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Abstract: Problem of necessary and sufficient conditions for 2-normed space be 2-pre-Hilbert space is focus of interest of many
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1. Introduction

Let L be a real vector space with dimension greater than 1
and, ||-,-|| be a real function defined on L x L which satisfies

the following:
a) ||x,y|>0, foreach x,yeL u | x,y|=0 ifand only if

the set {x, y} is linearly dependent;

b) || x,y =l y, x|, foreach x,yeL;

¢) lax,yl=la]-||x,y|, foreach x,y e L and for each
aeR,

d) |x+y,z|€llx,z]|+]|| y,z], foreach x,y,zeL.

Function ||-,-|| is called a 2-norm of L, and (L,||--|) is
called a 2-normed vector space ([6]).

Let n>1 be a natural number, L be a real vector,
dimL>n and (--|-) be real function on LxLxL such

that:

i) (x,x]|y)=0,foreach x,yeL u (x,x|y)=0 ifand
only if a and b are linearly dependent;

i) (x,y|z)=(y,x|z),foreach x,y,zeL;

iii) (x,x|y)=(y,y|x),foreach x,yeL;

iv) (ax,y|z)=a(x,y|z), foreach x,y,ze L and for each
aeR ;and

V) (x+x1,y|z)=(x,y|z)+(x1,»|z), for each
X, x,y,zeL.

Function (.,-|-) is called a 2-inner product, and (L,(-,-|-)) is

called a 2-pre-Hilbert space ([2]).

Concepts of 2-norm and 2-inner product are two dimensional
analogies of concepts of norm and inner product. R. Ehret
proved ([5]) that, if (L,(-,-|)) be 2-pre-Hilbert space, than

Ix, = Gx.x | )2 for each x,y e L (1)
defines 2-norm. So, we get 2-normed vector space (L,]|-,-||)
and for each x, y,z e L the following equalities are true:

2 2
e e @

2 2 2 2
[x+p.z |7 +llx=pzlI"=2(lx. 2" + 13,21 ®3)

In fact, equality (3) is analogy of parallelogram equality, and
we’ll named parallelepiped equality. The reason for that is
the following situation. Let (Z,(-,-)) be a real pre-Hilbert

space. Then,
1/2
, foreach x,ze L

(x,x) (x,2)
(x,2) (2,2)
define standard 2-norm. If L=R3is used with the usual
scalar product and the sets {x,y} {x,z} and {y,z} are
linearly independent, then || x,z|, ||y.zll, ||x+y,z]| and
|[x=y,z|| ce equal to the areas of the parallelograms
constructed above the vectors x and z, y and z, x+y
and z, x—y and z, respectively. It’s easy to find that

llx, 2 [l=

o+ 2,217+ x =y, 2 2= [(x, %) +2(x, 1) + (7, 0] (z,2)

~[(x,2)+ (3, 2P
+[(nx) = 2(x, ) + (7). 2)
~[(x,2)- (7. 2P
= 2[(x,x)(z,2) ~ (x,2)°]
+2[(y,9)(z.2) - (7.2)°]
=2(lx.z P +1y.zIP).
It means that the sum of the squares of diagonal intersection

areas of the parallelepiped is double the sum of the square of
appropriate side’s areas of the same parallelepiped.

Furthermore, if (L,|--|)) be as2-norm vector space as such
that for each x, y,ze L, (3) is true , then (2) defines 2-inner
producton L, and (1) is satisfied.

In [4] C. Diminnie and A. White characterize 2-pre-Hilbert
space using 2-functional partial derivatives i.e. they prove
that if (Z,(,,-|-)) be a 2-pre-Hilbert space in which the norm
is defined by (1), then for each x,y,ze L. the following
equality is true

(x,v|z) = lim ozl
t—0

The sequence {x,},—1 in 2-norm real space is named
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convergent if there exists x € L such that
lim ||x,—x,y|l=0,foreach yeL.
n—»0

The vector x € L is named bound of the sequence {x,}-1
and denote

lim x, =x or x,, > x, n— o, ([12]).
n—»0

Lemma 1 ([12]). Let L be 2-normed real space and
{x,}—1 be asequencein L . If
lim ||x,-x,»|=0,
n—»0
then
lim [, y =l v [l w
n—»0

2. Characterization of 2-inner product

Theorem 1. Let (L,|--|) be a2-normed real space. 2-norm
is get from 2-inner product if and only if

lax+by,zI? | |Bbx—aay.zIf _ lxz°  |y.zIf
+ = + 4
Y raf a B )
for each «x,y,zeL and for each a,beR, «,>0,
y = aa® + ﬂbz .

Proof. Let for each x,y,zelL and a,beR, «,5>0,

y =aa®+ Bb® | equality (4) holds. If a=g=a=b=1in
(4) we get the equality (3). It means that (2) defines 2-inner
product on L, from which is obtained the 2-norm i.e. the
equality (1) is satisfied.

Conversely, let exist 2-inner product from which is obtained
the 2-norm, i.e. the equality (1) is satisfied. Then, for each

xoyzel and a,beR ,a, f>0,y =aa® + Bb? is satisfied

lax+by.zIF | Bbx—aay.z|f
+ =
4 rap

:%(ax+by,ax+by |z)+ﬁ(ﬂbx—aay,ﬁbx—aay|z)
= Lla® (xx]2) + 2ab(x,y | 2) + 7 (.7 |2)]

+oag P26 (x,x]2) - 2abap(x.y | 2) + a’a® (v, y|2)]

1,02+ pp2yieal |, ozl q ezl .zl
==(aa”+ pb + = + ,
Laa® + o) ] = o

i.e. the equality (4) holds m

Corollary 1. Let (L,||-,-|[) be a 2-normed real space. 2-norm
is obtained by 2-inner product if and only if

lax+by,z |7+ bx—ay,z|P= (@ +b2)(| x, 2 |? +1| 3,2 |?) ,(5)
foreach x,y,zeL and a,beR.

Proof. Directly is implied by theorem 1 when ¢ =f=1.m

The equality (4) is Euler-Lagrange type, and it characterizes
the 2-inner product. In fact, the following corollary is an
analogy of corollary 1, i.e. its trigonometric form.

Corollary 2. Let (L,||-,-|]) be a real 2-normed space. 2-norm

is obtained by 2-inner product if and only if

| xcosa+ysine, z|]° +|| yeosa—xsina, z || x, z||° +|| v,z |, (6)
foreach x,y,ze L and foreachaeR .
Proof. Let (6) is true for each x,y,zeL and for each

aeR . By letting az% in (6), we obtain the following

equality:
lxcosZ-+ysinZ z|[* + yoos Z —xsinZ z [P=f x,z [P+ 3,z
i.e. the equality

lxc+y.zl? | y=x.zIf

2 2

which is equivalent to (3). It means that (2) defines 2-inner
product from which is obtained the 2-norm, i.e. the equality
(1) is satisfied.
Conversely, let there exist 2-inner product from which the 2-
norm is obtained and let x,y,zeL and aeR. By

2 2
=lxz " + 1y 21",

Corollary 1, for every x,y,zeL and every a,beR the

equality (5) is satisfied. Letting a =cosa and b=sin«a into
(5), we get that for every x,y,ze L andevery ¢ eR:

| xcosa+ysina,z ||2 +||xsina—ycosa, z ||2=
= (cos? ar +sin? @)(| x, z | + v,z |?)
2 2
=[x,z |+ v,z |,

i.e. the equality (6) is correct. m

Remark 1. In the second part of the proof of the corollary 2,
the equality (6) derives from the equality (5). But, the
equalities (5) and (6) are actually equivalent. Let x,y,ze L

and a,beR . Then exist « € R so that 4 __ _cosa and
a’+b?
zb - =sina . Finally, from the equality (6), we get the
va“+b
equality:

a +y b
\/a2+b2 \/az-t—bz
2 2
=[x,z I+l .zl
which is equivalent to the equality (5).

2 2
[l 2"+ =

b a
_ .z
\/az+b2 4 \/a2 +b?

Lemma 2. Let (L,|-,-|)) be a real 2-normed space. If there
exists any « € R such that for every x, y,z e L , equality (6)
is satisfied, then for every x,y,ze L and forevery ne N,

| xcosna+ ysinna, z ||2 +|| ycosna —xsinna, z ||2:

()

=lxz I +lyz P
Proof. Letting n=1, the equality (7) transforms as (6), i.e.
it’s satisfied. Let suppose that n =k >1 exists such that the
equality (7) is satisfied i.e. for each x,y,ze L

||xCOSka+ysinka,z||2 + ||ycoska—xsinka,z||2: ®)

2 2
=z I" +ly. 2
If we take xcosa + ysinag and ycosa —xsina for x and
y respectively, then by (6) and (8) we get
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lxz I+l v,z 1=

=]l xcosa+ ysina, z P +]|| ycosa — xsinea, z |2

=[| (xcosa + ysina)coska +(ycosa —xsina)sinka, z ||2 +
+||(ycosa—xsina)coska —(xcosa + ysin a)sinka,zllz

=| x(cos acoska —sinasinka) + y(sin acoska +cosasinka) ||2 +
+|| y(cos ecoska—sin asin k) — x(Sin  cos kar +cos aesin k) ||2

=) xcos(k +1)a+ ysin(k +a, z |?

+|| ycos(k + e —xsin(k+ e, z |-
It means that (7) is true for n =k +1. So, from the principle
of mathematical induction is true forall neN . m

The following result of mathematical analysis is necessary
for the other characterization of the 2-inner product. Let

B(0;1) denote the unit circle in R2 and let
7Q={kr| keQ}.

Then, the validity of the following lemma is obvious.

Lemma 3. For every & e R\ zQ , the set
{(cosna,sinna) |n e N}
is dense into B(0;1). m

Theorem 2. Let (L,|-|) be a real 2-normed space. 2-norm

is get by 2-inner product if and only if there exists
a € R\zQ such that for every x, y,ze L the equality (6) is

correct.

Proof. Let exists 2-inner product, and 2-norm is get by that
product. Then, by corollary 1, the equality (6) is satisfied for
every ¢ € R and for every x,y,ze L Thus, the equality (6)

is satisfied for some « € R\zQ and for every x,y,ze L.

Conversely, let exist @ e R\zQ such that for every x,y,
ze L the equality (6) is correct. But, (@,%)eB(O;l),
and by lemma 3 follows existence of sequence of natural

numbers {m, }, 4 such that lim m, = and
n—>0

lim (cosm, a,sinm,a) = (@,%) .(9)
n—>0
Moreover, for every x,y,zeL

w242

2

0<|| xcosm, o+ ysinm, o —

2 : 2
<Jeosm,a—S2 |-l x| +[sinm,a—3Z |- v,z
and

V2-xy2
%,Z"

0<|| ycosm, o —xsinm,a—

2 : 2
<lcasma—2 |- y,z |+ |sinm,a—2 |-[1x,z]].

Letting n — oo into the last two inequalities, the equality (9)
implies

lim ||xCOSmna+ysinmna—M,z||:0 ,
n—>0

for every x,y,ze L and
lim ||yc03mna-xsinmna-@,z||=o,

n—®

for every x,y,ze L. Now, by the last two equalities and
lemma 1,

V2+32
2

lim || xcosm,a+ ysinm,a,z|=| .z |, (10)

n—>0
for every x,y,ze L and

lim ||yCOSmna—xSinmna,z||=||@,z||, (12)
n—»0
for every x,y,z e L . Furthermore, m, €N, for neN.

Thus, by lemma 2, for every ne N
| xcosmy,a + ysinmy,a, z ||2 + || ycosmy,a — xsinm,c, z ||2=

= x.zIP + vz 1P

Finally, letting n — oo into the equality above , we get that
the equalities (10) and (11) imply

betvzlf |, ly—x.zIP

2 2

This equality and equality (3) are equivalent. It means that
equality (2) defines 2-inner product and 2-norm is get by
that, i.e. (1) is satisfied. m

2 2
=llxz "+ 1y 21"
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