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Abstract: Soft set theory was introduced by Molodtsov in 1999 as a mathematical tool for dealing with problems that contain uncertainty.
Faruk Karaaslan et al.[6] defined the concept of soft lattices, modular soft lattices and distributive soft lattices over a collection of soft sets.
In this paper, we define the concept of complemented soft lattices and complemented distributive soft lattices over a collection of soft sets,
study their related properties and illustrate them with some examples. We also define the concept of soft Boolean algebras, soft atoms of
soft lattices and discuss the theorems related to soft atoms. In addition, we establish representation theorem for finite soft Boolean

algebras.
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1. Introduction

Soft set theory was introduced by Molodtsov [9] in 1999 as a
mathematical tool for dealing with uncertainty. Maji et al.[8]
defined some operations on soft sets and proved related
properties. Irfan Ali et al.[5] studied some new operations in
soft set theory. Li [7] , Nagarajan et al.[10] defined the soft
lattices using soft sets. Faruk Karaaslan et al.[6] defined the
concept of soft lattices over a collection of soft sets by using
the operations of soft sets defined by Cagman et al.[1].
Nagarajan et al. [11] proved characterization theorems for
modular and distributive soft lattices. Ridvan Sahin et al. [12]
applied the notion of soft set theory of Molodtsov to the
theory of Boolean algebras. In this paper, we define the
concept of complemented soft lattices, complemented
distributive soft lattices and soft Boolean algebras over a
collection of soft sets. We study their related properties with
some examples.We also define the concept of soft Boolean
algebras, soft atoms of soft lattices and discuss the theorems
related to soft atoms.In addition, we establish representation
theorem for finite soft Boolean algebras. The readers are
asked to refer Cagman et al.[1], Maji et al.[8] and Molodtsov
[9] for basic definitions and results of soft set theory. Faruk
Karaaslan et al.[6], Nagarajan et al.[10] and Nagarajan et al.

[11] for results of soft lattices. Throughout this work, U
refers to the initial universe, P(U) is the power set of

U,E isasetofparameters, A C E and S(U) is the set

of all soft sets over U.

2. Complemented Soft Lattice

In this section, we give the definition of complemented soft
lattices and study their related properties with some
examples.

Definition 2.1 Ler (L,v,A) be a soft lattice and

fioeLl . If f,<fy forall f, €L, then f, is called
the least element of L. If f, < f, forall f, €L, then
f, is called the greatest element of L.The least the and

greatest elements of a soft lattice are the empty soft set £, o
and the universal soft set f respectively.
Definition 2.2 A soft lattice (L,Vv,N\)
bounded soft lattice if L has both the least element f@

is said to be a

and the greatest element f. 7
U={u,u,,u,u,lt,E={e,e},

Example 2.3 Let { T 4} { : 2}
A={e},B=1e,}

A,BCE. f,=0 .

fo=Ale u,u,b)y o ={ley, us,u, )}y

fg ={(e,{uy,uy}),(ey, ug,u, )}

Then L ={fy, [, 5, /3} € S(U) is asoft lattice with

the operations O and M. In this soft lattice,the least

Thus

where Assume that

element is f and the greatest element is fE

(L,O,M) isabounded soft lattice. The Hasse diagram of it
is given in figure 1

f

S
Figure 1

Definition 2.4 A bounded soft lattice (L,V,NA)
to be a complemented soft lattice if for each f €L there

is said

exists an element f, € L such that f, N fp = f and

fAVfB:fE'
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Example 2.5 Let
U = {u,uy,uy,u,,us,us b, E={e, e, e},

P={e},0=1{e,},R=1{e;},S={e,0,},
T={e,e}.V ={e,, e}

where P,Q,R,S, T,V C E. Assume that fg =,

£ = (e D} fy = {(ess Gy}

Jr = ey, {us,ug})},

Js = e, {uy,uyb), (6,0 s, u )},

Jr = (e {uy,uy}), (e, {us, ug )},

Sy ={(ey uy,u,}), (e, {us, ug )},

fg ={(ey, {u,,u,}), (ey, {uy,u, 1), (€5, {us,uq} )} Then
L:{fQ’fP’fR’fR’fS’fT’fVﬁfE}gS(U) is a soft

lattice with the operations O and M. Here the soft
complement of f), is fV, the soft complement of fQ is

fr» and the soft complement of f, is fg. Thus

(L,0,M) isacomplemented soft lattice. The Hasse
diagram of it is given in figure 2.

Figure 2

Remark 2.6 If f, isa soft complementof fy, then f,

is a soft complement of fA .

Remark 2.7 If L has f and f5, then
Jo /\fg:fg and f@VfEZfE and so [ is a soft

complement of fE and fE is a soft complement of  f.

Lemma 2.8 If (L,v,A) is a finite soft chain with more
than two elements then L is not soft complemented.

Proof. Let f, €L such that f,# f, and f, # f;.
Suppose f, € L. Since L is a chain, either f, < f,, or
S5 < f,. Case(i) Let f, < f,. Then f,V f, = f, and
f4 N fy = f, Therefore f, cannotbe a soft complement
of f, .Case(ii) Let f, < f,. Then f,v f, = f, and
f4 A fg = f,. Therefore f, cannot be a soft complement

of f,. Thus no element f, € L be a soft complement of

f,-Hence L innotacomplemented soft lattice.

Theorem 2.9 If (L,Vv,A) isa complemented

distributive soft lattice, then every element of L has a
unique soft complement.

Proof.
complements B and f, By Then by the definition of the

Let us suppose that f, €L has two soft

soft complement

and fo Ay, = S f i o =
So = Fa Ao = Lo ALY )
= Uy SOV Uy Ay )= Lo Sy A Sy)
U=y ALV, A Sy = f AN f)
— fo, A5 = o

No

Hence f, B = £ 8 which contradicts the assumption that
f, € L hastwo different soft complements £, 5, and fBz.

Thus the soft complement of any f, € L is unique.

Theorem 2.10 Let (L,V,A) bea complemented
distributive soft lattice. For f,, f, € L, the following are
equivalent. (i) f, < fy,
(@) funSs = fo @) [V fo= [
) f5 <fi-
Proof. (i)=>(ii): Let f, < f,.
JaN fo =13
X =V IIA S =1y
=AY s A f3) =1y
= NS5 =fo 38 funfy = fo
@) = (iid): [y A Sy = [
=S (A S == v ) =1
= f/; v =S5
i) = ) fiv [y =1 =2 (VAT = 15
=i nTIVUsASD) =S5 =2 fints =1
= fi < fi-
=0 fy <= finf=1;
= Af) =) =LV =Ts
= i< s

The
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3. Soft Boolean Algebra

Soft Boolean Algebras are special type of soft lattices. In this
section, We define soft Boolean algebras with some of its
properties.

Definition 3.1 A4 complemented distributive soft lattice is
said to be a soft Boolean algebra or a soft Boolean lattice

with least element f and greatest element [ P

Example 3.2
U={u,uyu,u,u,u b, E=1e,e,,e},

" A=fe}B={e}C= e

where A,B,C C E. Assume that fg =
Fo=Alen{u,u, DY, S =A{(ey, {uy,u, 1)},
Je =A(e, {us,ug})},

U S = e {uyuy 1), (ey0 {us, uy )5,
i Jod = e {up,uy ), (65, {us, ug ),
s> Jo3 = ey, us,uy b)), (€5, {us, ug}) 5,

Le

Ui Jos St = e {uy,uy ), (e, g, uy ), (€5, {us, ug ) |-

Then A={f,,f3,fo} and
P(A) = /o A b A A A s a s
{fBafc}a{fA’fc}’{anfB’fc}}QS(U)-

P(A) = S(U)is a soft lattice with the operations O and

Hence

M. The Hasse diagram of the soft lattice (P(A),0,M) is
given in figure 3.

This soft lattice

P(A),O,") s

distributive soft lattice with least element f,; and a greatest

a complemented

element A . Hence the soft lattice (P(A),0,N) is a soft
Boolean algebra.

Remark 3.3 Every element fA in a soft Boolean algebra
has a unique soft complement. The unique soft complement of

f, is denoted by 1L

Theorem 3.4 Let (B,\/,/\,E ,f@,fg) be a soft Boolean
algebra. Then forall f,€B,

O = f1.6) f5 =[5 and f5 = .

Proof. (i)Let fAE be the soft complement of f, € B. Then
Y% fAE = fg
fAZ V= ff
f, is the soft complement of fAE. That is, (fAE ) = fy-

(ii))We know that f®vfi :fE and fg/\fg = fu-
This implies that f, 7 1s the soft complement of f- That

and f, A f = f,. By commutativity,

and f{ Af,=f,. This implies that

is, fEE :f@. By the principle of duality, f@E ZfE.

Remark 3.5 A soft Boolean algebra will generally be
denoted by (B,V,/\,C ,fg,fg). where BQS(U). The

two operations V (join) and N (meet) are binary operations
on B and soft complementation is a unary operations on
B. The corresponding soft poset will be denoted by (B, ).

The bounds of the sofi lattice are [ and fE where f,

is the least element and  f 7 1S the greatest element.

Note 3.6 As a soft Boolean algebra should contain fg

and f 7» every soft Boolean algebra has atleast two

elements.

Theorem 3.7 De Morgon’s Law: Let
(B,\/,/\,c ,f@,fE) be a soft Boolean algebra. Then for any

foofy€B ) (finfY = fiv [
@) (v fo) = finSs

Proof. Let (B,V,AS, [, f5) be a soft Boolean algebra
and f.» [ €B. Then
(FA ATV IV 1)

=LV UV DAV (v 1)

= (£ LDV I A SV NV 1)
:(fg\/fz;&)/\(fﬁvfj):fg/\fgz P and
(Lo ATINSLY S3)

= (LA A SINLON(SLanfINS3)

= (LA A DNV LA A S3))

=(fo NIV UanTZ)=TaV fo = 1o

fEv fS is the soft complement of f, A f,. That is

(fA/\fB)E :fAEVfBE'

By the principle of

(fAVfB)E :fj/\f;'

4. Soft Atoms of Soft Lattices

Thus

duality, we have

In this section, we define the soft atoms of soft lattices. We

show that a finite soft Boolean algebra has exactly 2"
elements for some positive integer n. Moreover, any two soft

Boolean algebras of order 2" are isomorphic to each other.

Definition 4.1 Let f, and f, be two elements in a soft
lattice. The element f, is said to be a cover for f, if
[ S [y, f, %[5 and there is no element f in the sof

lattice such that f, < f. < fg. If f, covers an element
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f» wedenoteitby f, =< fg.

Definition 4.2 An element which covers the least element
f® is said to be a soft atom of the soft lattice.

Remark 4.3 Let f,,f, €L and f, be a soft atom in

LoIf fy# fg, then fyN [y # [
As f, is a soft atom [ N[y < f, = [N fz=Js

In particular f, and f, are two distinct soft atoms, then

Jants=TIo

Theorem 4.4 Let B be a finite soft Boolean algebra. If

fy # [ is an element in B, then there exists a soft atom

f, suchthat f, < fg.

Proof If f, itselfis a soft atom, then we take f, = f,. If

1 p 1s not a soft atom, as B is finite, we can find a soft

Jo = Jp <= S5 <5
e -<fBl,fB. < f5 | for all i=12,...,n—1 and
1 I+

an < fz. So fB1 is a soft atom such that fB1 < f, and

we take f, =f31.

chain satisfying

Theorem 4.5 Let B be a finite soft Boolean algebra and
fs# [ in B. Let fA1’fA2""’fAk be all the soft

atoms of B such that f, < f, foralli=1.2,..k Then

Jo=Su NS, VeV Sy

Proof. Let Iz # I in B. Define
A(fp)={f,eB:fz<f, and [, <fp}. By
theorem 4.4, A(f;) # f. As B itself is finite, A(f})
is a finite soft set. Let A(f})= {fA1’fA2""’fAk} and

fe =fA1 va2 v...vak. As each fA,- < fy, wehave
fo £ fp-Weclaimthat f, < f.. Itis enough to show that
So A IE= T

It fynfS# fy, then A(fy A fS)# fy. Consider a
soft atom f, of B such that f, < f, A £ (by theorem
44). Then f,<f5 and f,<f, As f,<f, and
f, is a soft atom, f, € A(f3). So f, =fAi for some
i and f,<fo. As f,<f. and f,<f5 we have
f1< fun fE = f, which is a contradiction to f, is a
soft atom. Thus f3 A f = f,, and hence f, < fo. so
o =Su NS, VeV Sy

Theorem 4.6 Let B be a finite soft Boolean algebra and

fo#tfs i Booof fofieenf, and
fglafgza---afgm are soft atoms of B such that (i)
fAlafAza~--,fAk are distinct

(ii) fBl’fBz""’me are distinct and  (iii)

Fo = Ly Sy et iy = fy iy e B,

then k=m and

{fAlafAza“-afAk}: {fBl’fBzﬂ""me}'

Proof. By (i), (i) and (iii) f 4 f Ao f 4, A€ distinct soft
atoms of B and fBI,fBZ,...,fB are distinct soft atoms
of B such that
S :fAl VfA2 V"'VfAk :fgl Vf52 V---Vme-

Then each f, <f, and each th < fz- So

fAl.:fAl./\fB:fAl./\(fBlvazv"'Vme)
:(fAl./\fBl)v(fAi/\fBz)v"'v(fAi/\me)'

fAi # fz, wecanfind j such that fAi/\fBj # fy. As
both  f 4 and £ B, A soft
fAi /\fBj ;tf@,fAl_ =fBj. Thus each fA,- is same as

k<m.

atoms and

Hence Similarly

some fBj'
th :fE[ A S :th /\(fA1 VfA2 V"'VfAk)

= Uy ALV Uy A SV Uy AL

th ¢f@af3t /\fAI # f, for some fAz' As both th
and f 4 are soft atoms, th =f 4+ Thus for cach th

As

there exists f 4 such that fs =1 4 - Therefore, m < k.
t

Thus k<m,m<k=k=m.

Hence {fAl’fAz"“’fAk}:{fBl’fBz"“’me}'

Corollary 4.7 Let B be a finite soft Boolean algebra and
every fB * f@ in B can be expressed as a join of soft

atoms and this expression is unique.

Proof. By theorems 4.4, 4.5 and 4.6 the proof follows.

Definition 4.8 Let B1 and 82 be soft Boolean algebras.
A mapping 1:B, > B, is said to be a soft Boolean
homomorphism from B, into B, if n is a soft lattice

homomorphism and for all fx GBI, we
n(fo) =@ ))

Definition 4.9 A soft Boolean homomorphism is said to be a
soft Boolean isomorphism if it is bijective.

have
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Theorem 4.10 Representation theorem for finite soft
Boolean algebras: Let B be a finite sofi Boolean algebra
and let A be the set of all soft atoms of B. Then B is soft
isomorphic to P(A).

Proof. To each I3 % I in B, let

A(fp)={f,€B:fz <[, and [, <[} and let

A(f,) = f5. Then for all f, # f,,A(fy)# f, and
A(fz) <A where A=A(f;) is the set of all soft

atoms in B. Now we define a map 77:B —P(A) given

by n(f5)=A(f;) for all f, eB. We now show that

the map is a soft Boolean isomorphism.
i)7) is one-to-one:

It 0(fy)=1fa)s Tt fusfo B,
then 0(f3)=1Cfo) = {F o foyss f -

Then by theorem 4.6, fB1 =fA1 va2 v...vak =f32-
So 171(f5) =1(f5,)= f5 = Js,-

ii) 7 is onto: Let CeP(A). If C=f,,
n(fe)=A(fz)= fz =C.

If C#f,, let C={fC1,fC2,...,me}. Let
s ZfCl fo2 V...\/fcm.Then each fci < f, and so
fcl_eA(fB) for all i=12,....m. It f, €A(fp),
then fi< [ and
Jo# fo= Fon Sy = FA AoV S v fe)
= AV ATVl A fe )

fan fcj # f for atleast one j. As f, and fcj are
soft atoms and f /\fcj = fo 4 =fcj. Thus if
fi€A(f;), then f,eC=>A(f)cC. As
s ZfCl fo2 v...fom,CgA(fB). Thus we have
C=A(f;) and 71(f;)=C. Hence 7 is onto. iii)
2o A L) =1(fr)n(fy) < for all f,,f, <B. 1t
fo=Jo or fo=Js o we
n(fe~fo)= o =n(fp) Nn(fy).

So assume that both f, # f; and f, # f,. Then there

then

So

either have

exists a soft atom satisfying f, < f, A f,. Then

fi<fp and f,<f, that is, f,en(f,) and

fa€ 77(fQ)- So,
Jaoen(fefo)= faen(fp)n(fy) So,
n(fp A fo) cn(fp)Nn(fy).

It n(fp)n(fy)=fz, then n(fp A fy)=f, and
the equation is satisfied. Assume that

n(fp)nn(fo) # fo- ¥ fren(fp)n(fy), then
fieA(fp) and f,€A(f,) and so f,<f, and

fas o= fasfo AT

As £y is soft atom,
Jas fonTos fa€ Ao ASo)=n(fp A fo).  So,
2O S A L), This

n(fp A fo) =n(fp) (). Similarly we can prove
n(fe v fo)=n(fe)on(fy)-

iv) 7(fy)=A\n(f,): forall f,eB.
Let fo€B.
A=n(f)=n(fV f3)=n(fp)un(fy) &
fo=n(f)=n(fy rf)=n(f) n(fy).  This
means that 77(f5)=A\1(f,) From (i), (i), (iii) and

(iv), i1 is a soft Boolean isomorphism.

Then

Corollary 4.11 Every finite soft Boolean algebra has 2"
elements for some positive integer n.

Proof. Let B be a finite soft Boolean algebra. Thenif A is
the set of all soft atoms of B and let O(A)=n. Then
there are exactly 2" elements in P(A) and by theorem
4.10,B is soft isomorphic to soft Boolean algebra P(A).

So OB)=0O(P(A))=2" where O(A)=n. Hence

B has exactly 2" elements where n is the number of
elements in A.

Corollary 4.12  Any two soft Boolean algebras of order 2"
are isomorphic to each other.

Proof. By theorem 4.10, every soft Boolean algebra of order
2" is soft isomorphic to P(A) where A is the set of all
soft atoms and O(A)=n. Hence any two soft Boolean

algebras of order 2" are soft isomorphic to each other

5. Conclusion

In this paper, we defined the concept of complemented soft
lattices, complemented distributive soft lattices and soft
Boolean algebras over a collection of soft sets and discussed
their related properties and illustrated them with some
examples.We also defined the soft atoms of soft lattices and
discussed the theorems related to soft atoms. Further, we have
given representation theorem for finite soft Boolean
algebras.We are studying about these soft lattices and are
expected to give some more results.
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