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Abstract: The objective of present paper is to study the some curvature properties related to the projective curvature tensor, conformal 
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1. Introduction 
 
In 1975, Golab[6] introduced the quarter-symmetric linear 
connection on a differentiable manifold. Let T be the Torsion 
tensor defined as 
 

( ) ],[, YXXDYDYXT YX −−=        (1.1) 
A linear connection D in an n dimensional manifold is said 
to be quarter-symmetric connection if the Torsion tensor T  
is satisfies the condition: 
 

( ) ( ) ( ) XYYXYXT φηφη −=,          (1.2) 
Whereη is1-form andφ  is a tensor of type (1, 1). 
The quarter-symmetric linear connection D satisfies the 
condition 0≠gDX  for all TMX ∈ , then D is said to be 
quarter-symmetric non metric connection otherwise metric 
connection. Where TM is lie algebra of vector field of the 
manifold nM . Quarter symmetric non metric connection is 
studied by Patra and Bhattacharya[8] and Singh and 
Pandey[12] and others. 
Further if we replace XX =φ  and YY =φ , then the 
quarter symmetric linear connection reduces to the semi-
symmetric connection[5]. 
 
J.A. Obina[7] 1985, introduced a new class of almost contact 
manifold namely Trans-Sasakian manifolds which includes 
the Sasakian, Kenmostu and Cosymplectic structures. After 
that many other authors like Bagewadi and Girish[1], 
Bagewadi and Venkatesha[2], Prasad and Srivastava[9], 
Tarafdar and Bhattacharya[13] and Yano and Kon [14] 
studied it and get some results. 
 
This paper is organized as follows: 
 
After the introduction, in section2, we have the brief 
introduction of Trans–Sasakian manifold admitting the 
quarter-symmetric non metric connection. In section 3 we 
obtained some basic results. In section4, we study some 

properties of curvature tensor like projective curvature 
tensor, conformal curvature tensor, concircular curvature 
tensor, conharmonic curvature tensor, quasi conformal 
curvature and pseudo projective curvature tensor. At last we 
study the some results on projective ricci tensor.  
 
2. Preliminaries 
 
Let M be an almost contact metric manifold of odd 
dimension n  with an almost contact structure ( )g,,, ηξφ , 

where φ  is ( )1,1  tensor field, ξ  is contravariant vector 
field,η  is a 1-form and g  is an associated Riemannian 
metric such that[4] 

ξηφ ⊗+−= I2
                              (2.1) 

 
( ) ,1=ξη  ,0=φξ  0=ηφ                     (2.2) 

( ) ( ) ( ) ( )YXYXgYXg ηηφφ −= ,,              (2.3) 
 

( ) ( )YXgYXg ,, φφ −=                    (2.4) 
 

( ) ( )XXg ηξ =,                         (2.5) 
 
An almost contact metric manifold M  ( )g,,, ηξφ  is said 

to be a Trans-Sasakian manifold if ( )GJRM ,,×  belong to 

class 4W  of the Hermitian manifolds, where J is the almost 
complex structure on RM ×  defined by[7] 

( ) 





 −=








dt
dZfZ

dt
dfZJ ηξφ ,,   

 For any vector field Z on M and the smooth function f on 
RM × and G is Hermitian metric on the product RM × . 

This may be expressed by the condition [7] 

 

( )
( ) ( ){ } ( ) ( ){ }XYYXgXYYXg

YX

φηξφβηξα
φ

−+−
=∇

,, (2.6) 

Paper ID: SUB141088 2639

http://creativecommons.org/licenses/by/4.0/�


International Journal of Science and Research (IJSR) 
ISSN (Online): 2319-7064 

Impact Factor (2012): 3.358 

Volume 3 Issue 12, December 2014 
www.ijsr.net 

Licensed Under Creative Commons Attribution CC BY 

for some smooth function α  and β  on M , then we say 

Trans-Sasakian structure is of type ( )βα , . 

On a Trans-Sasakian manifold, it can be shown that [ ]10  
 

( )( )ξηβαφξ XXXX −+−=∇             (2.7) 
 

( ) ( ) ( )YXgYXgYX φφβφαη ,, +−=∇         (2.8) 
 

( ) ( )YXgYX ,, φ=Φ                  (2.9) 
 

Where Φ  is fundamental 2-form. 
 

( ) ( ) ( )XnXS ηξββαξ −−= 222,           (2.10) 
( )
( ) ( ) ( ) ( )YXnYXS

YXS
ηηξββα

φφ

−−−

=
222,

,
      (2.11) 

 
In a Trans-Sasakian manifold the curvature tensor [ ]9  is 
defined as 

 

( )
( ) ( ) ( )[ ]

( ) ( )[ ]
( ) ( ) ( )
( ) ( ) YXXY

XYYXXY
YXXY

YXXY
YXR

22

22

2

,

φβφβ
φαφαφα

φηφηαβ
ηηβα

ξ

−+

−−
+−

+−−

=

        (2.12) 

( ) ( ) ( )[ ]XXXR −−−= ξηξββαξξ 22,      (2.13) 
 
Now for the quarter-symmetric non metric connection D  of 
the Trans-Sasakian manifold is satisfied the following 
conditions [ ]8 . 

( )( )
( ) ( ) ( ) ( ){ }YXgZZXgY

ZYgDX

,,
,

φηφη +−
=

       (2.14) 
 

( ) XYYYD XX φη+∇=          (2.15) 

 

 

( )
( ) ( ) ( )

( ) ( )[ ] ( )
( ) ( ){ }
( ) ( ){ }XZYgYZXg

YZXgXZYg
ZXYYX

YXgZZYXR
ZYXR

φφβ
φφφφα

ηηηα
ξφβη

,,
,,

,2,
,

−+
−

+−+
+
=

 
(2.16) 

 

( )
( ) ( ) ( ) ( )

( ) ( )XYYXg
YXnYXS

YXS

,,
1,

,

φβφφα
ηαη

++
−−

=

              (2.17) 

 
rr =                                             (2.18) 

We know that the Trans-Sasakian structure of type 
( ),0,0 ( )β,0  and ( )0,α  are called Cosympletic, β -
Kenmostu and the α -Sasakian manifold respectively. 
 
3. Some Results and Discussion 

 
We note that  

 ( ) ( )( )UZYXRgUZYXK ,,,,, =              (3.1)  

 ( ) ( )( )UZYXRgUZYXK ,,,,, =              (3.2) 
 
Theorem1: In the quarter-symmetric non metric connection 
of Trans-Sasakian manifold, we have the following relations: 
 

( ) ( ) 0,,,,,, =+ UZXYKUZYXK         (3.3) 
 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ]
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) 
















+

−
+

−+
−

=−

YUgZXg
UZgYX
YXgUZ

UXgZYgYZgUXg
UXgZYYZgUX

YXUZKUZYXK

,,
,
,

2

,,,,
,,

,,,,,,

φ
φηη
φηη

β

φφβ
ηηηηα

 (3.4) 

Proof. From (2.16) and (3.1), we have 
 

( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }UXgZYgUYgZXg

UXgZYgUYgZXg
UXgYUYgXZ

XYgUZUZYXK
UZYXK

,,,,
,,,,

,,
,2,,,

,,,

φφβ
φφφφα

ηηαη
φηβη

−+
−

+−
+
=

 

(3.5) 

 
Now interchanging X and Y in (3.5) and using the equation  
( ) ( ) 0,,,,,, =+ UZXYKUZYXK ,  

We obtain (3.3). 
 
Similarly from (2.16), (3.5) and the equation  
( ) ( )YXUZKUZYXK ,,,,,, = , 

 we have (3.4). 
 
Theorem2: Let nM be an odd n dimensional Trans-
Sasakian manifold with the quarter-symmetric non metric 
connection D . Then for all X, Y, Z, TM∈ξ , we have 
 

( )
( ) ( )( )XX

XR
−−−−

=

ξηαξββα

ξξ
22

,
          (3.6) 
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( )
( ) ( ) ( )[ ]

( ) ( ) ( )[ ]
( ) ( ) ( )
( ) ( )ξφβφβ

φβφαφα

φηφηαβ
ηηαβα

ξ

YXgYX
XYYXXY

YXXY
YXXY

YXR

,2

12

,

2

2

22

+−

+−+

−−+
−−−

=

          
(3.7) 

 
 ( ) ( )[ ] ( )XnXS ηβαξ +−= 2,           (3.8) 

 
( ) ( )YXgYXS ,2, αφφ =                   (3.9) 

 
Proof. By using (2.13) and (2.16), we get (3.6). 
Again from (2.12) and (2.16), we obtain the result (3.7). 
Similarly from (2.10) and (2.17), we have (3.8). 
At last by using (2.11) and (2.17), we get (3.9). 
 
4. Some Curvature Tensor 

 
 Definition.4.1: Let nM be an odd n dimensional Trans-
Sasakian manifold with the quarter-symmetric non metric 
connection D . The projective curvature tensor of nM  with 
respect to quarter-symmetric non metric connection D is 
defined by 
 

 

( )

( ) ( ) ( ) ( )[ ]YZXSXZYS
n

ZYXR

ZYXP

,,
1

1,

,

−
−

−

=
 (4.1) 

From (2.16) and (2.17), we obtain 

 
( )
( ) ( ) ( )
( ) ( ){ }
( ) ( ){ }

( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( )[ ]XZYgYZXg
n

YZXYZXg
XZYXZYg

n

XZYgYZXg
YZXgXZYg
YXgZZYXP

ZYXP

,,
)1(

1
,

,
1

1

,,
,,

,2,
,

φβφβ

ηαηα
ηαηα

φφβ
φφφφα

ξφβη

−
−

−









−−

−
−

−

−
+−
++

=

 

(4.2) 

  
Again from (4.2), we get 
 

0),(),( =+ ZXYPZYXP                  (4.3) 
Hence we can state the following theorem: 
Theorem3: Let nM be an odd n dimensional Trans-
Sasakian manifold with the quarter-symmetric non metric 
connection D , then the projective curvature tensor of nM is 
skew-symmetric with respect to quarter-symmetric non 
metric connection D is skew-symmetric in X  andY . 
 

Definition 4.2: Let nM be an odd n dimensional Trans-
Sasakian manifold with the quarter-symmetric non metric 
connection D . The conformal curvature tensor of nM  with 
respect to quarter-symmetric non metric connection D is 
defined by 

( )
( )

( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( ) ( )[ ]UYgZXgUXgZYg
nn

r
ZXSUYgZYSUXg
UYSZXgUXSZYg

n

UZYXK
UZYXC

,,,,
21

,,,,
,,,,

1
1

,,,
,,,

−
−−

+








−

+−
−

−

=

 

(4.4)

 
 
From (2.16), (2.17), (3.1) and (4.4), we get 
 

( )
( )( ) ( ) ( ) ( )
( ) ( ) ( ) ( )[ ] ( )
( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ]

( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( ) ( )[ ]UYgZXgUXgZYg
nn

r
ZXSUYgZYSUXg
UYSZXgUXSZYg

n

UXgZYgUYgZXg
UYgZXgUXgZYg

ZUXgYUYgX
YXgUZUZYXRg

UZYXC

,,,,
21

,,,,
,,,,

2
1

,,,,
,,,,

,,
,2,,

,,,

−
−−

+








−

+−
−

−−+
−+

−+
+

=

φφβ
φφφφα

ηηηα
φηβη

(4.5) 

 

Now from (4.5), we get 
 

( ) ( ) 0,,,,,, =+ UZXYCUZYXC  (4.6) 
Hence we can state the following theorem: 
 
Theorem4: Let nM be an odd n dimensional Trans-
Sasakian manifold with the quarter-symmetric non metric 
connection D , then the conformal curvature tensor of nM  
is skew-symmetric with respect to quarter-symmetric non 
metric connection D .  
 
Definition.4.3: Let M be an n dimensional Trans-Sasakian 
manifold with the Riemannian connection∇ . The 
concircular curvature tensor of M  with respect to 
Riemannian connection∇ is defined by 

( )

( ) ( ) ( ) ( )[ ]YUXgXUYg
nn
rUYXR

UYXZ

,,
1

,

,

−
−

−

=

 
(4.7) 

 Definition.4.4: Let nM be an n dimensional Trans-Sasakian 
manifold with the quarter-symmetric non metric 
connection D . The concircular curvature tensor of nM  with 
respect to quarter-symmetric non metric connection D is 
defined by 

Paper ID: SUB141088 2641

http://creativecommons.org/licenses/by/4.0/�


International Journal of Science and Research (IJSR) 
ISSN (Online): 2319-7064 

Impact Factor (2012): 3.358 

Volume 3 Issue 12, December 2014 
www.ijsr.net 

Licensed Under Creative Commons Attribution CC BY 

( )

( ) ( ) ( ) ( )[ ]YUXgXUYg
nn
rUYXR

UYXZ

,,
1

,

,

−
−

−

=

 
(4.8) 

From (2.16), (2.18) and (4.8), we get 
 

( )
( ) ( ) ( )

( ) ( )[ ] ( )
( ) ( )[ ]
( ) ( )[ ]XUYgYUXg

YUXgXUYg
UXYYX

YXgUUYXZ
UYXZ

φφβ
φφφφα

ηηηα
ξφβη

,,
,,

,2,
,

−+
−

+−+
+
=

        
 (4.9) 

 
If 0=α  and 0=β  , then (4.9) give the following 
theorem: 
 
Colloary5: The concircular curvature tensor of cosympletic 
manifold with respect to Riemannian connection is equal to 
the concircular curvature tensor of cosympletic manifold 
admitting the quarter-symmetric non metric connection. 

( ) ( )UYXZUYXZ ,, =                (4.10)  
Definition.4.5: Let nM be an odd n dimensional Trans-
Sasakian manifold with the quarter-symmetric non metric 
connection D , then conharmonic curvature tensor of nM  
with respect to quarter-symmetric non metric connection D is 
defined by 
 

( )

( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) 









−

+−
−

−

=

ZXgUYSZYgUXS
UYgZXSUXgZYS

n

UZYXK
UZYXV

,,,,
,,,,

2
1

),,,(
,,,

 

(4.11) 

 
If 0=S , (4.11) gives  
 

  ( ) ),,,(,,, UZYXKUZYXV =             (4.12) 
Hence we can state the following theorem: 
 
Theorem6: If in an odd n- dimensional Trans-Sasakian 
manifold the ricci tensor of a quarter-symmetric non metric 
connection D vanishes, then the curvature tensor of 

nM with respect to quarter-symmetric non metric 
connection D is equal to the con-harmonic curvature tensor 
of quarter-symmetric non metric manifold. 
 
Definition.4.6: Let nM be an n dimensional Trans-Sasakian 
manifold with the quarter-symmetric non metric 
connection D . The quasi conformal curvature tensor of nM  
with respect to quarter-symmetric non metric connection D is 
defined by 

 

( )
( )( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )[ ]UYgZXgUXgZYgb
n

a
n
r

UYSZXgUXSZYg
UYgZXSUXgZYS

b

UZYXRag
UZYXC

,,,,2
1

,,,,
,,,,

,,
,,,ˆ

−







+

−

−








−+
−

+

=

(4.13) 

 
Where a and b are constant such that 0,0 ≠≠ ba . 

If ( )1
1,1
−

==
n

ba then quasi conformal curvature tensor 

reduces to conformal curvature tensor. 
Now using (2.16), (2.17), (2.18) and (4.13) we get 
 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ){ } ( )
( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )[ ]UYgZXgUXgZYgb
n

a
n
r

ZXgUYgZXgUYg
ZXgUYnZXgUYS

ZYgUXgZYgUYg
ZYgUXnUXSZYg

UYgZXgUYgZXg
UYgZXnUYgZXS

UXgZYgUXgZYg
UXgZYnUXgZYS

b

UXgZYgUYgZXg
UYgZXgUXgZYg

ZUXgYUYgX
YXgUZUZYXK

a

UZYXC

,,,,2
1

,,,,
,1,,

,,,,
,1,,

,,,,
,1,,

,,,,
,1,,

,,,,
,,,,

,,
,2,,,

,,,ˆ

−







+

−
−

































−−
−+−
++
−−+
−−
−+−
++
−−

+



















−+
−+

−+
+

=

φβφφα
ηαη

φβφφα
ηαη

φβφφα
ηαη

φβφφα
ηαη

φφβ
φφφφα

ηηηα
φηβη

 

(4.14)  

Now interchanging X and Y in (4.14), we have 

( ) ( ) 0,,,ˆ,,,ˆ =+ UZXYCUZYXC              (4.15) 
 
Hence we state: 
Theorem7: Let nM be an odd n dimensional Trans-
Sasakian manifold with the quarter-symmetric non metric 
connection D , then the quasi conformal curvature tensor of 

nM  is skew-symmetric with respect to quarter-symmetric 
non metric connection D in X  and Y . 
 
Definition.4.7: Let nM be an odd n dimensional Trans-
Sasakian manifold with the quarter-symmetric non metric 
connection D , then pseudo projective curvature tensor of 

nM  with respect to quarter-symmetric non metric 
connection D is defined by 
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( )
( ) ( ) ( )[ ]

( ) ( )[ ]YZXgXZYgb
n

a
n
r

YZXSXZYSbZYXRa
ZYXP

,,
)1(

,,,
,~

−








+
−

−

−+

=

 (4.16) 

 
Where a  and b are constant such that 0, ≠ba  
By using (2.16), (2.17), (2.18) and (4.16), we get 

( )
( ) ( ) ( )

( ) ( )[ ] ( )
( ) ( )[ ]
( ) ( )[ ]
( ) ( ) ( )[ ] ( )
( )XZYgb

ZXYYXnb
YXZgXYZgb

YZXgXZYga
ZXYYXa

YXgZaZYXP

ZYXP

,
12

,,
,,

,2,~
,~

α
ηηηα

φφβ
φφφφα

ηηηα
ξφβη

+
−−+

++
−+

+−+
+

=

 (4.17) 

 
Now from (4.17), we have 

( ) ( ) 0,~,~ =+ ZXYPZYXP             (4.18) 
Hence we can state:  
 
Theorem8: The pseudo projective curvature is skew-
symmetric for an odd n dimensional Trans-Sasakian manifold 
with the quarter symmetric non metric connection D . 
 
5. Projective RICCI Tensor 
 
Definition.5.1: Let nM be an odd n dimensional Trans-
Sasakian manifold with the quarter-symmetric non metric 
connection D . The projective ricci tensor tensor of nM  
with respect to quarter-symmetric non metric connection D is 
defined by 

( ) ( ) ( ) ( ) ( )YXg
n

rYXS
n

nYXP ,
1

,
1

,ˆ
−

−
−

=
    

(5.1) 

 From (2.17), (2.18) and (5.1), we have 
 

( ) ( ) ( ) ( ) ( )[ ]YXnXYgYXg
n

n
YXP

ηαηφβα −+
−

=

,,
1

),(ˆ
 (5.2) 

 
 From (5.2), we get 

( ) ( )

( ) ( ) ( )[ ]YXnYXg
n
n

XYPYXP

ηηα
−

−

=+

,
1

,ˆ,ˆ

              
 (5.3)  

 
If 0=α  in (5.3), we can state 

Corollary9: Let nM  be β -Kenmostu manifold admitting 
the quarter-symmetric non metric connection D , then the 
projective ricci tensor of nM  is skew-symmetric. 
 
Again from (5.2), we get 

( ) ( ) ( ) ( )XYg
n

nXYPYXP ,
1

2,ˆ,ˆ φβ
−

=−         (5.4) 

If 0=β , then we can get 

Corollary10: Let nM  be α -Sasakian manifold admitting 
the quarter-symmetric non metric connection D , then the 
projective ricci tensor of nM  is symmetric. 
 
 Now from (5.1), we have 

( ) ( )
( ) ( ) ( )

( ) ( ) ( )













−+

+−

−

=+

YXg
n
nYXgXYS

YXnYXS

n
n

XYPYXP

,2,2,

2,

)1(

,ˆ,ˆ

α

ηαη
   

 (5.5) 

 If ( )YXP ,ˆ  is skew-symmetric then L.H.S of (5.5) is 
vanishes and 

   
( ) ( ) ( ) ( )YXg

n
rYXnYXS ,, 



 −−= αηαη

    
(5.6) 

Hence we can state: 
Theorem11: An odd n dimensional Trans-Sasakian manifold 
admitting the quarter-symmetric non metric connection 
becomes the Einstein manifold if the projective ricci tensor is 
skew- symmetric. 
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