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1. Introduction

In this paper, a new class of maps called generalized Q*—closed
(briefly, gC -closed) maps have been introduced and also we
obtain some properties of g€ -closed maps.

Definition 1.1
A subset A of a space (X, 7} is called

i. a-open set [1] if 4 € int{cl (int (4))

ii. a generalized closed set [2](briefly g-closed) if cI{A) = I
whenever A4 € U and U is open in (X, 7).

iii.a generalized *a-closed set [3](briefly g'o-closed) if
ael(A) = U whenever A S I and U is g-open in
¥, 7).

iv.a “generalized a-closed set [4](briefly *ga-closed) if
acl(A) € U whenever A € I/ and U is a ga-open in

X, )
v.a generalized -closed set [5](briefly g( -closed) if
ccl(A) € U whenever A € I/ and U is a *go-open in

X, )

The complement of above mentioned closed sets are their
respective open sets.

Definition 1.2
Amap fF:{X.7) —= (¥.a) is called
i. g-continuous [6] if FH0) 4 g-closed of (7] for every
closed set \V of ¥+ -

ii. g#o-continuous [3] if F V) g gha-closed in (%73 for
every closed set V of (¥, 9.

iii. #ga-continuous [4] if fHy is #go-closed in (X7} for
every closed set V of (¥, o).

iv. g{*-continuous[5] if 7 is gC*-closed in (X7} for
every closed set V of ¥, gl

v. #go-irresolute[4] if f ) s #go-closed in (£.7) for

every #go-closed set V of v, o).

(i) g -irresolute [5] if F=*(V) is g¢ -closed in (X, ) for every
gt’-closed set V of (¥, ).

2. gC*-closed maps and gC*-open maps

In this section, we introduce the concepts of g -closed maps
and g -open maps in topological spaces.

Definition 2.1

Let X and Y be two topological spaces. A map
fi(X. 7} = (¥.a) is called generalized {"-closed (briefly, gZ;*—
closed) map if the image of every closed set in (X,7) is g{ -
closed in (¥, )

Theorem 2.2

Every closed map is g{"-closed map, but not conversely.
Proof:

Let F:{X.7) = (¥V.&) is a closed map and V be a closed set in
(¥.7)then f(V) is closed in (¥.&) and hence g( -closed
in(¥. o). Thus f is g{ -closed.

The converse of the above theorem need not be true as seen
from the following example.
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Example 2.3

Consider X=Y= {a, b, c} with topologies * = {X,#, {a},
{ab}} and & = {Y, ¢ {a}}. Let f:(X.7) = (¥.o) be the
identity map. Then this function is g¢ -closed but not closed, as
the image of closed set {c} in (X, 7] is {c} which is not open
setin(¥. o).

Theorem 2.4

A mapf:(X.7) = (¥.o) is g{-closed if and only if for each
subset S of Y and for each open set U containing £~ (5} there
is a g{"-open set V of Y such that § € ¥V and f~*(5) < U.

Proof:

Suppose f is g -closed. Let S be a subset of Y and U be an
open set of X such thatf~*(§) C U, V=V — f(X — U} is g( -
open set containing S such thatf~*{(¥) = U,

Converse:

Suppose that F is a closed set of X. Then

FHY — f(F)y£ X — Fand ¥ — F is open. By hypothesis,
there is a g¢’-open set V of Y such that ¥ — f(F) € Vand

F V) £ X — F. Therefore F € X — f~*(), hence

Y-V e flF) cf(x — F~*(¥)) € ¥ — v which
impliesf(F) = ¥ — Vv, since ¥ — V is g{ -closed, f(F}is g{ -
closed and hence f is g( -closed map.

Theorem 2.5

If amap f:(X.T) —= (¥.a) is continuous and g{ -closed and A
is g("-closed set of X, then f(4)is g{ -closed in Y.

Proof:

Let f{4A)= U where U is open set in Y, since f is
continuous,#~*(I7) is an open set containing A. Hence
eel{4) S FY(U) as A is g{ -closed, since f is g{ -closed,
flacl(A)) € U is gt -closed, U is an open set which implies
col (f(acl(A})) €U and henceacl (f(4)) S U, so f(4) is
gC-closed setin Y.

Corollary 2.6
If a map fF:(X.7) = (¥.z) is continuous and closed and A is
g -closed set of X, then f(A) is g{’-closed in Y.

Corollary 2.7
If amap f:(X.7) = (V. o) is g{ -closed and A is closed set of
X, then fy:4 — ¥ is g{"-closed.

Corollary 2.8

If amap f:(X.7) — (¥.o) is g{ -closed and continuous and A
is g¢"-closed set of X, then f,:A — ¥ is continuous and g('-
closed.

Proof:

Let F be a closed set of A then F is g{"-closed set of X, by the
theorem f(4) is g{ -closed (Theorem 2.8) hence £, (F) = f(F)
is g{-closed set of Y. Here f is g{-closed and also
continuous.

Definition 2.9

A space X is said to be normal if for every two disjoint closed
subsets A and B of X, there exists two disjoint “ga-open sets U
and Vsuchthat A = Uand B = V.

Theorem 2.10

If f:(X.7) = (¥Y.g) is a continuous, g{ -closed map from a
normal space X onto a space Y, then Y is normal.

Proof:

Let A,B be two disjoint closed sets of Y, then f~1(4).F~*(E)
are disjoint closed sets of X, since X is normal, there are two
disjoint open sets U,V in X such that f~*C4) = U and
Fi(BY c U, since f is gC -closed by theorem 2.2 , there are
gC-open sets GH in Y such that A=G,BSH and
f Gy 2 U and f1(H) = V.since U,V are disjoint open sets
e-int(G) and a-int(H) are disjoint open sets since G is open, A
is closed and 4 E 7, 4 E a-int(G) and H is open set is closed
and E € H then B € z-int(H). Hence Y is normal.

Theorem 2.11

If fi(X,7) = (Y.} is closed map and g: (Y.} = (Z,7) is
gt’-closed map, then the composition g = f:(X.7) = (Z.7) is
g -closed map.

Proof:

Let F be any closed set in{ X, 7], since f is closed map, f(F} is
closed set in (¥, @), Since g is g{ -closed map, g(f(F)) is g¢ -
closed set in(Z.n). That is g = f(F) = g(f(F)) is g{ -closed
and hence g = f is g{*-closed map.

Remark 2.12
If a map f:(X.7)—=(¥V.e) is g{-closed map and

g:(¥.o) = (Z,m) is closed map, then the composition need
not be g¢’-closed map as seen from the following example.
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Example 2.13

Consider X =Y =Z={a, b, c}, = = {X, @, {a}, {b}, {ab}} o
= {Y. e {a}{b, c}} and n = {Z @ {b}{c}{bc}}. Let
(X, 1) = (¥,a) be the identity map and g: (Y. g} = (&, 77} is
defined by gla) = g{b) = aandglc) =b. Then f is g{*-
closed map and g is a closed map. But their composition
gefi(X.7) = (4,n) is not gl*-closed map, since for the
closed set {c} in(x. 1), but
g Fcd) = g(Ftich)) = g({ch) = (b} which is not g{*
closed in (Z, 7).

Theorem 2.14

Let(X. T}, (Z.n) be two topological spaces, and (¥.z)} be
topological spaces where “Every gC*-closed subset is closed”.
Then the composition g = f: (X.7) — (Z.7) of the g{*-closed
maps f:{X.7) = (¥V.g)and g: (¥.&) = {Z.%) is gl*-closed.

Proof:

Let A be a closed set of(X.7}. Since f is g{*-closed, fid] is

gq* closed in(¥. ). Then by hypothesis, f{4} is closed. Since
is  gC*closed, g(ff4)} is  gC*-closed in

{Z mandg(£(4) ) = g = F(4). Therefore g = f is g{*-closed.

Theorem 2.15

Let f=(X.7) = (V.o) and g: (V.o = {Z.n) be two mappings
such that their composition g= f:(¥.7) = (Z.7) be gC*-
closed mapping. Then the following statements are true.

(i) If £ is continuous and surjective, then g is g{*closed.
(if) If g is gl*-irresolute and injective, then f is g{* closed.

Proof:

(i) Let A be a closed set of(¥.z). Since f is continuous,
FtCA) is closed in (X 7) and since g=f is gC*-
closed,{g = fI{Ff~t(4)) is g{*-closed in{.Z, 7). That is g{A) is
gl*-closed in(Z.7}, since f is surjective. Therefore g is gC*-
closed.

(ii) Let B be a closed set of (X, 7). Since g = f is g{*-closed,
geof(B) is gl*closed in{Z.n). Since g is gl*-irresolute,
gt ge FIB)) is gl*-closed set in(¥.a). That is f(B) is gC*-
closed in(¥. z}, since f is injective. Therefore f is g{*-closed.

Theorem 2.16
If f:(X.7)—=(¥V.g) is an open, continuous, gl*-closed

surjection and ¢l (F)} = F for every gC*-closed set in{¥, ),
where X is regular, then Y is regular.

Proof:

Let U be an open set in Y and p € 7. Since f is surjection,
there exists a point x € ¥ such thatf(x) = p. Since X is
regular and f is continuous, there is an open set V in X such
that x eV ccdlV) c fH ). Here,
pef(V) S flellV)yc U—(i). Since f is gl*-closed,
Flel(V) is gl*-closed set contained in the open set U. By
hypothesis, cl{f (cl(V))) = F(el(¥)) and
clCF () = cl(F(clv))) = (i), From (i) and (ii), we have
p e fIV) =ellf(V}) = Uand fF(V) is open, since f is open.
Hence Y is regular.

Definition 2.17

Let X and Y be two topological spaces. A map
fi(X. T} = (¥.a) is called generalized (;*— open (briefly, g(;*—
open) map if the image of every open set in (X, t) is g{ -open
in (¥, a).

Theorem 2.18

Every open map is g -open map, but not conversely.

Proof:

Let f:{X.7) = (V. is an open map and V be an open set in
(¥.7), then f(¥) is open in (¥.o) and hence g{-open
in(¥,&). Thus f is g{ -open.

The converse of the above theorem need not be true as seen
from the following example.

Example 2.19

Consider X=Y= {a, b, c} with topologies = = {X,w, {a},
{a,b}} and = = {Y, ¢,{a,b}}. Let f:{X.7h = (V.o be the
identity map. Then this function is g{ -open but not open, as
the image of open set {a} in (X, 7} is {a} which is not open set

in (¥, 7).

Theorem 2.20

For any bijection map f: (X, 7) — (¥.a), the following
statements are equivalent.

(i) f=t: (¥, o) — (X, 7) is g -continuous.
(i) fis g¢-open map and
(iii) f is gt -closed map.

Proof:

(i) = (i) Let U be an open set of{ ¥, t). By assumption, (f*)*
(U) = f (U)is g{-open in (¥, &) and so f is g -open.
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(ii) = (iii) Let F be a closed set of (X, 7). Then F is open set
in(X,7). By assumption, f(F°) is g{-open in (¥,a) and
therefore f(F)is g{ -closed in{¥. o). Hence f is g{ -closed.
(iii) = (i) Let F be a closed set of { X, 7. By assumption, f{F}
is gC'-closed in(¥,a). But f(F) = (f)" (F) and therefore f™*
is continuous.

Theorem 2.21

A map f:(X.7) = (V.o) is g{-open if and only if for any
subset S of {¥.) and any closed set of (X.t) containing f
1(S), there exists a g{ -closed set K of (¥, ) containing S such
that f~*(K) c F

Proof:

Suppose § is g{ -open map. Let 5§ = ¥ and F be a closed set of
(X, 7) such thatf *(§)c F. Now X —F is an open set
in(X.7). Since f is g{ -open map, f(¥ — F) is g{ -open set
in(¥.a). Then K = ¥ — (X — F) is a g{ -closed set in{¥. ).
Note thatf ~*(5) c F implies SckK and
FFfFR) =X—f'X-F)cXx-{X—F)=F.

Thatisf~*(K) c F

For the converse, let U be an open set of(X.7). Then
FHFUN cU® and U° is a closed set in(X.t). By
hypothesis, there exists a g¢ -closed set K of (¥, &) such that
(f())°c K and F~*(K) = U and so U = (" (&))" Hence
K¢ < fU) e fF ) )N°s K° which impliesf (1) = K*.
Since K° is a g{-open, Ff(UY is g{-open in (¥.s) and
therefore f is g{"-open map.
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