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Abstract: In this paper, we have considered the triple series equations involving heat polynomials of the first kind and second kind &

solved the two sets of series equations.

1. Introduction

In this problem, the equations are the generalization of dual
series equations considered by Pathak [1]. He pointed out
that the dual series equations involving generalized Laguerre
polynomials considered by Lowndes [2], Srivastava [3] and
panda [4] were the special cases of the equations considered
by him and solution derived for the Laguerre case, was also
different from those obtained by previous authors. We have
considered the triple series equations, involving heat

polynomials Pnu (X,—t), of the first kind and second
kind.

2.Triple Series Equations
Polynomials

Involving Heat

Here we shall solve the two sets of series equations
involving heat polynomials.

(i) Triple Series Equations of the First Kind

fiﬂ n+p, o'(x —t)= fl(X t), 0<x<a (21)
n= Ur(u+2+n+pj
i# n+p Jx-t)=f (X t), as<x<b (22)
nzor[v+§+n+pj
if\inpn+p,c(xv_t)=f3(xvt)y b<x<w (23)
n=0r(p+§+n+p]

(if) Triple Series Equations of the Second kind

w#mp,v(xy—thgl(x,t), 0<x<a (2.4)
0l“[v+2+n+pj
i:187nPn+p,n(xv*t)zgz(X,t), a<x<b (2.5)
n:Ul"(p+§+n+p]

t"¢"B,

Mz

>
Il

17Pn+p,v(xv_t):gs(xyt), b<x<w (26)
0 F(v +§+ n+ p)

where T (X, t) and g;(X, t), (I=12,3) are
prescribed functions for t> />0 and A, B, are to
be determined and Pn V(X, t) is heat polynomial.

3. Preliminary Results
In this course of analysis, we shall use the following results:

(i) Orthogonality Result for Heat Polynomlals
j (% DPy L (X, —1)dQ(x) = % (3.1)

n

1 -1
where 4oy (x) = 22 {F(v+%ﬂ x2Vdx (3.2)

and Kn ZF(V+;j/24”n!F(v+%+ nj (3.3

(i) The Series

1 (f/t)n r(“ +%+ n+ ijner, W& = t)V\/ner, ()

S(x, &) =22 (3.4)

n=0 24P 4 p)!F[c+%+ n+ p]l“(v+§+ n+ p)
X 2v+1i 2oty 2

“TM-cm)
X—2v+l§—2cs+l —£2 Jat

-y 39

a's, (& xy) (9

C T(MIT(v-c+m)
where
F[u +1ins p)é”t*(”“") 22@-m)
- 2
a = 1 (3.7
F[c—m+§+n+pj

2
n(y) _ y2(o—m)ey /4t
o=min(, x), v-oc+m>0
If h(y) is strictly monotonically increasing and differentiable
function in the interval (a, b) and h'(y) = 0 in this interval.

Then solutions of the integral equations

_ ey
0= 0 -hoT () —hy*

_ D(y)
"09=[ o) -hear

l<ax<l (3.8)
and

O<ax<l (3.9)
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are given by

O(y) = sin(ar) djy h'(x)f(x)d>l< . (310)
[h(x)—h(y)]™

o :_sin(om) d o h'(x)f(x)dx BNCRE

v b G- h)T

The Solution

4.1 Equations of the First Kind
In order to solve the triple series equations of the first kind,
we set

S

0( I jPmp,ﬁ(x,—t)ﬂ([x,t), a<x<b  (4.1.1)
":Fu+§+n+p

Using orthogonality relation (3.1) in equations (2.1), (2.3)
and (4.1.1), we get

F[c+%jr(p+%+n+p)
A, =

2404P) (1 4 p)!I‘(c+%+ n+ p)

o0+ [ R [ 600 [Wayp o0 08000 (4.12)

Substituting this expression for An in equation (2.2), we

have
t""r L r L P t
i cs+E u+§+n+p hip, v (% — 1)

n=0 24(1*P) (py 1 p)!F[c+;+ n+ p)l‘(v +%+ n+ pj

IRCOIIN YRR RGO AR EDE
_f,(x, 1), a<x<b @13)

Putting the value of dQ(ctD) from (3.3) in equation (4.1.3)
and changing the order of integration and summation, we get

1
[ [reonte, voe+ [ e e o + j:a%fg(g,t)} 22

A% 1 .
0 Y r M+5+n+p n+p, v (X’ _t)

n=0 24(MP) (1 4 p)!l"[c+%+ n+ pjr(v+%+ n+ pj

=f,(x, t), a<x<b (4.1.4)
Using summation result (3.4), equation (4.1.4) becomes

[leote, 050, & e+ [ 2 e DSt 0de

+f, E°Ma(6, DS, & Dl =Ty(x, 1)
L)

N jaa °f, Ng,t)S(x,g,t)dg:fz(x, ), a<x<b (4L6)

where

o =6 - £ 00 & 05 [ €16 DB 6 0 @

Now using the notation given by equation (3.6) in equation
(4.1.6), we get

Wn+p, G(Fﬁl t)

a<x<b (4.15)

b e (:—20+1e—a2/4ta*
G Né,t){r(m)r o g S e 6

=F(x, 1), a<x<b
(3.11)

—£2/at
F(m)F(v o+ m)-[ s Né DS (x.& d
=x?F(x, 1), a<x<b (@19

e e s, & e+ e R s, & v
_T(mI'(v-oc+m) F(x, 1)

a X—2v+1
Now putting the value of summation in terms of integral
from (3.5), we obtain

[ e no(e-v2)" (¢ -y2) " acgy

e R o (e -y (v dey

_ r(mri(v—-—oc+m)

a X—2v+l

Inverting the order of integration, we get

I L/ dyjbie” Ni%t _Tmrev-semp
a (Xz—y2)1+6 v—-m y (az_yz)l a’'x 2v+l

)y ce s NeY

(4.1.8)

(4.1.10)

2)V—c+m—l

a<x<b
(4.1.11)

F(x, 1)

oAy > e
i (X2 -y )1 (& -y? )1 (4.1.12)
Assuming
- -2/
Ny =f: e ©MNED de (4.1.13)

(az - y2 )17m

Now equation (4.1.13) reduces to the following form

i n(y)NY) _T(mr(v=c+m)_

l+c-v-m —2v+l
a (Xz _ yz) a'x

F(x.1)

2

. TRl {2

I . [, Nlm dg, a<x<b  (4.1.14)
[y [ )
With the help of equations (3.8) and (3.10) we can solve the
above equation as,
Sln(1+0 v-m)zn d 2xdx
)N= i A
(v*-x)

n(z)dz

l+c—v-—m
-2

dgjl a<x<b (4.1.15)

PO, 0= [

ax

{F(m)l‘(v —oc+m)

b e =/ N, )
a (&2 _ 22)1fm

v Sinl+o-v-mjm d ¢y 2xdx.
=R(y,t)-
n(y)ﬂy) i(y.) - ok (y X)M
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&2 /at
L L T
O(XZ—ZZ) a (&2—22)
where,
(0, t):S|n(1+0—v—m)n F(m)r(v*—o+m)
m a
Ld oy 2x2VF(x, t)
dy I dx (4.1.17)

(y _X2) oc+v+m

Changing the order of integration in equation (4.1.16), we
obtain

)Ny =Ry -
d ¢y

"y da (v
g2 /at
e NeY
a (&’2 _22)1 m

Using the result given by

Sinl+oc—-v-m)n

j n(2)dz
2xdx
X2 )fc+v+m (X2 3 22 )1+cfvfm

€ a<x<b (4.1.18)

d J'y 2xdx ) (32 ‘Zz)wmﬂ
dy-~a (yz _ Xz)—c+v+m (Xz ~ Zz)lm—v—m (y2 ~ ZZ)(yZ _az)v+m—c
in equation (4.1.18), we get

(4.1.19)

Sinl+oc-v- m)nj
T

)Ny =R - n(2)dz

(az _22)V+m—6
bﬁe e*/at Nf 1)
@R

Now using the results (3.9) and (3.11), we solve the integral
equation (4.1.13) as follows

X

E, a<x<b (4120

—£2/4 __Sin(l—m)TE d b
e e = . d&,jﬁ X _az)m y  (4.1.21)
With the help of equation (4.21) we obtaii
bEe £/at met Sin(1- mzitm jb ZXme)dx @122)
S e e ()

Putting the above value from (4.1.22) to equation (4.1.20),
we get

)Ny =R.0-

Sinl+o—-v-m)zrSin(l-m)=n

v+Mm—-o
2 (y2 _ a2)

) a(az -z ZXW
'[0 (yz_zz) (Xz_az)m(xz_zz)

Changing the order of integration we get

2)v+2m—6 (4123)

n(Z)dz Lb

Sin(l+o—-v-m)zrSin(l—-m)x

ny)NY) =F(y.0 -

nz(yz _az)wm—c
b 2X—X) aT](Z) 22 v+2m-n
x,[a (Xz E'Z)md J- ( ( ) XZ ) (4.1.24)
Let
A(x y):Sin(1+G_V—m)Tf5in(1—m)n 2x
' 7T2(y2 _g2 )V”“*G (Xz a2 )m
J_a TI(Z)( Z2)v+2m o
(v*-2%)(x* - ) (4.1.25)

Using this expression in (4.1.24), we get

S b S
NV =R0- [ A YRX) d a<x<b o0

Equation (4.1.26) is a Fredholm integral equauun
which determines Ny)(b(é’t) is then obtained from

equation (4.1.21) and therefore the coefficient An can be

found from equation(4.1.2), which satisfy the equations (2.1)
to (2.3).

Particular Case

If we put a = 0 in equations (2.1), (2.2) and (2.3) then they
reduce to the dual series equations and it can easily be
shown that the above solution agree with that obtained
earlier for dual series equations [3].

4.2 Equations of the Second Kind

In order to solve the triple series equations of the second
kind, we set
d B, Yi(x, t),

jpmp,c(xr t):{‘l‘z(x, 0,

Using orthogonality relation (3.1), in equations (2.5) and
(4.2.2), we get

r cs+1 r u+1+n+p
2 2
B, =

24P (4 p)!F(o+%+ n+p

0<x<a

n:OF(“+%+n+p b<x <o (422)

)D:\yl(x, t

#8200 0% [ 2000 M o069 4060 023

Substituting above expression for Bn in equations (2.4)
and (2.6), we have

i t‘”ﬁ”l‘(c+;)r(p+;+ n+ p)Pnery J(X=1)

n=0 24*P) (n 4 p)!l“(c+;+ n+ p)l‘(v+;+ n+ pj

[0+ [te 0+ wale 0 (6 98000

_ {gl(xi t)1
gS(X’ t)a

0<x<a (4.2.4)

b<X<w (4.2.5)
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Putting the value of dQ(E‘D) from (3.2) and changing the

order of integration and

R O A
D o |
i (%)nr(u+%+n+p)ﬁ“p L(x,—1)

n-0 24(”+p)(n+p)lr[c+;+n+pj [v+%+n+p

. g,(x, 1),
T lgs(x, 1), b<x<ow

Using summation results (3.4) in equation (4.2
(4.2.7), we get

j;échll(gl t)S(X, éi t)dg_{_J.abiZng(g’ t)S(X, g, t)d (4.2.8)

summation, we get

J\"Ivn+p, c (&’ t)

O<XxXx<a

(4.2.6)
(4.2.7)

~ g, (x, t), 0<x<a
_{g3(x, ), b<x<ow (4.2.9)
[ 216 DS(x, & Dde+ [T, (5 OS(x, & e
_{G(x, t), O0<x<a (4.2.10)
H(x, 1), b<x<o
(4.2.11)

where G(X, t) =g,(X, t)— .[ £%°9, (&, HS(x, & t)dg
(4.2.12)

b
H(x ) =05(x )= [ €%°9,(& OS(x, & e (@2.13)
Now using the notation given by (3.6) in
equation (4.2.10), we get

512 Ejzcﬂe’&z Jat

X 26
Io SR t){l“(m)l“(v —G+m) :

. xl-2vg =20+ & /at
+f gw t){r(m)m_

s:(x, &, t)}da

a’s, (X, &, t)}da

G+m)

oo X1—2v<:—20+1e—§2 /4t
+Jb ST t){F(m)F(v —G+m) 8

=G(x. 1) (4.2.14)
[l e e 05,0, & ez [T, s, (x, & e

oz 6, 15,0, £ o
_TMIv—o+m) oy

A x2y
Now putting the value of summation in terms of
integral from (3.5), we obtain

s, (%, &, t)}da

0<x<a

0<x<a

(4.2.15)

)v—6+m—1

[Fee /e, 0 (€2 -v2)" (x2-y?
e 0 y)(2-v?)" (2 -v?)
ey, 0 ) (2 -v2) " (¢ -y?)

d&dy
v—o+m-1
dedy

v—c+m-1

dédy

(4.2.16)

F(m)F(v c+ m)

- x.1)  0<x<a
ax12

Inverting the (4 2. 7)
Q. 7 N—Y =3 (e, 1),

n, we have

l+c—v-m y 1-m 2:’
T
W R A ACDP
0 l+o—v-m
(x*-y?) (&2-y?) "
:F(m)l;f)v(lfzi”m)e(x, ) O<x<a (4.2.17)
<) o e )
Jo WW{%(Y)"‘L Wd%
F(m)T(V o+ m) (429) <a (4218)
*,1-2v - . !
a X
where (4 2. 10)
a t
v =[5 (4211) Dye o

Co(eoye)

With the help of equations (3.8) and (3.10) solving equation
(4.218), as

(4.2.13) e /at
ny)| wi(y) + f s \szgm Y ge
(& -v°)
:Sin(l—v+(5—m)n d J'y 2xdx
T dy 0 (y2 _XZ)*CHerm

G(x, 1)

F(m)F(v c+m)

a*Xl 2v

6.y, == et

d py 2x2VG(x, 1),
dy -..O (y o )—c+v+mdx

0<x<a (4220

(4.2.21)

Now equation (4.2.21) can be rewritten as

o Ea-E2/at
N =Culy, 0 -n)f L 2E 0 wa22)

(&2-y) "

Using the results (3.9) and (3.11), we solve the integral
equation (4.2.19), as follows

co ¥l g 1y S 8 2.2 2w

dy (4.2.23)
-y
Similarly, let us
o Ea—82/at
\Vz(y)z_fy se " T;E;t) d&  (4.2.24)
(82 -v?)

then we have
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-& fat __Sin-m)x d = 2yy,(y)
et My (e, 1) = = ng( a) " dy  (4.2.25)
With the help of (4.2.24) and (4.2.25), we
obtain
Iaae Ll (e, ), Sin(l—m)nJ‘a 200
T )T e ey e
jf&eéz/ﬂ%ﬁt)d%= sin(1—m)_J- 2xy,(X) dx  (4.2.27)
oy Al v (b ()
Using equation (4.2) in (4.2.23), we get

- Sin(1-
NV =Gy (y, - Sm=mr__ k) __

(b°-y?)
2

j X w2 (X) (4.2.28)

(<= b2)" (x> —y7) |

Now equation (4.2) reduces to

n(y)vy(y) =Gy (y, 1) - j B(X, y)y,(x)dx, 0<x<a (4.2.29)

where

B(x, y) =

(

Sint-m)n__ n(y) 2X (4.2.30)

s (bz_yz)‘m (Xz_bz)m(xz_yz)
Again starting from equation (4.2.11) we have
+[TEWL(E DS(x, & g+ [ EW,(E, DS, & g

=H(x, t) b<x<w (4.2.31)
Using the notation given by (3.6) in above equation, we get

1-2v é—2<s+1e—§2 /at

4.2 X
[RRAE t){l“(m)l“(v—

X_ e lezvafzcu —£2 [at
+f, €7, (E, t){r(m)l“(v

'S (x, &, t)}dé

G+m)

a'S(x, &, t)}dg

—o+m)
e X1—2va—20+1e—£2/4t

o], 87 t){l“(m)l“(v—cs

=H(x, 1)

a’S,(x, &, t)}dé

+m)

b<x<oo (4.2.32)

[Pe (e 05,00 & e e w6 08, & 00
o “ee M, (e, DS, (x, & D0

:F(m)F(V—c+m) H(x, 1),

a 2
Putting the value of summation in terms of integral from
(3.5), we have
a_ g2 g m-1 v—c+m-1
[Cee e, o (g -v?) " (2 -y?) T dedy
X g2 13 m-1 v—c+m-1
e, o (2 -vE) T (< -y?) T dedy

[ e, 0 (€2 -v2) " (6 -y?) T dey

O<X <o

(4.2.33)

_'(mI'(v-oc+m)
a*Xl—Zv

H(x, t), b<x<ow (4.2.34)

Inverting the order of integration of equation (4.2.34), we
get

IX n(y)dy f te E/‘“\112(& ge LIy +m)

( )1+G v—-m ( ) a*xl—Zv
oy e ge sy (e 1)
0 (X2 _ y2 )l+G—V—m y (éz _ y2 )—m
ooy e e

,[0 (XZ 3 yz )l+0—v—m J.b (&2 _y ) é X

Using the expression given by equation (4.2.19) and (4.2.25)
in equation (4.2.35, we get) S4 2.28)

H(x, t)

dg

(4.2.35)

fb n(y)‘I’zl(+si)_oi>_/m:F(m)F(v1 M x, 1) J n(y)‘Pll(ygdvym
(o) . ()
&?/at
I Mva il | ét)d& b<x<wo  (4,2.36)

()()

With the help of equations (3.8) and (3.10) above equation
can be solved as

2xdx
(yz 3 X2 )—c+v+m

H(x t)—jj(;@%

Sinl+o-v-m)n d J'y
b

n(y)¥,(y) = ay

*y1-2v

[F(m)l"(v c+m)
a X

b n(2)d s G
_.[o(xz_nzzz)“ivm.[b (gz_zzz) &] b<x<oo (4.2.37)

n(WW: Hy(y, t) - Sinl+c—-v-m)r d

dy
2xd ¥1(2n(2)
J.by(yz _ X): )X0'+V+m x |:J.Oa(X2 _125)15\,'“ dZ

b n@)dz = ge Sy (e, ),
+J‘O (Xz _n22)1+cv m Ib (&2_222) E.}

where
Sinl-v+o-m)aI’'(MI(v-c+m)

Hl(yl t) = *
s a
._d J-y 2xZ2VH(x, t) A<
dy b (y2 o X2 )V—G+m
Now using the equation (4.2.23) in equation (4.2.39), we
obtain

(4.2.38)

(4.2.39)

Sinl—v+oc—m)x

nY)¥2(y) =Hi(y, 1) - —
d ry 2xdx7 g J-a Gl(x,it) __dz
dy b (yz _ XZ)V o+Mm 0 (X2 _ 2 1-v+o—m

(4.2.40)
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[ n@dz___ (wze s YR

0 1-v+o—m b 1-m
(XZ—ZZ) (&2_22)

ML Iae”‘“%(a Ve .

R

Breaking the last term of (4.2.41) in to part, we have

TR Sinl-v+o-m)m d ¢y 2xdx
NY)F) = Hyly, - S Ee R d
T dy b(yz_xz)

e A
0 g /4t\P (é t) n(z)dz
J-b E—,e 2 E" .[ 1-v+o—m
(e2-22) " Y (x*-27)
=g & /1y (& 0 n(2)dz
><J‘ 2 dg + j

B G I (5 B

xj-oo ge s /4“}' gé t) é}, b<x<o (4.241)
b 2 2\ m
(&°—=*)

Now changing the order of integration, equation (4.2.41)
becomes

nyY)¥,(y)=H.(y, ) -

b<Xx<o

Sinl—-v+oc—-m)xn

2xdx
x{j G,(z, t)dzx—j ( 2)H+m (XZ_ZZ)HWm

o[ e[ L T

e

L[rEe e PRI a} bex<o (4242)

b (éz _ 5 )1 m
We know that

2 2 v—=c+m
ij-y 2xdx _ (b ~Z )
dy Jb (yz _ Xz)v—mm (Xz _ 22)1—\r+c—m - (yz _ 22)(y2 _ bz)v—mm

Using the results (4.2.43) and (4.2.28), in equation (4.2.43),
we get

nY)W,(y) =Hy(y, t) -
(5722 "

-2t "
(bz ) Zz)vfcwm

(yz _ ZZ)(yZ _ b2)V—G+m

Sinl—v+oc—-m)n

j;Gl(z, t)dz x

; j:n(z)dz .

(4.2.43)

Sin(l—-m)n XJ‘W 27,00 ;
7r(b2 _22)*m b (Xz _bz)m(xz —22)
il 1) Sin(L- v+c\ :12 J. G,(z, )(bz_zz)
n(y2_bz) 0 (y i )
Sy 10 2
nz(yz_bz)vﬂwm a (yz—Zz)(XZ—ZZ)

I:%dx, b<X<oo
X< —b

Changing the order of integration of the last term of
equation (4.2.45), we get

X b<x<oo  (4.2.44)

v-0+Mm

dz

(4.2.45)

)\ ol

{z

_ in(l- - (Zr t)
NTE) =y ) O (

n(yz—bz)
Sin(l-v+o-m)rSin(l- m)n J-w2(x)\P2( )d
Tcz (yz B b2 )V—G-Hn

v—c+2m
pn(2)(b* —2%)
X.[a 2 2\(y2 2
(v*=2)(x* -2*)
Now equation (4.2.46) can be reduced to the following form

AOTEL0)+ | Clx 0088 - W

-

dz, b<x<oo (4.2.46)

v—c+m

.G, (z, t)(b2 —z2)
.[0 (yZ _22)

where C(x, y) is the symmetric kernel given as
2)v70+2m

dz, b<x<ow (4.2.47)

Sinl-v+o-mr 2 ijn(z)(bz—z
nz(yz_bz)\%m (Xz_bz)m a (yZ_ZZ)(XZ_ZZ)
Equation (4.2.48) is a fredholm integral equation of the
second kind which determinesyy, (y). After that,
v, (&, t)yand vy, (&, t)can be found form equations
(4.2.26) and (4.2.24) respectively. Finally, the coefficients
B,, which satisfy the triple series equations (2.4) to (2.6)
n
are given by equation (4.2.3).

C(x,y)= iz (4.2.48)

Particular Case

If we let b — 00 in equations (2.4), (2.5) and (2.6) they
reduce to the dual series equations and this solution for the
triple series equations of the second kind agree with that
obtained earlier of dual series [1].
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