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Abstract: This paper attempts to introduce and study a new class £, (X, U, ®, p ) of Banach space valued function space using Orlicz
function © as a generalization of the basic space L, of bounded sequences. Besides the investigation of linear topological structures of the
class £y, (X, U, @, p ), our primarily interest is to explore the conditions pertaining to the containment relation between the classes ¢(X, U,

@, p ) in terms of different values of p.
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1. Introduction

We begin with recalling some requisites that are used in this
paper. The concept of paranormed space is closely related to
linear metric space; see [23] and its studies on sequence
spaces were initiated by Maddox [10] and many others.

Definition 1.1: A paranormed space (X, H) is a linear space
X with zero element 6 together with a function H: X — R*
(called a paranorm on X ) which satisfies the following
axioms:

PN;: H (6) = 0;

PNy H (X) =H (-x) for all x € X;

PN3: H (X + X) < H (xq) + H (o) for all x4, X, €X; and
PN,4. Scalar multiplication is continuous.

Note that the continuity of scalar multiplication is equivalent
to

(i) if H (x,) — 0 and o, > a.as n — o, then

H (e Xn) = 0 as n — oo; and

(ii) if a; > 0 as n — oo and x be any element in X,
then H (o, X) — 0, see Wilansky [23].

A paranorm is called total if H (x) = 0 implies x = 6.

Various types of paranormed sequence spaces are
investigated and studied by the several workers, for
instances, see [1] , [2], [6] and [14].

Definition 1.2: By an Orlicz function, we mean a
continuous, non decreasing and convex function

@ : [0,00) - [0,00) with

() @ (0)=0,

(if) @ (x) > 0 for x > 0, and

(iii) @ (X) - o0 as X — oo.

An Orlicz function @ is said to satisfy A, - condition for all
values of t, if there exists a constant K > 0 such that

@ (2t) <K @ (1), forall t> 0.

The A,-condition is equivalent to the satisfaction of
inequality

O (L) <KL®D (1)

for all values of t for which L > 1, (see, Krasnosel'skit and
RutickiT, [8]).

Definition 1.3: Lindenstrauss and Tzafriri [9] used the idea
of Orlicz function to construct the sequence space

£ o (X)) of scalars < x, > such that 7 ¢ ( X)

0

:{x: X)ew: X .D G%l) <oo for some r > 0} :
k=1

The space £ ¢ ( X ) with the norm

0
||x||q,:inf{r>0: Z.(D(Jx—rkl)s 1 }
k=1
becomes a Banach space which is called an Orlicz sequence
space.The space ¢  ( X ) is closely related to the space 4,

which is an Orlicz sequence space with
d(x)=x:1<p<oo.

Subsequently, various types of algebraic and topological
properties of sequence and function spaces using Orlicz
function as the generalizations of well known sequence and
function spaces have been introduced and studied in [1] ,
(2], 3], [4]. [5]. [6], [7], [11], [12], [13] , [14], [15], [16],
[17],[19] and [20] .

Definition 1.4: A normed space (X, ||.|[) is a linear space X
with zero element © together with the mapping ||| : X — R”
( called norm on X) such that for all x, x;, X, € Xand o € C,
we have

N;: [IX||=0and |[x]| =0 if and only if x =6 ;
N2 [|ou X|| = el [x]I; and
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Na: [IXg + Xal| < [ Xal| + || Xa|l-

In fact, the works [10], [18], [19],[20], [21] and [22] have
been introduced and studied the algebraic and topological
properties of various sequence and function spaces in
normed space. All these sequence and function spaces
generalize and unify various existing basic sequence spaces

/., studied in Functional Analysis.
Definition 1.5: Let U be a normed space and

V(U) ={ ¢ : X — U} be the class of U-valued functions.
Then V(U ) is called solid if e V(T) and scalars a(x)x
Xsuch that ja(x)| £ 1, x € X implies

a(X) ¢(x) € V(U).

2. The Class 4 (X, U,®, p) of Normed Space
Valued Functions

Let X be an arbitrary non empty set (not necessarily
countable) and F (X) be the collection of all finite subsets J
of X directed by set theoretic inclusion relation. Let (U, || . ||
) be a normed space over the field of complex number C.
Let p and g be any functions on X — R", the set of positive
real numbers, and

Le (X, R") ={ p: X — R" such that sup, p(x) < oo}

We now introduce the following new class of normed space
U - valued functions:

L, (X, U, @, p) ={¢: X —> U: for some r > 0,
p()
P (M—) <o} ... (2.1)

xe X r

Further when p : X — R is a function such that p(x) = 1 for
all x, then 2., (X, U, @, p) will be denoted by 7., (X, U, ®).
Besides studying the class (2.1), we also deal the following
class of normed space - U valued functions

(o (X, U, ®,p)={d:X— U:forevery r>0,
p(x)
W (M—) <w}..(22)

xe X r

Actually, these classes are the generalizations of the
sequence and function spaces, studied in [11], [12], [13],
[19] and [20]) using norm.

3.Main Results

In this section, we shall investigate some results that
characterize the linear topological structures of 7., (X, U, @,
p) of normed space U -valued functions by endowing it with
suitable natural paranorm H.

Beside this, we shall also explore the conditions in terms of
different p so that a class 7, (X, U, @, p) is contained in or
equal to another similar class and thereby derive the
conditions of their equality. As far as the linear space
structure of the class over the field C of complex numbers is
concerned, we throughout take pointwise operations i.e.,for
functions ¢, v and scalar a, (¢ + y) (X) = ¢(x) + w(x) and (o

0) (%) = a ¢(x), x € X

Moreover, we shall denote the zero element of this space by
0 by which we shall mean the function 6 : X — U such that
0(x) = 0, forall x e X.

We shall also frequently use the notations
L = supy p(x) and for scalar o, A [o] = max (1, |af).

But when the functions p(x) and q(x) occur, then to
distinguish L we wuse the notations L(p) and L(q)
respectively. Following inequality will be used in this paper

|a+b|" < Dgal"™ +b* },

where

a,b e Cand D = A[2""] and for all x, w(x) = p(i)'

Theorem 3.1: If @ satisfies the A, - condition, then

goo (X! U! q)! p) = 6_00 (X' U’ (D’ p)
Proof:

It suffices to show that 7., (X, U, @, p) is a subspace of 7,
(X, U, @, p), since the reverse inclusion is always true. Let
o e/, (X, U, @, p), r>0 be associated with ¢ ,then we
have
d(x) | "
sup O} ( X ) < oo
xe X r
and hence
p(x)
@ (MLH_) <o,

r

Let us consider an arbitrary r; > 0.
If r < ry, then by non decreasing property of ®, we have
sup o(x) ||P¥ sup o(x) ||P¥
() < ()
xe X r xe X r
< oo,

shows that ¢ € 7, (X, U, @, p).
On the other hand, if r > ry, then putt = %1 > 1.

Since @ satisfies the A, -condition. There exists a constant K
> 0 such that
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sup (D( o(x) p(x))_ sup (D(t o(x) p(x))

xe X r “xe X r
<K r’ xe X @ ( r

< oo,

and so ¢ € 7, (X, U, @, p). This completes the proof.

Theorem 3.2: The class 4, (X, U, ®@, p) forms a linear space
over the field C with respect to the pointwise vector
operations if < p(x) >y« is bounded above.

Proof:

Suppose < p(X) >yx is bounded above, ¢, v € 4, (X, U, ®,
p) , r > 0 and r, > O are associated with ¢ and
respectively and o, B € C. Then we have

)
sup (MZ)_LI_) <o

xe X r
and
PK)
sup (MM_) < oo,
xe X Iy

We now choose r such that
2DnAfof]<r and2D R A[BM <.

For such r,using non decreasing and convex properties of ®
we have

() + By () | "
(D( ()r ) (x)
px p(x
<o B g o0+ P 0
M M
< o RAILL g w0 BATBLL o0 |

r

1 1
<o (Fr 1601 +5 1 w0 1™)
y l ® @(X) p(x) .\ l ® \ V(X) p(x)
-2 r 2 r,
and therefore,

sup [ Li(ad(x) + By (x)) || ¥
e S

xe X

1 sup o) 1P 1 sup y(x) || P¥
< 5 O] +5 (]

2xe X r 2xe X r
< o0,

This implies that ap + By € £, (X, U, @, p) and so
L, (X, U, @, p) forms a linear space over C.

This completes the proof.
In view of Theorem 3.1 and Theorem 3.2, we have

su
Corollary 3.3: If Xe‘;( p(x) < « and @ satisfies the A, -

condition, then 7, (X, U, @, p) forms a linear space over C

with respect to the pointwise vector operations if < p(x) >ycx
is bounded above.

Theorem 3.4: Z,, (X, U, @, p) forms a solid.

Proof:

Letd € 4, (X, U, @, p), r >0 be associated with ¢ .Then we
have
p(x)
sup - o (M_ ) <o,
xe X r
Now, if we take scalars a(x), X € X such that |ou(x)| < 1, then

o (II oX) d)r(x) I P(X)) <o (loc(x)l p(x) ||r¢ ) |l p(x))
< (D( d(X) p(X))

r
and therefore

sup (D( a(x) o(x) p(x))< sup q;( b(x) ”(X))

xe X r “Xe X r
< o0,

This shows that a ¢ € 2, (X, U, @, p) and hence
L, (X, U, @, p) is a solid. This completes the proof.

Letd e 7, (X, U, @, p),define a function
H:/, (X, U @, p)—> Rby

o/
Ho (@) =inf{r>0: " @ (MP—L) <1}.(3.1)

xe X r

We prove below that 7, (X, U, @, p) forms a paranormed
space with respect to H.

Theorem 3.5: If inf, p(x) =1 > 0, then (¢, (X, U, @, p), H)
forms a paranormed space.

Proof:

Since @ (0) = 0 and therefore H(0) = 0.

Also, H(-¢) = H (¢) and so PN; and PN, are obvious.
For PN3, for any ¢ € /4, (X, U, @, p), we denote

p(x)/L
R@W={r>0: > (w—)s 1}.... 32)

Now for ¢, w € £, (X, U, @, p), consider r; € R(¢) and
r,e R(y)and rg=ry+r,.

Then clearly by the convexity of @, we have

sup (II 00 + y(x) | p(x)’L)
)

xe X ri+r
/L /L
. Sup cl)(“ o) || P¥ RLER | RVICI R P xk)
“Xe X r I3 r I3
n on
<—4+—=
< r3+ s 1.

In view of (3.2),this shows that r; + r, € R(¢ + ) and
therefore H(p + w) < rp+ ryforeachry e R () and ry €
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R(y) , which implies that H(¢ + ) < H(¢) + H(y) i.e., PN3
holds.

Finally analogous to the proof of the lines for the sequence
space |, (X, @, 2, p, L) studied in [11] , the conditions of
continuity of scalar multiplication follows:

In the forthcoming Theorems, we shall deal with the class /.,
(X, U, @, p) to investigate the conditions in terms of
different p so that it is contained in or equal to another class
of similar nature.

Theorem 3.6: If q: X > R and p € 4, (X, R") then
fo(:(xa U! q)! p) = Ew(x’ U’ (D’ q)
if <w(x) >¢x has finite limit superior.

Proof:
. q(x) .
Assume that lim supy (%) < oo . Then there exists a constant

d > 0 such that q(x) < d p(x) for all but finitely many x € X .
Now, if ¢ € 4, (X, U, @, p), r >0 isassociated with ¢
then we have

)
sup ¢(MWML_)<m'

xe X r

This shows that there exists some positive real number n
satisfying

p()
o (M=) <o (7).
for all but finitely many x e X. Since ® is non decreasing,
therefore || &(x) || "® < n. Since q(x) < d p(x) and so if
[[6(X)]] < 1, then obviously

o001

and on the other hand if ||p(X)|| > 1, then

160011 < 11901 “* <

Therefore

16011 < max (1m ),

for all but finitely many x € X.This shows that for all but
finitely many x e X,
cb(” o) || q(x))<® (max an® )

r = r :

a()

U o (L),
This shows that ¢ € 7, (X, U, @, q) and hence
Ly, (X, U, @, p) £, (X, U, D, q).

and therefore X

Theorem 3.7: If g: X > R, p e £, (X, R") and /.(X, U,
@, p) c L (X, U, @, q) then < w(x) >.x has finite limit
superior.

Proof:
Assume that

L, (X, U, @, p) cl, (X, U, D, Q)
. q(x) .
but lim sup, 0(X) = o0.Then there exists a sequence
< X, > of distinct points in X such that for each k > 1,
q (X >k p(xq). ... (3.3)

Now, taklng ue Uwith||u]]=1. Wedefine : X > U by
2 u, forx=x,k>1, and

Xe= {6, otherwise. ~(34)

Letr>0.Then we ha

sup (D(” ) || p(x) _ SUp (D(” ) |l p(Xk))
sup 1/P(><k)
“k>1?® ( )
r
This shows that ¢ € 7, (X, U, @, p) but in view of (3.3) and

xe X > r
L(p)

<0 (ZA u ) _

(3.4) ,we have

sup (Mﬂ)_ sup (2" ) "

xe X © r 'kzlq)( r )
sup (2

> o o(%)

=0

and hence ¢ ¢ /., (X, U, @, qg), a contradiction. This
completes the proof.

After combining Theorem 3.5 and Theorem 3.6, we get the
following theorem:

Theorem 3.8: If g : X — R+and p € £, (X, R") then
Eoo(xy Ur (Dv p) o= foc(x’ U’ q)’ q)
if and only if <w(x)>,.x has finite limit superior.

In the following example, we show that inspiteof satisfaction
of the condition of the Theorem 3.8,

4, (X, U, @, p) may strictly be contained in ¢,, (X, U, @, ).
Example 3.9:

Let X be any set and < x, > be a sequence of distinct points
of X. Takeu e Usuchthat | u || =1 and define¢: X > U
by

_ k¥ u,forx=x,k=>1, and
)= {9, otherwise. - (35)
Further if x = X , then we take p(x) = k %, if k is odd integer
and p(x) = k 2 ,if k is even integer.

l\)lH

Also, q(x) = k *for all values of k, p(x) =

g(x) = 1 otherwise.
q(x) _ {k 1 ifk is odd integer
Then we have , p(x) ~ L1, if kis even integer.
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) _

and 0(X) 2, otherwise.

Thus, lim sup, w(x) = 1 < o i.e., condition of the Theorem
3.8 is satisfied.Let r > 0 .Then we have

Q(W):q)(uw_uuﬁ)

r r

o l/kllu”l/k )
- r

2.Allu
<o (241
and
q(x) q(x)
o (IR (101

This shows that ¢ € 7, (X, U, @, q). But on the other hand in
view of (3.5) for k an odd integer,

sup (D(”Q(xk)”p(xk))_ sup @(”kk u|1’k)

) =0, otherwise.

k>1 r “kx1 r
_sup cI)(k| u |1’k)
“kx1 r

_sup (kY _
_kzl(b( r)_oo’

implies that ¢ ¢ 4., (X, U, @, p).

This shows that the condition of Theorem 3.7 is satisfied but
L, (X, U, @, p) is strictly contained in /., (X, U, @, q). This
completes the proof.

Theorem 3.10: If p: X - R*and q € 7, (X, RY), then 2, (X,
U, @, q) c 4, (X, U, @, p) if <w(x) >x has positive limit
inferior.

Proof:
Suppose that < w(x) >¢x has positive limit inferior i.e., lim

ax

inf, *p(x) > 0 .Then there exists m > 0 such that g(x) > m p(x)

for all but finitely many x € X. Let ¢ € 7, (X, U, @, q) ,
r >0 is associated with ¢ . Then we have

)
sup o (MELH_) <o

xe X r

This shows that we can find some positive real number
n satisfying

NEE
o (I (1),

for all but finitely many x € X. Since ® is non decreasing,
we have

Il o(x) 1 <.

Since gq(x) > m p(x) and so if || $(X) || > 1, then
1160 1P < 11 600 || ™

< 1,lllm;

and on the other hand if || $(X) || < 1,then obviously
1| 600 11P¥ < 1.

Therefore

11 00 [[P% < max (1, n"™),
for all but finitely many x e X. This shows that for all but
finitely many x e X,
sup (||g;gx)||’)(x)) (maxgl, nl’m))
xe X ® r <@ r
< o0,
It follows that ¢ € 7,, (X, U, @, p) and hence
l, (X, U, @, q) =/, (X, U, D, p).
This completes the proof.

Theorem 3.11: Ifp: X > R", q € 4, (X, R") and
Lo (X, U, @, q) <’y (X, U, D, p)
then < w(x) >,.x has positive limit inferior.

Proof:

Assume that

L, (X, U, @, q) </, (X, U, D, p)

holds but < w(x) >,.x has zero limit inferior i.e.,

L X .
lim inf, g%% = 0.Then there exists a sequence < x, >

of distinct points in X such that for k> 1,
ka(xJ <pxd. ... (3.6)

Now, ta}< ng u e Uwith||u]| =1, define ¢ : X— U by
{ u, forx =x,, k>1, and 37
<=0, otherwise. -(3.7)
Let r > 0. Then we have
sup (|| o(x) ||q(x)) _sup (|| o) || q(xk))
Xxe X @ r “k>1 @ r
sup ® (2 [Lull Q(Xk))

“k>1 r

2A T u |l @
o (2l )

This implies that ¢ € 7., (X, U, @, g). But on the other hand ,
in view of (3.6) and (3.7) ,we get

sup (D(” (x) |p(><) _ sup (D(” (%) ”P(Xk))

xe X k ZP(Xk) r
- P o (2l
k>1 r

su 2
> k >pl (D( )— 0,
shows that ¢ ¢ /4, (X, U, @, p), a contradiction. This
completes the proof.

r
P(/a(x)

After combining Theorem 3.10 and Theorem 3.11, we get
the following theorem:

Theorem 3.12: If p: X — R"and q € /., (X, R"), then
L, (X, U, @, q) </ (X, U, D, p)

if and only if < w(x) >,.x has positive limit inferior.

After combining Theorem 3.7 and Theorem 3.10, we get the
following theorem:
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Theorem 3.13: If p, q € 4., (X, R"), then
L, (X, U, @, p) =4, (X, U, @, q) if and only if 0 < lim inf,
w(x) < lim sup, w(x) < co.

Theorem 3.14: If p € /., (X, R"), then

(i) L, (X, U, @) < ¢, (X, U, D, p) if and only if
lim supx p(x) < oo;

(ii) £, (X, U, @, p) < £, (X, U, @) if and only if
lim inf, p(x) > 0; and

(iii) £, (X, U, @, p) = £, (X, U, @) if and only if
0 < lim inf, p(x) < lim supy p(X) < .

Proof:

If we consider p : X — R" such that p(x) = 1 for all x € X
and q is replaced by p in Theorems 3.7, 3.10 and 3.11, we
can easily prove the assertions (i), (ii) and (iii) respectively.

4.Conclusion

This paper establishes some of the results that characterize
the linear topological structures of the class 7., (X, U, @, p)
of normed space valued function space using Orlicz
function. In fact, these results can be used for further
generalization and unification to investigate the properties of
the various existing Orlicz function spaces studied in
Functional Analysis.
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