedia.org/wiki/Rule-of-
Sarrus). There are four Sarrus’s rules or Sarrus’s schemes to
compute the determinant of a 3x3 matrix
(http://common.wikimedia.org/wiki/category:sarrusrule).

Sarrus’s Scheme 1:

13 3 43

a1 Az uzz], then its determinant can be
f3] G3x @33

computed by the following scheme:

IfFA=

(Hajrizaj, D.,2009):

Write out the first 2 columns of the matrix to the right of the
37 column, so that you have 5 columns in a row. Then add
the products of the diagonals going from top to bottom and
subtract the products of the diagonals going from bottom to
top. These yields

gy Qg3 Qyg
yq O3y O3
gy @3y Qag

|4 |= = |21

1 O33

Sapag iy - aptady — @iy 0y — Gy 0pdn T Apdpay T apayfy

2 5 4
Example: -LetA =13 1 i}thenfinddem.
a 4
Solution:
2 5 4
detd=13 1 2|= |3 1
5 4 &6

= (21 6) + ) E) + WEE -GE)DH -WRE) - EE)E)

=16

Sarrus’s Scheme 2:

@33 @37 O3

an an ﬂzz}, then its determinant can be
33 3z O3z

computed by the following scheme:

IfA=

(http://common.wikimedia.org/wiki/category:sarrusrule)

= apayag - apapey —ap0ydy - &ayay T apd;pay tapa3ey

Example: - Let A =

2 5 4
3 1 §:|then find defA.
a3 4

Solution: In base of the Sarrus’s rule 2 we have

L=l

= (@) + (6)2)(G) + WE@W -6 1@ -WRQ - (E(E)E)
=—16

Sarrus’s Scheme 3:

G G Ga

Ozp Oz ﬂ:!] . To find the determinant of a
Q31 GOzz O

3x3 matrix A, write the two columns (second and third
column) of A to the left of A. shows:

Let 4 =

(http://common.wikimedia.org/wiki/category:sarrusrule)

= 0370y 8g3 — Oy 013 0g1 — Gy307) 833 — Oy305 053 T 8330130y T 6173105

Example: - Let 4 =

2 5 4
3 1 2| then find detA.
a3 4
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Solution: In base of the Sarrus’s rule 3 we have Example:
2 5 4 4
IfA=1|3 1 2],then|f-1| =13 1 2|=
2 5 4 5 4 6 5 4 86
=13 1 2
5 4 6

aéa
I
5 4,

= 2(1)6 + 4(3) 4 +5(2)5 - 4(232 - 6(3)5 - 5(1)4 = 16

%
Fve

= 20106 + 4(3)4 4+ 5(205 — 4(2)2 — 6(3)5 — 5(1)4
=-16

Sarrus’s Scheme 4:

By similar way of above Sarrus’s Scheme& we have: 5.2 Another Scheme to Compute the Determinant of a

(http://common.wikimedia.org/wiki/category:sarrusrule) Ja3 matrix
g Ogq aﬁ, This scheme is represented as follow :(Hajrizaj, D.,2009)
e e
2 i pu

= gg0yy Ggg — Ga0y3lyy — Gyl gy — Oyy8pplgg T Ogplyp Oy T 8130500

2 3 4 2 3 4
Example: -If A = [3 1 'P]then 4] =[3 1 2|= 1
3 4 6 5 4 6 The terms, which will be formed by the products of arrow
elements of 1, 2 and 3 in above scheme become the “-“sign
and the terms, which will be formed by the products of
27 arrow elements of others arrows in above scheme become
g the “+“sign.
OR

.....--"'-. -’..-'

= 20106 + 4(3)4 + 5(2)5 — 4(2)2 - 6(3)5 - 5(1)4 = —16 1z i3]
22 g
Triangle’s Rule: ___..aéiz" 3z

o311 013 O3 _ _ The left side of this scheme is “+*“sign and the right side is “-
If A=|an @ap @y then the triangle’s rule will be  “sign (Lipschutz,S. and Lipson, M.,2004). In base of these
31 Q31 33 schemes (the first scheme and the second scheme have the

formed as follow ( Hajrizaj, D.,2009) same result), we have
13 a\I‘t_\'" Hiz ﬂlg = apaypaz — A oay —Apayay — apapa Toapa;pay +agag ag
zgz 33 ﬂzh_k -’Izz
az;" @z, Azi— H33 25 4
Example: -If A= 13 1 2|then
) 5 4 6
> In base of this scheme, we have:
gy, yr—Ay3 '112 g3

=23

a3
31\332 33

= Gy Ogy — Gggfyalyy — Gypligy gy — Oyalalyy T Ogg O3l T Oygly O

am "-’-‘2,2/ Mi33

3 @32 Q33
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= 2(1)6 + 4(3)4 +5(2)5 - 4(2)2 - 6(3)5-5(1) =-
OR

= 20(1)6 +4(3)4+5(2)5-4(2)2-6(3)5-3(1)4 = —16

6. A new method by Dardan Hajrizaj to
compute the Determinant of the third order

6.1 Method One: To describe this method, assume a
determinant of the third order:

@13 Q7 g3
@yy Qa7 g3
33 Q37 33

Let’s start by describing before the first row element which
lie in cutting the first row with third column and before third
row element which lie in cutting the third row with third
column(ayzand ag3), as well in same manner let’s describe

after first and third row elements(a,; @nd az4), respectively.

Now get such a scheme as follow: (Hajrizaj, D., 2009)

.r'!! £ [t L
i G (O
(hy Oy dy
”35| f731| ) ”33 |”31|
I- -‘J: —-] I-’— J’Li J

e =

This scheme will be formed of six diagonals with three
different elements of determinants. The elements products in
three diagonals in left side will get the “+” sign, in the other
hand the elements products in three other different diagonals
in right side will get “-“sign. This will produce three terms
with “+”sign and three other terms with “-“sign, which in
fact presents the definition formula to compute the
determinants of third order.

Proof:-While applying the new method with the above
scheme, to compute the determinant of the third order,

@@y a3 — G Anay +ayeyey - 03003 T appay -4y 86y

Example: - Let A =

2 5 4
3 1 §:|then find detA.
a3 4

Solution:-Now using the above Scheme, to compute the
determinant of A, we have

= 4(3)([4) + (2000 (8) + 5(2)(5) = (6] (3)(=) - 501)(4) — (@2 (2) = -16
6.2 Method Two

This new method consist of scheme below, which will be
formed in the same way like the preliminary scheme( above
scheme) but this other scheme manipulate with elements in
other rows and columns from the above scheme . ( Hajrizaj,
D.,2009)

|

I I
(. oy 1{T35] \
I--—-i | I-"—1 H
a tlﬂ - lf?‘ iy -, (r 'ﬂl-_.
11—’ iz. 13 11’ l" 13
L S K R |r" [ ' "
|0l an :?3'2_3.".._..! @y Iz, gty
T Pt -‘ | I g
- K
A= 1(?‘3~.1 Uy a;n Tf733'! (‘I33
I — [

L . \
! 1 1

| |
9,

Proof:-While applying the new method with this Scheme, to
compute the determinant of the third order, we have
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= Q450930 T 0y Uy gy T 03090039 ~ Ay4 sy — Gyyllygllay ~ Oypllyy g

2 5 4
Example: -Let A = |3 1 2] then find detA.
5 4 &

Solution: - Now using the new method above, we have

(=2(2)(4)- D)D) -(3)E)E)+(2)(5)E) + (2)(1)(E) + (4)(4)

3)=-16
6.3 Method Three

The form of this method is shown in the following scheme:
(Hajrizaj, D., 2009)

Wl 55 w
—

n |d [~ 1
ERNOEIRY
a )

Proof: - By applying the new method with the Scheme, to
calculate the determinant of the third order, we have

= Oy gy T 0y Oy llgg + Qy3lly sy = Ay Oyl = Oyglg llgy =yl

2 5 4
Example:--Let A= |3 1 2| thenfind detA.
5 4 6

Solution: By applying the new method with the Scheme, we
get

7. New methods to Compute Determinants of
Order Three

Let us describe this new method to compute the determinant
of the third order, assume third order determinant:

@y Gz g3
Gy Gz g3
i3y @3z 33

|4] =

First of all, select five entries of the matrix (except the center
entry because one entry must belong to two diagonal that is
the center entry belong to two diagonal) and then put them
in the opposite side (bottom, top, left, right side respect to
our choice) of the matrix like Dardan Hajrizaj new
method. Next to this, the selected position should
be made a diagonal (may remain one entry from the
selected five entries of the matrix) which contain three
entries as shown the following scheme. Based on
Dardan Hajrizaj new method, the following schemes
will be formed of six diagonals with three different elements
of determinants. The elements products in three diagonals in
left side will get the “+” sign, in the other hand the elements
products in three other different diagonals in right side will
get “-“sign.
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In the base of this (by similar way), we can find the
following schemes and the result is the same

gy Oy Olgg — Oy Opgllyy T Qyy 0y gy ~ Oy3lppllyy T Gypllyglly, — Oyl g

2 5 4
Example: -Let A= |3 1 E] then find detA. 8. Conclusion
2 4 6

The results acquired by the other known methods which we
have mentioned above are equal in determinant with
different examples. Based on these results, these new
methods used to find the determinants of third order and also
can be used only for the third order determinant. These
methods, comparing with other known methods, are the
most applicable and choicest methods, based on quickness,
easiness and creating different chances of computing the
third order determinant. |1 hope, my new methods invite us
for the further study in computing methods of higher than

(22~ 6O ENOE)+QEE) + Qe+ ey e rder determinants
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