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Abstract: The paper considers the continuous lead time to be a gamma distribution backorder costs to be quadratic and demand
follows a normal distribution. We obtain the equations for the expected backorder costs and average it over the states of lead time L. The
quadratic costs Cg(t) = b #+byt+bst for t the duration of a backorder. The backorder costs are computed for each component of the
quadratic cost separately. Use it made of the Bessel function of imaginary argument in averaging the backorder costs over the states of
the lead time. The on hand inventory is also derived the inventory cost is obtained by summing the expected backorder costs and the on

hand inventory costs, over the states of the lead times.
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1. Introduction

The paper considers the (nQ, R, T) inventory model with
quadratic backorder costs and a continuous lead time that
follows a gamma distribution. The demand follows a
normal distribution. The expected backorder costs and on
hand inventory costs are derived separately for each
component of the quadratic backorder costs. Bassel’s
function of imaginary argument is made use to evaluate
extensively in the integrals.

Probability density function of L, lead time
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2. Literature Review

Patria (2012) used annual costs to derive expression for
the EOQ using price dependent demand in quadratic form.
Bertimas (1990)in his paper probabilistic service level
guarantee in make-to-stock, considered both linear and
quadratic inventory costs and backorder costs. Nasir
(2012) utilized an EOQ model with no linear holding cost.
Hadley and Whitin (1972) extensively developed the (nQ,
R, T) model for constant lead time and linear backorder
costs. Zipkin (2006), treat both fixed and random lead
times and examines both stationery and limiting
distributions under different assumptions.

In the inventory position of the system is R+Y immediately after the review at time t, then the expected backorder costs at

times t + L, where L is the lead time.

Qf f f CB(t—Z) p (R +\/%DZ) dzdtdy

Arrangement over the states of L we have

L j D[y DH) [y CB“ Z) (’”JQ’Z) dzdtdydL (3)

For the order placed at time t + T, the lead time is L with probability H (L)

Hence expected backorder cost averaging over the states of L

_ %foooD fQDfL+Tf H (L) L‘g(t z) (R+Y Dz) dzdtdydL (4)

Substituting for Cg(t-z) from (2) we have

LD D S H WG+ by (L =2 + byl = 2D g (

A

R+Y-Dz

N

) dzdtdydL (5)
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and

R+Y-Dz

LT ID LD [T H Wby + by = 2) + byl = 207 g (P22 dadedyd (6)

Hence the expected backorder cost per cycle
NN T f”’“ )”(” (by + by(t — 2) + bs(t — 2)%) dzdtdydL (7)

Integrating with respect to dz, dt, dy in that order we obtain the expected backorder cost for a given L and L the by
factor gives

[blaz(T +L)D (1 N (R D(T + L)) >F<R D(T + L)) _ (R D(T + L))
2bQ Vo (T +1) Vo (T +1) Vo (T +1)
(R -D(T + L)> _ b (T+1)D (1 . (R +0Q-D(T+ L))2>
JorT D) 2DQ Jor T+ D)
F<R+Q D(T+L)> <R+Q D(T+L)> (R+Q—D(T+L))]
Jor(T + 1) Jo?(T+1L) o2

blzangD <(1 s R\/_DL)) v (R\/TDLL> ~ (R ;ZDLL> : (R ;ZDLL)
_blzo;;D (( R+Q DL) > <R+Q DL )g(k:r/c%n)] @)

Which can written as

Gi:(R,T+L)-G,(R,L)—G(R+QT+L)+G (R+0Q,L)) (9)

Where

ot =1+ () () - (8o (5)

For the b; factor for a given L

bz(D2L3 6*R DL?R 0?R?> | ¢%L?  LR* RS 06) (R—DL)
Q oL

6 6D3 2 4D? 4 2 6D 8D*
N (L A N P (=
+b2< aL(s 3+6D+12D+4D2+4D3 I\ Tz
a® 2DR R+DL
+8D4Q esp( )F( )(10)

b,
Which is written as 6 G2 (R, L)

The bsfactors gives from the integration

bsD ( R* o?R®  o*R?  o°R , 0% 1%¢%R |, L?’R?> RL® | L3¢? R3L , L*D
ot ot s T tar oz =3p 3p2 ' 12
Q \12p 6D 4D 4D 8D 2D 2D 3 3D 3D 12
R-DL b3,2vo2LD (R-DL\ (6?RL . o*R R?L %1%  L?R I3 R3
F - st T2 " ez T an 22 T 5ane
24D 24D 6D 8D

Jo21L Q g Jo?L 8D 24  24D3

o?R?>  o*R | o° 1 6% by (ZDR) R+DL
+ 12D% + 8D>5 + 806) 8 D6 Q esp a2 (11)

b
We define G5 (R, L)in such a way thata3 Gs(R,L) = equation 11

Hence the expected backorder cost for the bs factor for given L
b3 b3
=2 G;(R L) — EG3(R +QL)
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Hence substituting into equation 7 the b1, by, bz factors, we obtain

%1 wa WG R T+L) = G RL) = GR+QT+L) + (G (R +QL))dL
0

2 me WG RT+L) =GR L) ~Go(R+QT+L) + (G (R +QL))dL

+%3 Jo HW(Gs(R, T+ L) = G3(R,L) = G3(R+ Q T +L) + Gz (R + Q L))dL (12)

Simplifying we have, the expected backorder cost per cycle to be

b [ee]
61 f H@L)(G,(R,T+L) -G, (R+QT+L))dL
0
bl ®
) f H(L)(G,(R,L)— G (R+QT+L))dL
0
b [ee)
+52 f HL)(G,(R,T+L) —G,(R+QT+L))dL
0
bz ®
) f H(L)(G,(R L) — G,(R+ Q L))dL
0
+53 f H@L)(Gs(R,T+L) —Gs(R+ QT+ L))dL
0
—2 [PHLGRL) = (G (R+Q L)L (13)
In order to be able to evaluate th expressions involving L; we need to evaluate the follwoing integrals

G4(R) = ["H (L)G, (R, L)dL (14)
Gs(R)(R) = f,” H (L)(G,(R, L)dL (15)
Ge = [,” H(L)G3(R,L)dL (16)

From equation (8)

R-DL 2 R-DL R-DL R-DL
GuR, L) = ((” () ) (=) - () (=)
Simplifying

G,(R,L) = (%-l— (RZ—ZDLZR+D2L2)) F (R:;Z) B (R—DLz)m (zj/iL) a7

Multiplying by H (L)

Hence H (L) G1 (R, L)

coke—ooL

T 2Tk

1 1
(02LF + R2L¥"* — 2RDL¥ + D2[F*1)F ('JLLL) (RLk_E - DL’”E) og (3&) dL (18)

Substituting into 14 we have

Gy(R) == (k)f (R2LF"1 + (62 4+ 2RD)L¥ + D Lk+1)F(3iL) dL (19a)

xko (o k—— k+= R-DL
-2, (RL*Z = DL z)g(r)dL

Integrating and applying 62 = 200 6% + D?and noting that

@ [ H(L)F(f/ﬁ) L= F(k)f ¥ tesp (- ocL)F(\/_)dL

1 x6 1 x6
e gk k=D k7t (52) k=z=3 (52)
=T o () s [ZD G k7 1h2x &) K 0O
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@) and [ H (L)g (" DL)LdL
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T ovIm  [(k) 2 (20(02+D2) Kk_z_% (19¢)
eSp(Zsz) ok (=Dt R\ k—2— ; (ﬁg) k—z—%
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5
D2L 6*R DL?R o2R? 0212  LR® R3 06) (R—DL) DLZo

G>(R, L)_(—————— =)+

6D3 2 4D2 4 2 6D 8D*
E Sp2 3 E 3 l 5 i 6
oL2R ULZR o312 o¢3L2ZR 0°L2 R-DL o 2DR R DL
- + + +—+— — |+ -—ex (—) 21
3 6D 2D 4D2 4D3 9 Jo2L 8D* p o2 ( )
Simplifying

Gz(R,L)=[—(ﬂ+ o2R? + +_6)+RTZL+(_%+UTZ)L2+¥]F(R—DL)

6D3 4D2 8D* 2
5
o R 2 oR\ ,3  DolL2 R-DL a® DR
+ [(403 tine 41)2 )L + (121) ?) Lz + 6 ]g («/O'ZL) + E;FeSp (?)

F(R DL) 22)
Hence H(L) G2 (R, L)

ock 6*R | 6?R% | R® k—1 . R*LK (g2 DR\K*1 DZL’”'Z
T R e R U el G B exp(— e L)

3
R-DL o5  @3R  oR%\ , k-l a3 k+_ poL**z (R—DL)
F (W/JZL) + [(4D3 + 4D2 + 6D ) L™=+ (121) 3 ) L™z + 6 9 Jo2L
6Lk~ 1k (R+DL

8D* [(k) J_) (23)

Substituting (23) into (15) and integrating we have

oc exp( ) o*R o2R? R3 (k—1)! R k—z+% (i_g)
Gs(R) = 20 (k)\/_[ (2D3+F+6D 8D4) (Zz 1o2(k—2)! <2D (5) Kk—z+%

1 RO 3 RO
R\ (52) K1 R\k-25 (57)
w2r ()T, ) o8 it (0 ()T 2

1 RO 5 RO
rRE2t;  (53) 62 DR\ wi4z (k+1)! k25 (S3)
(&) ) (-2 st (20 (5) K, 4 2w

3 RO 7 RO 5 RO
R k—Z+E (—2) DZ K43 (k+2)! R k_Z+E ( ) k_Z_E (—2)
(5) Kkiz-‘.%) + 6 At o2 (k+3-2)! 2b (5) Kk—z %+ 2R ( ) Kkiz_g

N zexp(%) o (U_s + a*R + U_RZ) (5)1{% K(i_g) + (i _ ﬂ) (E)k% K(I;_g) + Do
V2w T (k) 4p3 ' 4Dp2 6D/ \O k+§ 120 3/ \@ k+% 6

5 RO 1 1 RO
RY2 ,,(57) 06 ook ex?’( 7) (k=1)! rR\k772 r\k-7+5  (52)
(5) K s ] + 2= 152(k—2)! ZR (5) — 2R (5) Kk—z—% (24)

K+ 8D% (k) 221 62

From Gz (R, L) equation (II)

Gy(R,L) = ( +0'2R3 o*R?  o°R = o8 _O'ZRLZ L%R? _RL3 1302 _R3L L4D>
3 12D3 6D* 4D5 4pé ~ 8D7 2D? 2D 3 3D 3D2 12
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R-DL
F ()
o2L
4 2 272 2 3 3 2p2 4 6 _
—ZX/_D(URL o'R_u_aL +£_L_+ R +O'R +ﬂ+0_)g(R DL)

24D3 = 24D* 8DZ2 8D2 8D 24  24D3  12D* '~ 8D5 = 8D® Jo21L

8D 2DR R+DL
—8.76529 (F)F( i ) (25)

Simplifying

[( R* +a2R3+a4R2+a6R+a_3)_R_3L+(_a2RL2+L2R2)L2+(a_4_5>L3

G;(R, L) = —
3( ’ ) 12D3 6D* 4DS 4Dp% ~ 8D7 3D2 2D2 2D
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Multiplying by H (L)

Lk

_ Dokesp (—ooL) R* 2R3 o*R? | oSR k-1 R®
H(L)Gs(R,L) = F(k) [(1203 o0t " aps Taps T 87) I =i
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(e 2 e Bt -2
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R-DL o8 2DR\ «k1¥=1p _ (R4DL
9 (\/UZL) a7 €SP (7) rio (J ) @7
Substituting into equation (16) and integrating and applying (19B), (19C) using the fact that

o (2x0\Y S 0-D
Jo (2) " eon (= (57)) ax
Integrating by parts

y-j - xyi71 ( 9D)oo
( ) ZzO(y]1)| 9D1+1 p[ (62)](2(28)

( ) Zy i =N Qy 1:1 esp (—Q (?)) 29)

Zo(yjl)‘( 2)
o

Then
R4 2R3 4p2 6R (k=j)!
Ge(R) = D o esp( (121)2 06D4 ZDS :D(’ 827) 2z 10<Z(kiz)!
& i (52) k-2 (32) L
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k- z+ k-z—> (R 2 2
(20 an ()R, ) (- 2 mpr e
2
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(20 ()i v 2m (5) ) |+ (- 8) me e
RO RO 9 (R6
R (az) &) ka4 e )
<2D (9) k—z+; +2R ( ) ke—z— ‘(RUL)K ) T Z 1 «z(k+4-2)! zb (5) Kk_z+% +2R
R\K— z+— (i—e) 2 okesp (DR) R K+t (};9) R3 o2R2 2p 6
(5) Kk ;_ [(k)V2m bi{z2 ( ) ’ k: (24D3 + 12D% + ZF + 807>
o?R o>  R? "*‘ RS (B9) 2 R\
+ A z( +2 (—) K\ ——(—)
24D3 ~ 24D* 8D2 8D 8D2 0 k+% 24 \0
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kel TG 8D7 7o Lo 1o (e=2)! k_z+§ + 2k (5) Kk—z—% (30)

Also to be able to evaluate the expressions involving L we need the following integrals

Volume 3 Issue 3, March 2014
Paper ID: 12031402 WWW iiSI’ net 509



International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064

Let G,(R,T) = fOOH (L)G,(R, T + L)dL

0
[e9)

Let Gg(R,T) = f H(L)G,(R, T + L)dL
0
Let Go(R,T) = [;"H(L)G3(R, T + L)dL (31)

Following the integral procedures so far

esp (o( T+%)o<k

R = e

02T + R? = 2DRT + D217 Ri=i(-1)) (1) Bjod o2

J=0 o2 (k- j—2)!
kg (52) kei-z=;  (52) -k
<2D( ) KT z+1+2R( 9 K" 1) (@2 = 2DR +2D) By (-1 (§)

k+1-j (k=) R kej=z+y (ig) k=j-z+ (I;_g) 2
i —(20(9) K 3+2R() Kka__ +D

z=1  «Z(k+1—j—2)! k—j-z+5
0 . 3 RO
k+1 i (k-1 wk+2—j  (k+1=))! = }_Z+5 (R_Z) kimztz (G2)
Z : ( T)]( i )Zz=1 «Z(k+z—j— 2)|<2D (5) Kka]' Z+§+ ZR( ) Kkj]'—z—g

20 <™ esp ocT+

e om ey () @) -t (@)

Following the same integral procedures

_ ok esp(ocT+%) o*R  o2?R%Z R3 a® R i (k-1
GaR.T) =755 e |~ G+ 5or + a5 e~ )| ZI DY (57)
1
2

Z'Ei%(zn (g)k_j_“lkc_g) o+ 2R (5 )k_j_ i () >+ o1 ()

k—j z+— k— ] zZ—
] R RO
k+1-j (k=) AN (02) keizztz (&) o _DR
S s (20 () e ()T L)+ (-5
(2) T‘ k+1 ]( T)’ (k+1 2)2k+2 i—j (k+1-i=p)! (ﬂ)k i— 2+——] R_9
=0 z=1 oZ(k+2—j-2)! 6 k i-242-]
k—i- 2+——] RO i
w28 () K,f"f)z+- )Ty ()
k—i+3—j _ (k+z—i=))! R keicz+3-) (53) keimz43) (R_z
Zz:l oZ(k—i+3—-z+j)! <2D (9) Kk i— 2+Z— + ZR( ) k i— z+——j
ZMkESP(T"'%) o5  o3R | oR? | 03T ORT\ wk—1 k-1 ( )
(o S e - sy () () ke

oz
—-J+3
k=r+; (35) |, 200 2 (o )
+(1zn )21 o= T)]()() Kk J+3+_Z2 0()7”() k i
ok es”(“”(ﬂ) i (k=1) wk—j (k=1=))! R k_]_“% (ﬁ_g)
V—(k) Z ( T)]( j )Zz:l o«Z(k—j—2z)! D(g) Kk_j_z_%
R "—1—2—% )
+R (3) K7 (33)
Go(R, T)from (31) gives
GoR T = 2 ST ) (K 0 o Ry sy ()

Nw

20 I(k)v2mr \12D3 6D* 4D5 4D% ' 8D7  3D2

. 1 RO . 1 RO
k—j (k=1-j)! R\k=J=2%3 ) k~jmz= (52) _r j(k
Xz=1 Z(k—j—2z)! <2D (9) Kk —j- z+l+2R( ) Kk —j- z— 3022 o(=T) (1)

. 3 RO . 1 RO
ki (=) R\ (G2) keimzty (52) R R
Zz:l oZ(k—1—j—2)! <2D (9) Kki] z+3 +2R ( ) Kkij—z+§ + (ZDZ ZDZ)

i vk—it+1 j(k=i—j\ vk-i+2 __ (k—i+1-/)! R k—i—j—z+% (ﬁ_g)
()T R 1Y () B e 20 (5) K

0Z(k—1+2—j-2)! k—i—j+z+%

+2R (g)k—i—j—zﬁ K(g)_ 1) " (o'z ) 0( )lek L+2( T)J (k—]i.—2>

L=J=72%;
()
a2

PR RO L 3

ke—it3  (e—i+z—))! R k—l—]—Z+— (ﬁ) k—L—]—Z+E — D

z2=0  «Z(g—i+3-j-2)! <2D (9) Kk —j- Z+§ + ZR( ) Kk_i_j_z+% + 12
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RO

(4) Ti Z 1+3( T)J (k—;—a) 1;;3+3M<2D (E)k—i—j—z% K(U_Z)

«Z(k—1+4—j—2)! 0 k—i—j—z+%

par ()G || fEeten(orid)
o k—imj-z+; v T (k)
R3 o2R? o2R o6 o2RT AT . 1)
R” JO°R"  O"R , O O°RT o1 RT i
(24-D3 + 12D% + 8D> + 8D6 24D3 24D% 8D2> Z ( T) (

.1 RO RO

(20 Q)7 kD4 (- ) ) miaory () (287,

+2( BDZ) 21 0( )T Zk i+1 (k—;+1) (—T)j (ﬂ)k_j+§_i K(Ro) Z] 0( )TL

k]+

i (1) ey ()56, 2 LT fy )

k—j+3 8D7 20 [(k)V2m

’z‘;i(";‘_”(zp (g)k_j_ﬁék(i_g) 2R (ST % la?) >(34)

0% (k—j-2z)! k—j-z+; k—j—z+=

Hence the backorder cost per cycle

b
= 51(67(R,T) - G,(R) = G;(R+Q,T) + G, (R + Q)
+Z—2(GS(R,T) —Gs(R) —Gg(R+Q,T) + Gs(R+ Q)

=2 (Go(R,T) = Go(R) = Go(R + Q,T) + Go(R + Q) (35)

Probability of a stock out

=5 (1= () +r (5 - 0 (52)

Which is independent of lead time?
The expected on hand inventory for fixed lead times L is

D(Q.RT) =2+ (R —DL—DZ—T+B(Q,R,T))

Using equation (9)

B(Q,R,T)=G,(RL+T)—G,(R,L)— G (R+Q,L+T)+G,(R+Q,L) (37)
Averaging D(Q, R, T) over the states of L we have

Jy D (Q,R, T)H(L)dL (38)

Substituting for D (Q,R,T) integral

=12 [( +R+DL——)

+Q—T (Gi(R,L+T) =G, (R,L)— G (R+Q,L+T)+ G, (R+Q,L))H(L) dL (39)

Noting that
Gg(R,T) = f G, (R,L+T) H(L) dL and G5(R) = f G, (R, L) H(L) dL
0 0

Then on hand inventory

Q Dk
D(Q,R,T) = STR-——+ (Gg(R,T) — Gs(R) — Gg(R+ Q,T) + Gs(R + Q)

1
No of cycles =
o of cycles =
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Hence the inventory cost for model (nQ,R,T) when lead time is continuous and the cost of a backorder is a quadratic
function of the length of time of a backorder is

S.P out DT

b (G482 ) B 60D - 6 -6 0 0 0)
+ (hCQ+Tb2) (Gg(R, T) = Gs(R) — Gg(R+ Q,T) + Gs(R + Q))
+2% (Go(R,T) = Go(R) = Go(R + Q. T) + Go(R + Q) (40)

c=%4
T

3. Impact of Study

The study will enable industries, or organizations with
thousands of items in their warehouses in different locations
to express their backorder costs more accurately in non
linear formulations. This would give more realistic inventory
costs for holding items in various locations of the world.
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