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Abstract: Unbiasedness is a highly desirable property of an Estimator if testing samples are small. We discuss the role of Unbiased
Variance Estimator in System Reliability that can be applicable for any system decomposed into series-parallel connections as long as
components Reliability Estimates are mutually independent. We present two different models in this paper and comparative study has
been made based on the biased and unbiased nature of the system and components. Certain Illustrations related to these models are
provided with Fault-Tree Analysis Approach.
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Notations:
I, = Reliability of i" component, an unknown parameter

g, = Unreliability of i" component, g; =1—T;.

AN AN
I = Reliability estimate of the i" component, Q|
Unreliability estimate of the i'" component

AN

var(l;) = variance of Reliability estimate of the i
component

AN

var((; ) = variance of Unreliability estimate of the i
component

A A

var (I, ) = variance estimate of Reliability estimate of the
i" component

A AN

var ((; ) = variance estimate of Unreliability estimate of
the i™ component

A AN

var ( i ) = variance estimate of Reliability estimate of the
ij" component

A A

var ( Q;j ) = variance estimate of Unreliability estimate of
the ij™ component

A A

Var(r‘ijk ) = variance estimate of Reliability estimate of

the ijk" component
n; = sample size in life testing for component i,
X; = no. of survivals for i"" component life test
y; = no. of failures for i" component in life test, t = test
duration for components
A

A
R, = Reliability estimate of series system, sz
Reliability estimate of parallel system

var ( Rspj = Variance estimate of Reliability estimate of

series-parallel system

A A
var ( R sps j = Variance estimate of Reliability estimate of
series-parallel-series system

N A
var| Rsp | = Variance estimate of Reliability estimate

of series-parallel-parallel system

1. Introduction

System Reliability Analysis has been recognized as an
essential need in Military and Defence System [1,2].
However, during last few decades, competition in the
global market has forced System Reliability Analysis into
almost every field of Science and Technology. System
Reliability is calculated by modeling the system as an
interconnection of parts in Series and Parallel where we
adopt the following criteria to decide if components should
be placed in Series or Parallel. If the failure of a part leads
to the combination becoming inoperable the two parts are
operating in Series. If the failure of a part leads to the
other part taking over the operation of the failed parts, the
two parts are considered to be operating in parallel.
System reliability provides important knowledge for
evaluating the new design and it is estimated based on
individual component reliability [10].

The Quantitative study of uncertainty forms the starting
point for a quantitative analysis of Reliability. The
variance is a statistical metric which can be used to
quantify the estimation uncertainty of the Reliability
estimate. Estimating minimization of uncertainty are of
particular importance for many decision makers to achieve
higher Reliability and lower Reliability uncertainty
because most decision makers prefer to obtain a risk-
averse design.

This paper develops Unbiased Variance Estimates for a
few mixed configuration Systems involving Parallel and
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Series combinations. These types of system occur in
almost all fields. The Unbiased Variance Estimates are
based on the information of the component Reliability
estimate. In this paper, we present a method to estimate
variance of System Reliability estimate for configurations
of the type Series-Parallel-Series (SPS) and Series-
Parallel-Parallel  (SPP) Models. No parametric
assumptions are required for component time to failure.
The component Reliability and variance are estimated
based on the binomial testing data. For many system
design problems, there are limited failure and survival data
based on the component level. Thus one must consider the
uncertainty (measured by variance) of the reliability
estimate at the system level where the uncertainty of the
system reliability estimate is associated with the
propagation of uncertainty at the component level [10].

The rest of the paper is organized as follows. Section 2
Reviews some basic concepts such as Series and Parallel
Systems, Unbiased Estimate and Fault-Tree Analysis
Approach.  Section 3 proposes biased and unbiased
variance estimates for mixed configuration systems like
SPS and SPP models involving Series and Parallel
Configurations. In Section 4, a comparative study of the
four types for two different models has been made with
illustrative examples. Section 5 draws the conclusion.

2. Basic Definitions and Related Concepts
Series System

In a Series system, all components in the system should be
operating to maintain the required operation of the system.

Thus the failure of any one component of the system will
cause failure of the whole system.

Series configuration

T -1k

Figure 1: Block diagram of K Units Series System

The System Reliability of the Series system is given by

m
R,=LT,..T :l_Iri
i=1

3. Parallel System

In a Parallel system, the system operates if one or more
components operate, and the system fails if all components
fail. The parallel n-components are represented by the
following block diagram.

Parallel configuration

]
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Figure 2: n Units Parallel System

R, (1) =1~ (11, (1)) (11, (1)) (L1, (1))
=1—1;[(1—ri(t))

where Rp (t) is the parallel system reliability at time t.

f (t) is the reliability of the i™ component

Unbiased Estimate

An estimate & of parameter @ is said to be Unbiased if

its Bias is equal to zero for all values of parameter &@. The
Bias of estimator is defined to be

ois( 0] <[ 6)-0.

Fault Tree Analysis (FTA) Approach

Fault Tree Analysis Approach is a top-down approach of a
system analysis that is used to determine the possible
occurrence of undesirable events or failures. Over the
years, the method has gained favor over other reliability
analysis approaches because of its versatility in degree of
detail of complex systems. There are many symbols used
to construct fault trees. The basic four symbols are given
below.

The fig 3 denotes a fault event that occurs from the logical

combination of fault events through the input of logic
gates such as OR and AND.

@

Figure 3: Fault Event

The Figure 4 denotes a basic fault event.

Figure 4: Basic Fault Event

The Figure 5 denotes the OR gate. It denotes the output
fault event if one or more of input fault event occur.
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Cutput event (Faults)

Input event (faults)
Figure 5: OR Gate

The Figure 6 denotes the AND gate. It denotes that an
output fault tree event occurs if all the input fault events
occur

Outpnt event ( faults)

Tnput event (faults)
Figure 6: AND Gate

4. Variance Estimation

Component reliability estimates and the variance
associated with these estimates can be derived from
various types of data including Binomial testing data. For

the ith type of component (i =1,2...m) used in the
system, let N, be the number of units on test for t hours

and let X; be the number of units survived during the

testing period. Component survival number, a random
variable, can be modeled by a binomial distribution of

B(n r) Then the unbiased estimate for I and the

AN

exact variance of the estimate I; are given by

A X.
h=—" (1)
n
(r] _r(@-r) )
n,

N
The actual I} is not known in (2) and if the estimate I; is
used to replace

is given as

I;, then an approximation of the variance

var | r,

: H(l_j i

Equation (3) is a biased estimate for var (l‘i ) .

AN

An unbiased estimate of var(ri) is

A ?i(l_;ij
) P 4
var(rlj - (4)

Series System

The variance of the reliability estimate for the series
system is given by

(i w(2) o

where X; follows a binomial distribution B(n r) for

1771
component type i =1,2,..m
which gives

var(l'\gsj = H{ +var } r’ (
i=1 i=1
r

replace I by r and varr by var( j we get the

biased estimate which is given as follows

)] - O o

An unbiased estimate for var (R ) is given by

(A, - FE(E ()
Since E((Rjj(Rj

Parallel System

Reliability estimate for a parallel system is given by

R, =1-Q, ©
WhereQ qu ﬁ[;]
=1

for component i, assuming N, units are tested for time t

and Y, units failed

: m oy m oy
(PW—VW —-IIE: = var -E:
J i1 My ) i1 1 )
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Ir" m I" Ay m .
var| R 1 1__[|:q +1ar' J:| ITe: @o
i1

% =l

[

The biased estimate for var(Rp)

) o

The unbiased estimate for V&I’(R j

()] (]
smceE(var(FQ D var(Rpj

Mixed Configuration Models (2-step branching)

i) Series - Parallel model
Consider a system consisting of i=1,2...m subunits
connected in series. Each of the subunits has j=1,2...n

subunits connected in parallel, provided all the subunits
are independent.
To find the biased variance estimate of the Reliability

A n_ A
estimate, we replace I, by 1—Hqij in equation (7), we
j=1

arrive
[vAar(R:psﬂ H [1 ﬁ(l ﬁruk] +var(
b i=1 i=
{v%r(R:ps ﬂ H( TTe-T] Jk)j
ub i=1 j=1 i=1
ii) Series - Parallel — Parallel model

Consider a system consisting of i=12..m units
connected in Series. Each of the unit has j=1,2..n
subunits connected in parallel and each of the subunits
have k = 1,2...r subunits connected in Parallel, provided
all the subunits are independent.

()] 1 -

I

n | r"

I1}!

L L Eal

—H|1 Hl

1 1__[|1 ”JUJJJ +va:r|‘¥1—

var(%, )] - H{( 14| pnqﬂ fil-1a 13)

Similarly the unbiased variance estimate for a series-
N

parallel System Reliability estimate we replace I, by

1—11[q:j in
i1

Equation (8)

gk

iml[l_ljlqﬁjjz HH Hquj _var[l_jfﬁjﬂ(m)

Mixed Configuration Models (3-step branching)
i) Series - Parallel — Series model

Consider a system consisting of i=12..m units
connected in series. Each of the unit has j=1,2...n

subunits connected in parallel and each of the subunits
have k = 1,2...r subunits connected in series, provided all
the subunits are independent.

To find the biased variance estimate of the Reliability

estimate, we replace I’ by H ik in equation (13), we
k=1
arrive

e

j=1

s

=1

)

j=1
(15)

Similarly the unbiased variance estimate for a Series-
N

Parallel-Series system reliability estimate we replace I by

H ik in equation (14) and we arrive

v Te- 11 | - Fe-11s |
(16)
To find the biased variance estimate of the Reliability
H(l—rijk )j
k=1

estimate, we replace [; by(l_

in equation (13), we arrive

H",H‘lh'lﬁ": A Ir-' " !"-' ' A ""',‘-\"lw'l\-\"I

O
qkl l*,_l Hl “»UJ

(17)
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Similarly the Unbiased Variance estimate for a Series-
Parallel-Parallel System Reliability estimate we replace

r?j by (1—1_[(1— tA’ijk D in Equation (14)

k=1

[1 ar Rw ,-':|

I -

"o " FY

H|1H

5. llustrative Examples

| 1-
WWWW‘

k=l

SPS Model

The FTA diagram given below deals with the Reliability
of a patient in a hospital subjected to treatment, which
depends on both non-occurrence of critical and non-critical
human error. For the Non-occurrence of critical human
error, there should be no hardware or medication error.
Similarly for the non-occurrence of non-critical human

.l‘!

M

hl Hll r,..JJj—war|l

(on WYY

1 Hll r“z!;,J:J

t,_ kel M

'r-' " "-' A H'|H'l H" H"

]:[ 1 Hll .?‘L'; JJ
(18)

J1 LoEas

error, there should be no operator error or healthcare
professional error. If there is no manufacturing error and
user error that can avoid hardware failure. Correct dosage
of medicine during appropriate time avoids medication
error. If the medical device is well designed and the
operator is experienced, operator error is not possible.
Health care Professional error is not possible if there is
good communication and he is restricted to limited work
schedule.

Beliability of a Patient
subjected to treatment

Mon-occurrence of Crifical
Human Error (1)

A

MNoHardware Failura 3, )

Mo MedicationError (30:)

|

Mon-occurrence of Mon-Critical

Human Error (31
n
1
| No Health Care
Mo Operator Error G0, ) Drofazsions] Emor (20,0

e
BEEE

Figure 7: SPS Model

SPP Model:

Consider a Medical Operator performing two tasks A & B
independently. To finish Task A & B he depends either on
subtasks 1 or 2 and subtasks 3 or 4 respectively. In order
that all the subtasks to be completed each one of the
subtasks can be finished by following any one of the two
given steps. Thus the Medical Operator’s Reliability is

analyzed using the Fault tree analysis approach and the

variance estimates are evaluated for the given reliabilities

of the sub-basic events where the Reliability of the sub-
A

basic eventXijk is Iy and the FTA diagram is given

below
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Figure 8: SPP Model

For both the examples, all the events are independent and
the base event probabilities are calculated for a small
sample of size 10.

Let us consider the values of the sub-basic events as

ru=0.1 rue =03, rz2 =05, r =09,rx: =08, r,,=09, rexn =1, r,,, =0.8

We consider the four types of study for the above
examples such as:

Biased System Biased Components (BSBC)
Unbiased System Unbiased Components (USUC)
Biased System Unbiased Components (BSUC)
Unbiased System Biased Components (USBC)

Comparison Table

Models
Types
SPS SPP
BSBC | 2.346x107 | 6.592x107
BSUC | 2.608x102 | 7.326x10°
USBC | 2.3197x10? | 6.568x107
USUC | 2.567x1072 | 7.296x10°

Comparison of SPS and SPP

Variance
Estimats

0.025
0.02
0.015

0.01 H -
| BN | -

SPP

SPS

HBSBC mBSUC mUSBC uUSUC

Variance Estimates of SPS and SPP Model

e

0.03
0.029
0.028
0.027
0.026
0.025
0.024
0.023
0.022
0.021

0.02
0.019
0.018
0.017
0.016
0.015
0.014
0.013
0.012
0.011

—+—5P5

——SPP

Variance Fstimates

0.009
0.008
0.007
0.006
0.005
0.004
0.003
0.002
0.001

N J

6. Conclusion

In this paper, we derive the formulae to evaluate the biased
and unbiased variance estimates of System Reliability for
the mixed models namely SPS and SPP models which
involve Series and Parallel configurations. Comparative
study has been made based on the biased and unbiased
nature of the System and Components. The Variance
Estimates of the System Reliability Estimates are very less
in SPP than SPS model. This clearly reveals that the
System Reliability is higher when the System model
involves two Parallel configurations than one Parallel
configuration.
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