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Abstract: The paper considers the continuous lead time to be a gamma distribution backorder costs to be quadratic and demand 
follows a normal distribution. We obtain the equations for the expected backorder costs and average it over the states of lead time L. The 
quadratic costs ��(t) = b1t+b2t+b3t2 for t the duration of a backorder. The backorder costs are computed for each component of the 
quadratic cost separately. Use it made of the Bessel function of imaginary argument in averaging the backorder costs over the states of 
the lead time. The on hand inventory is also derived the inventory cost is obtained by summing the expected backorder costs and the on 
hand inventory costs, over the states of the lead times. 
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1. Introduction 
 
The paper considers the (nQ, R, T) inventory model with 
quadratic backorder costs and a continuous lead time that 
follows a gamma distribution. The demand follows a 
normal distribution. The expected backorder costs and on 
hand inventory costs are derived separately for each 
component of the quadratic backorder costs. Bassel’s 
function of imaginary argument is made use to evaluate 
extensively in the integrals. 
 
 
 
 

2. Literature Review 
 
Patria (2012) used annual costs to derive expression for 
the EOQ using price dependent demand in quadratic form. 
Bertimas (1990)in his paper probabilistic service level 
guarantee in make-to-stock, considered both linear and 
quadratic inventory costs and backorder costs. Nasir 
(2012) utilized an EOQ model with no linear holding cost. 
Hadley and Whitin (1972) extensively developed the (nQ, 
R, T) model for constant lead time and linear backorder 
costs. Zipkin (2006), treat both fixed and random lead 
times and examines both stationery and limiting 
distributions under different assumptions. 

Probability density function of L, lead time 
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In the inventory position of the system is R+Y immediately after the review at time t, then the expected backorder costs at 
times t + L, where L is the lead time. 
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Arrangement over the states of L we have 
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For the order placed at time t + T, the lead time is L with probability H (L) 
 
Hence expected backorder cost averaging over the states of L 
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Substituting for CB(t-z) from (2) we have 
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and 
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Hence the expected backorder cost per cycle 
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Integrating with respect to dz, dt, dy in that order we obtain the expected backorder cost for a given L and L the b1
factor gives 
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Which can written as 
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For the b2 factor for a given L 
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Which is written as
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The b�factors gives from the integration 
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We de�ine ��(�, �)in such a way that
b�

Q
 G�(R, L) = equation 11  

Hence the expected backorder cost for the b3 factor for given L 
 
= ��

�
 G�(R, L) − ��

�
G�(R + Q, L)  
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Hence substituting into equation 7 the b1, b2, b3 factors, we obtain 
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Simplifying we have, the expected backorder cost per cycle to be 
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In order to be able to evaluate th expressions involving L�we need to evaluate the follwoing integrals 
 
G�(R) = � H�

� (L)G�(R, L)dL (14) 
G�(R)(R) = � H�

� (L)(G�(R, L)dL (15) 
G� = � H�

� (L)G�(R, L)dL (16) 
 
From equation (8) 
 

��(�, �) = ���
�

��1 + �����
����

�
�

� � �����
����

� − �����
����

� � �����
����

�   

 
Simplifying 
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Multiplying by H (L) 
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Substituting into 14 we have 
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Integrating and applying �� = 2∞ �� + ��and noting that  
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Simplifying 
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Substituting (23) into (15) and integrating we have 
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From G3 (R, L) equation (II) 
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Simplifying 
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Multiplying by H (L) 
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Substituting into equation (16) and integrating and applying (19B), (19C) using the fact that 
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� (30) 

 
Also to be able to evaluate the expressions involving L we need the following integrals 
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Let ��(�, �) = � H
�

�
(L)G�(R, T + L)dL  

Let ��(�, �) = � H
�

�
(L)G�(R, T + L)dL  

Let ��(�, �) = � H�
� (L)G�(R, T + L)dL (31) 

 
Following the integral procedures so far 
 

��(�, �) =
��� �∝ ����

�� �∝�

�� ⎾(�) √��  
�(��� + �� −  2��� + ����)  ∑ (−�)����

��� ����
� � ∑ (�����)!

∝�(�����)!
���
���

   

�2� ��
�

�
�����

� �
�������

�

���
���
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�

�
�������

� �
�������

�

���
���
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�
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�
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�������
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�
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�
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���
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�
�������

� �
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�
�

���
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�
���
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���
���

− � ∑ (−�)��
��� ��
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�

�
���

���
�

���
���

���
���

� (32) 

 
Following the same integral procedures 
 

��(�, �) = ∝�

⎾(�)
 
����∝����
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�  (33) 

G�(R, T)from (31) gives 

��(�, �) = ∝�

�� 
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Hence the backorder cost per cycle 
 

=
��

�
���(�, �) − ��(�) − ��(� + �, �) + ��(� + �)�  

+
��

�
���(�, �) − ��(�) − ��(� + �, �) + ��(� + �)�  

= ��
�

���(�, �) − ��(�) − ��(� + �, �) + ��(� + �)� (35) 
 
Probability of a stock out 
 

= ��
�

�1 − � �����
����

�� + � �����
����

� −
����

�
 � �����

����
�  

 
Which is independent of lead time? 
The expected on hand inventory for fixed lead times L is 
 
�(�, �, �) = �

�
+ �� − �� − ��

�
+ �(�, �, �)�  

 
Using equation (9) 
 
�(�, �, �) = ��(�, � + �) − ��(�, �) − ��(� + �, � + �) + ��(� + �, �) (37) 
 
Averaging �(�, �, �) over the states of L we have  
 
� ��

� (�, �, �)�(�)�� (38) 
 
Substituting for D (Q,R,T) integral 
 
= � � ���

�
+ � + �� − ��

�
� �

�
�

�   

+ �
��

 ���(�, � + �) − ��(�, �) − ��(� + �, � + �) + ��(� + �, �)��(�) �� (39) 
 
Noting that 
 

G�(R, T) = � G�

�

�
(R, L + T) H(L) dL ��� G�(R) = � G�

�

�
(R, L) H(L) dL 

 
Then on hand inventory 
 

�(�, �, �) =
�
2

+ � −
��
∝

+ ���(�, �) − ��(�) − ��(� + �, �) + ��(� + �)� 

No of cycles =
1
�
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Hence the inventory cost for model (nQ,R,T) when lead time is continuous and the cost of a backorder is a quadratic 
function of the length of time of a backorder is 
 
� = ��

�
+ �.� ���

�
+ ℎ� ��

�
+ � − ��

∝
− ��

�
� + ��

��
���(�, �) − ��(�) − ��(� + �, �) + ��(� + �)�  

+ (�����)
��

 ���(�, �) − ��(�) − ��(� + �, �) + ��(� + �)�  

+ ��
��

 ���(�, �) − ��(�) − ��(� + �, �) + ��(� + �)� (40) 
 
3. Impact of Study 
 
The study will enable industries, or organizations with 
thousands of items in their warehouses in different locations 
to express their backorder costs more accurately in non 
linear formulations. This would give more realistic inventory 
costs for holding items in various locations of the world.  
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