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Abstract: In this paper, we give some fixed point theorems on intuitionistic fuzzy metric spaces with an implicit relation.
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1.1 Introduction and Preliminaries

The concept of fuzzy sets was introduced by Zadeh [6] in 1965. Since then, to use this concept in topology and analysis many
authors have expansively developed the theory of fuzzy sets and applications. Especially, Deng [1], Erceg [2], Kaleva and
Seikkala [4], Kutukcu [5], Kramosil and Michalek [3] have introduced the concept of fuzzy metric spaces in different ways.

In this paper we give an implicit relation on intuitionistic fuzzy metric spaces and present some fixed point theorems given by
some authors. Now, we begin with some definations.

1.2 Preliminaries

Definition 1.1 A binary operation =: [0.1] x [0,1] — [0.1] is a continuous t-norm if it satisfies the following conditions:
(a) =is commutative and associative;

(b) =is continuous;

(c) a=*=1 = aforallae[01];

(d) a = bE = c= dwhenevera = candb = d, for each a,b,c, d E[0,1].

Definition 1.2 A binary operation Z#: [0,1] = [0,1] — [0.1] is a continuous t-conorm if it satisfies the following

conditions:
(a) * is commutative and associative;

(b) # is continuous;
(c) a#0 = aforalla E[0.1];
(d a#b = c#dwhenevera = candb = d, for each a.b, c. d E[0.1]:

Definition 1.3 A three tuple (X M,#) is said to be a fuzzy metric space if X is an arbitrary set, = a continuous t-norm and
M a fuzzy set on X2 x [0,00) satisfying the following condition, for allx y.ze X andt.s = (:

(fm — D Mlx.y.0) =0

(fm — 2)M(x,y.t) =1 forallt = Diffx =y,

(fm — 3) Mx.y. t) = My, x. t,

(fm — 4)M(x,y.t) = My, zs) < M(x, zt + 5),

{(fm — 5) M(x.v,.): [0, 02) — [0.1] is left continuous,

(fm — 6) limy_ MG, y.t) = 1.

]

Example1.1 Let (X. d) be a metric space, (2 * b) = min(a,b) and

t :
M, y.t) = P forallx,yinXandt = 0.

Then M({x, y.=} is a fuzzy metric space often referred as standard fuzzy metric space induced by (X d ). Definition 1.4.
A 5-tuple (X M, N.= #) is said to be an intuitionistic fuzzy metric space (shortly IFM-Space) if X is an arbitrary set, = is a
continuous t-norm, 4 is a continuous t-conorm and M, N are fuzzy sets on X* x [0, o) satisfying the following

conditions:
(IFm — 1) M(xy.t) + Nix.y.t) = 1forallxyeXandt=> 0

(IFm — 2) M(xy.0) =0 forallxy € X;

(IFm — 3) M{xy.t) =1 forallx yeXandt = Oifand onlyifx = ¥,

(IFm —4) Mz y.t) =My, xt) forallxyeXandt = O;

(IFm — 5) M(x.y.t) = M(y,z.s) = M{x,z.t + s} forallx y.ze X and 5.t = 0,
(IFm — 6) M{xv..):[0, ) — [0.1] is left continuous for all % v £ X
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(IFm — 7) lim,_M{xy.t) = 1,

(IFm — 8) Nx.y.0) = 1forallxy e X

(IFm — 9) N{x,y.t) = Oforallx.yeXand t > 0 ifand only ifx = y,

{(IFm — 10) N(x,y.t) = N(y,x.t) forallx y e X and t = 0,

{(IFm — 11) N(x,y.t)#N(y.z.s) = Nlx.z.t + sl forallxyv.zeXand s.t = 0,

(IFm — 12} M{x, y..): [0, 00} — [0.1] is right continuous for all . y € X (IFm — 13} limp_, NG.y.t) = Oforallxy e X;
Then (M.N) is called an intuitionistic fuzzy metric on X . The functions M{x. ¥.t} and N(x y.t} denote the degree of
nearness and degree of non nearness between x and y with respect to t, respectively.

Definition 1.5 Let (X M, V.= #) be an intuitionistic fuzzy metric space. Then

(a) a sequence {x,} in X is said to be Cauchy sequence if, forallt = O andp = 0,
lirmy oo M(3p,.%.8) =1, Himy oo NG, puxp, 8 = 0
(b) asequence {x,}in X is said to be convergent to a point x ec X if, for all t = 0.

limp o MG, 3. 8) = 1, 1imp L Nz, %, 80 = 0

Lemma-1.1 Let {X. M, N,= #) be a sequence intuitionistic fuzzy metric space such that for all = ¥ e X, M{x, y.t} — 1 and
MN(xv.t) — 0ast — oo If there exist a constant 0 <2 k =2 1 such that, forall t = 0,

M(¥nsz Voeo K = M(Fne0.¥n.t) and N(¥Fnez2.¥ne 0. KD = Nines Voot

forallx.veX, thenx =y,

Proof - If M{¥p.2 Voseo KE) = My, 0. ¥0.t) and N{¥pe2.¥ns 0 KE) = N{¥p. 1. ¥o.t) forallt = 0 and some
constant @ = k = 1, then we have

3 3 3
Mix,y.5) = M(x,y,i) = ﬂ(ka—J =z M{x,y,k—n

Nix.y.s) =N (xvijl = ‘\l(kai) == “ﬂ{kain)

forall s = 0 and %y € X. Lettingn — o, we have M(x,y.s) = 1 and N(x.y.5s = 0) and thus x = y.

), and

Definition 1.6 An intuitionistic fuzzy metric space (X M.N.= #) is said to be complete if and only if every Cauchy
sequence in X is convergent.

Definition 1.7 An intuitionistic fuzzy metric space (X. M, N., #} is said to be compact if every sequence in X contains a
convergent subsequence.

Definition 1.8 Let A and B be mappings from a intuitionistic fuzzy etric space (X M, N.= #) into itself. The mappings A
and B are said to be compatible if, for all t = 0,M{ABx,, BAx,.t) — 1 and N{ABx,, BAx, .t} — 0 asn — © whenever
{x,}is a sequence in X such that Ax,.Bx, — zasn — o for somez e X.

Definition 1.9 Let A and B be mappings from a intuitionistic fuzzy metric space (X b, N.= #) into itself. The mappings
A and B are said to be compatible of type (x) if for all t = 0, M{(ABx,, BAx,.t) — 1 and M{AAx,, BAx,.t) — 1and
N(ABx,, BAx,.t) — 0and N(AdAx,, BAx,,t) — 0asn — oo whenever {x,} is a sequence in X such that Ax;, Bx;, — z as
n — o for some z € X.

Definition 1.10 Let A and B be mappings from a intuitionistic fuzzy metric space (X. M. N.= #) into itself. The mappings
A and B are said to be compatible of type (B if for all t = 0, M{AAx,, BBxy, t) — 1 and N(AdAx,, BBx,.t) — Oasn — oo
whenever {x,}is a sequence in X such that Ax,, Bx, — zasn — o for some z € X.

1.3 Implicit relation

LetI = [0.1], = be a continuous t-norm and # continuous t-co-norm and F: I¥* — R be a continuous function. Now, we

consider the following conditions:
(F-1) F is non increasing in the fifth and sixth variables,
(F-2) it, for some constant k € (0.1}, we have

) F (ulk), v, v, 00, 1.u(2) s v(2)) 2 1

or
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(Fy) F(u{kﬂ,v(ﬂ,viﬂ, ult), Lu (t:) Ly Gjl] =0
For any fixed t = 0 and any non decreasing functions w. v: {0, %@} — Iwith 0 < ultl.v(f) < 1 then their exists h € (0.1}
with ulht) = w(t) = u(t),

(F-3) if, for some constant ke(0,1), we have F{u(kt), u(t), 1.1 u(®).u(®) = 1 and Flulkt), u(®), 0,0,ult). ul®)) = 0 for
any fixed t = 0 and any non decreasing function u: (0, o) — I, then u(kt) = ult) and ulkt) < ult) .

Now, let F be the set of all real continuous functions F:1¥* — F. satisfying the conditions (F — 1}~{F — 3]

Example 1.2 Let F(u,, ......... Jug) = = Sandas b = min(a,bland a#b = max(a,b). Let

t>0,0 <ult)v(t) =l.ke {U,fj, where wv: (0,05) — I are non decreasing functions. Now suppose that
F(u{kﬂ,v{ﬂﬁ{ﬂ; ult) 1, u{%) * v{%)] = 1l.and F(u{kﬂ,v{ﬂﬁ{ﬂ; ult), 1, u{t;) {v(t—)] =0ie,
F(u{kﬂ,v{ﬂ,v{ﬂu{ﬂ,l,u(%) *v(t_)] =— u k) -

2 L\r't"'u't"I Lulr— v =]

ulktd
= TR e =1.and
|:nu|:|L1.1|r Ir_,hI

F (u0et), v @), w0, u@, 0, (5) 4 (£)) = 2

Ty
max LL'.f..vl'.f..D.i"-[:_,l v [:,'J

(ktd
:L{CU

m:.rL.,LIr“I Llr:] -

Thus ulht) = v(t) =ult),ifh = 2k e (0.1). A similar argument works if (F, ) is assumed. Finally, suppose thatt = 0 is
fixed, u: (0, &) — I is a non decreasing function and

(uke) u®), 116, u®) = 22 = 1, and
(uCke), u(®), 0.0,u(0), u@) = s =0,

o=
for some k € (0,1). Then we have u{kt:l =ult) and ulkt) < ulf).

1.4 Main Result

Theorem 1.1 Let (X.M.N.».#)be a complete intuitionistic fuzzy metric space with (a =b) = minla.b) and
(a#b) = max(a.b) foralla.be I and A, B, S and T be mappings from X into itself satisfying the conditions:
(1) S(X) S B(X)andT(X) € A(X),
2) one on the mappings S,T,A,B is continuous,
3) Sand A as well as T and B are compatible of type (&},
(4) there exist ke{0.1} such that
M(Sx, Ty, kt), M{Ax, By, t), M(Sx, Ax, t),M(Ty, By, t),
( M(Sx, By, £), M(Ty, Ax, ) )= 1, and
F (N (Sx, Ty. kt) . N(Ax, By, t), N(Sx, Ax.£), N(Ty. By, ﬂ,] <0
N(Sx,By, t), N(Ty, Ax, t) =
forallx,y e X and t = 0,
(5) forall .y e X, M{x.v.t) — land N{x, vt} — O ast — oo,
Then A, B, S and T have a unique common fixed point in X.
Proof - Let x; be an arbitrary point of X. From (1), we can construct a sequence {¥,} in X as follows:
Vome1 = 3%gn = BXgpyand Yo 42 = TXapyy = Bxqp .0, foralln = 0,1.2.... Then by (4), we have, for any t = (0,
F(‘ M8y, Taoy, k), M{Ax,  Bxoy, , t), M(Sx,,, Ax,, ), ] > 1 and
M(T %0y 1 B g KEL M (S50, B g £ M(T X gy g Ax g, £)) T 7
F (‘ NS x50 Tx g, k) N{Ax 0, Bx g g, ), NS x5, Ax g £),
N ':Tx:rwr Bxgniy kt), N I:’-'5'-]"':?!* Bxgnyy t), N(Tx 4. Ax55.1)
F( MUS%5, T gy, 0, kt), MT %00 1,5 %00, 8), M (5% 50, T3y, 2],

=1, and
MTx 30,5 %3 K, LM (T30, 2,5) = M (S0, T g Lf:l) =.an
NS Tx o KB N (T gy, 5200, t), N(Sx 5. Tx gy, £,
: )<
N3y, 5520 KD, O.N (T 31,5720, 7) N (S0 Tz )

By (F-2) in implicit function we have
M(Sx,,, Thoy, o ht) = M(Sx., Txgy o, )« M(Sx,,. Txon, . £), and

NS5 Txgney ) = N(Sxqp, Txgp_ £} #N(Sx 5. Txan, 0. £}, and so

] = 0, and so
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*M{.'}": n+1s ¥an+3: ht) = *M{}": n+i: V- £) + Mr{}": n+1s ¥an+2¢ t:]: and
N{}’:ﬂ +1:¥an 430 ht) = N{}’:n +1:¥an. t) *N{}": n+is¥in+ae t:]:
Which implies (note (& = b) = min{a,b) and (a#b) = max (a, b)) that
Mr{}": n+1s ¥an+3: ht) = Mr{}": n+1¥an- t) = Mr{}": ne ¥Vin+1 t) , and
N':}’:r! +1: ¥ +:,h.t:] = N':_‘}’:n +1,_1}r:i,!,t:] = N':_‘}’:n Vaneas t)
Again by (F-2), we have
M ':}": n+1 ¥en. ht) = M{}’:n +Yan-1 t)
Similar
N{}’:n +1: ¥an. ht) = N{}’:w}’:n -1 t)
In general, we have, for allm = 0,1,2.3,...and t =
M {.'}"m +1+ ¥m +2¢ hﬂ = M {.'}"m +1+Vm: t:] =M {}’m* Vi o410 t:]
and
N{ym +i-'J'ri"|'i. +1 ht:] d—: "ﬂhrl::}ri’r..+i-' J‘ri"r..-' t:l = "nhr{}ri’ﬂ.-' J’ri‘f.. +1» t:] Trroamnomrna {1'1:]
To prove that {¥,} is a Cauchy sequence, first, we prove that, forany 0 < 1 < 1 and t = 0,
Mr{}"r! +1 Vnemer th=1-1 andﬂrf{_}-‘ﬂ +1 ¥n+m+re £l =0 — A, (1.2)
forall n = ny and meN. Here we use induction. From (1), we have

My s Vnant) =2 M (}’w}"n+14£) =z M (J-’l*)’:*?i;:l — 1, and

N(yoss Vpsnt) 2N {.‘F‘w Vs f) =-=N {}’LJ Yz, I,.LT-) —0

asn — 2, Le, for any t = 0 and A{0.17), we can choose nyeN such that

My, ¥nant) > 1—dand My 0. Vo0 t) < 0— A (1.3)

Thus (2) is true for m = 1. Suppose that (2) is true for m € N . Then we shall show that it is also true form + 1 e N . Using
the definition of intuitionistic fuzzy metric space, (1) and (2), we have

L L
My 1 Ynamezt) 2 M Yoo Fnamerg ) * M\ ¥n+m+1: ¥ +rr.+:J;) =1-4,and

N{J’n +L ¥nsmsz t:l =N (.‘fﬂ +1:¥n +m+145) N (}"r! +m+1s Vi +m+:*%) =0-4.

Hence (2) is true for m + 1 € N . Thus {y,} is a Cauchy sequence in X. Since (X.M.N.= #} is complete, {y,} converge to a
point z € X. Since {Axp,23, (Bxyn. 0} {5x2,) and {Txy,.:} are subsequence of {v,}, we have Axin,s.BXaon,:. 5%q,,
Txzneg —Zasn — @

Now, suppose that A is continuous. Then the sequence LASx 5, } converges to Az asn — 2, Notice that, for any t = 0,
M(SAxy,, Az, t) = M(SAx,,, Adx o, D) = M(AAx ., 42.5), and

N(5Ax,,.Az, £) < N(5Ax,,, Adx . D) 4N (Adx . Az,

Now, since A is continuous and S, A are compatible of type (&), letting n — @, we deduce that the sequence {5Ax 1, }
converges to Az asn — &2, Using (4), we have, for any t = 0,
(M{.S'Ax:ﬂ, Titgneq Kt), MUAAx 3, Brgy g, £, MO Ax o, AAx . t:],]
F =1, and
M(Txgp,1.B% 300,80, MUSAx 3, Bx g ), M (T2 0p 1. AAX 3. £)
(N (SAx 5. Tagp. 1, kt), NCAAX 3, B g, 1. £) N (SAx 5. Adx 5, ﬂ,:l <0
N(Tx5p.1.Bxon, 1.t} N(5Ax 0, Bxopn, 1 £, N(Tx 3001, Adx o, £} —
and then, by letting n — @3, since F is continuous, we have
F(M{Az,z, kt), M{Az, 2, £), 1,1, M(4z, 2z, £), M(4z, 2. £)) = 1, and
F(N(Az,z kt), N(4z,z. ). 0.0, N(Az, 2. £), N(d=z.z.£)) = 0,
Therefore, from (F-3), we have M (Az. z, kt} = M(Az,z.t) and N(Az.z kt} < N{Az,z.t). From Lemma-2, we have Az = z.
Further more, by (4), we have
F(‘ M(Sz,Txap,, 4. kt), M{Az, Bx,, . t), M(Az, 5z, £), jl > 1 and
M{T% o0, 1. BX oy . £, M(Sz, By o ), M(Tx oy, 4. A2, £) ’
F(‘ NSz, Txgp,q.kt), N(Az, Bx gy, y.t) . N (4z, 52, 8), ] 0
N(Txgp,1.8%3001.8), N(52, Bxgp . ). N(Tx 340, Az, ) =
and, letting n — 3, we get
F(M(Sz,z kt), 1,M(5z,2,t), 1, M(5z,2,£),1)) = 1, and
F(N(5z,z.kt),0,N(5z,2,£),0,N(52,2,¢£),0)) = 0
On the other hand, since
M{Sz,z,kt) =M (.S'z,z,%) =M (.S'z,z,%) = 1, and

Ni(Sz,z, kt) = N (52, =, E) =N (Sz, z%jl *0,
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and F is nonincreasing in the fifth variable, we have, for any t = (0,

FM(52,2,kt), 1,M(52,2,),1, M (52,28 ) » 1,1))

= F(M(5z,z.kt),1, M(5z,z,¢), 1, M(5z, 2.9, 1)) = 1, and

F(N(S5z,z kt),0,N(5z,z,£),0.N (.5'2,2,%) #0,0) = F(N{(5z,z kt), 0, N(5z,2,£),0,N(5z,z ¢),0)) =0,

Which implies, by (F-2), that 5z = z. This means that z is the range of S and, since

S5(X)E B(X), there exists a point ueX such that Bu=z Using (4), we have successively
F(M(5z,Tu, kt), M(Az, Bu, £) M (5z, Az, £}, M(Tu, Bu, t), M(Sz, Bu, t), M (Tu, Az, t))

= F(M(z.Tu, kt), 1,1,M(z, Tu, £), 1, M(z. Tu. t)) = 1

and F(N(5z,Tw kt), N(Az, Bu t), N(§z, Az, £), N(Tu, Bu, t), N(5z, Bu, t), N(Tu, Az. £))

= F(N(z Tu. kt).0.0.NGE Tw ). O.N(z.Tu. £)) £ 0

which implies, by (F-2), that z = Tu. Since Eu = Tu =z and B, T are compatible of type (& ), we have TTu = ETu so
Tz = TTu = BTu = Ez. Therefore, from (4), we have, forany t = 0,
F(M(Sz,Tz, kt), M(Az, Bz, t), M(Sz, Az, t), M(Tz, Bz, t), M(Sz, Bz, t), M(Tz Az.t))

= F(M(z,Tz kt), M(z,Tz £),1.1, M(z,Tz,£),M(z.Tz.£)) = 1, and

F(N(5z,Tz kt), N(Az, Bz, t), N(5z, Az, t),N(T'z, Bz, t), N(5z, Bz,t) , N(Tz, Az, £))

= F(N(z, Tz, kt),N(z, Tz, t),00,N(z, Tz, £}, N(z. Tz.t)) < 0

Thus from (F-3), we have M(z,Tz kt) = M(z,Tz.t) and N{(z. Tz, kt) = N(z,Tz.t). Again, from lemma-7.1 We have
z =Tz = Bz Consequently, z is a common fixed point of S, T, A and B. The same result holds if we assume that B is
continuous instead of A.

Now, we suppose that S is continuous. That the sequence {SAx 1} converges to 5z asn — ©2 ., Notice that, for any t = 0,

M(SA%x,,,52.£) = M(ASx 4, 55%,,.5) = M(55%,,.52.5), and

N(5Ax .52, 8) = N{A.S'xm,.S'.S'x:n,%]fN (55x 4y, 5z, %:],
Now, since S is continuous and S, A are compatible of type (&) , letting n — @2, we deduce that the sequence [ASx,.)
converges to 5z. Using (4), we have, for any t = 0,
(M{.S'Sx:ﬂ, Txop, . kt), MUASx 00, Bxgp,y, ), M(55x,,, ASx 5. t),
*M{rx:ruv Bxanits t), *M{S'S'x:w Bxyniqs tl, M(Tx3p,0.4% 50, F)
N(55%5,. Txap,q. kt), N{ASxq,, Bxap g, t), N(55x,,, ASx o, £),
(N{rx:m,.ax:m, £), N(55% 3, BX 2, 1. 5) s N(TX 30 1 A% 3y, £) ] =0
and than, by letting n — 2, since F is continuous, we have
F(M(5z,z, kt), M(5z,z,£), L1, M(5z, 2, £}, M(5z. z.£)) = 1 and
F(N(Sz,z kt), N(5z,2,¢),0,0,N(5z,2,£), N(5z,2,t)) < 0
Thus, from (F-3), we have M(5z.z.kt) = M(5z.z.t) and N(5z.z.kt) = N(Sz,z.t). Again, from lemma 7.1, we have
5z = z. This mean that z is the rang of S and, since 5(X) c B(X), there exists a point v £ X such that Bz = z. Using (4), we
have, forany t = 0,
M(55% 3, Tv, kt), M(ASx o, Brv £) M(55x,,, ASx 4. ),
( M(Tv,Bv,t), M(55x,,. By, t), M(Tv, ASx 3. 1)
F (N {.S'.S'x:ﬂ, Tv, kt) ,N':HSI:H,BU, £), N{S.S'x:ﬂ,ﬂ._‘r':r:n, t:],] <0
N{(Tv, Bv,t), N(55x,,.Bv, £), N(Tv, ASx5,.t) -
Letting n — o2, we get
F(M(z, Tv.kt), 11, Mz, Tv.£), 1, Mz Tv.t)) = 1, and
F(N(z.Tv. kt), 0.0, N(z, Tv.t), O, N(z. Tr. t)) < 0,
which implies by (F-2), that z = Tv. Since Ev = Tv =z and B, T are compatible of type (&), we have TEv = EE and so
T'z =TBv = EEv = Bz. This, from (4) we have
M(Sx,,.Tz kt), M(Ax 5, Bz, £), M(5x 5, Ax 5.
( M(Tz, Bz, t:],M':.S'x:n,Bz, £}, M(Tz Axg,. t)
F (N (5x30. Tz, kt), N(Ax 5, Bz, £), N(5x 3y, Ax 5y, r],] <0
N(Tz,Bzt),N(5x,,,Bz t), N(Tz,Ax 4. t) =
Letting n — @, we get
F(M(z,Tz,kt), M(z, T2, t), 1,1, M(z, Tz ), M(z,Tz,£)) = 1 and
F(N(z,Tz, kt),N(z,Tzt),0,0,N(z, Tz, t).N(z, Tz, £)) = 0,
Thus z = Tz = Ez. This means that z is the range of T and, since T(X) S A(X), there exists w € X such that Aw = z. Thus,
from (4), we have, for any t = 0,

J =1, and

jI:_* 1,and

t),
])El,and
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M(Sw, Tz, kt), M(Aw, Bz t), M (5w, Aw, £},
{ M(Tz Bz t), M(Sw, Bz, £), M(Tz, Aw., t)
and
N{Sw,Tz.kt), N(Aw, Bz, t), N(Sw, Aw. t),
{ N(Tz,Bz.t), N(Sw, Bz, t), N(Tz, Aw., £)
And, by (F—12), we have z = 5w = Aw, Since 5w =Aw =z and S, A are compatible of typeie«), we have
z = 5z = 5Aw = AAw = Az and thus z = Az. Consequently, z is a common fixed point of S, T, A and B. the same result
holds if we assume that T is continuous instead of S.
Finally, we show that the point z is unique common fixed point of S, T, A and B. Suppose that S, T, A and B have another

common fixed point z;. Then, by (4), we have, for any t = 0,
(M (5z,Tzy, kt), M(Az, Bz t), M(Sz, 4z, 1))

}: FM(Sw,zkt), 1, MSw, z,£), LMSw,z,£), 1) = 1

} = F(N(Sw,z kt),0,N(Sw, z,£),0, N(Sw, z,£),0) < 0

- - = & I .II -L.IJ' 3 s ‘.l s1LA 2y ‘.IJ' 2y 1) =
M{Tzl, Ez,_, t), .'-f[.S'z, Bz,_, r,l,.'-f[Tzl,Az, f-':l.-:l F': -f[z Zy, L) -f[z Iy, r) 1.1 -:i’[z Zy, r) -:i”:z Zy, f_,'__l 1, and

N(5z,Tz,.kt), N(4z, Bz,.t), N(5z, Az, ),

N(Tz,,Bz,.t), N(Sz, Bz, t), N(Tz,. Az, {)
Thus, (F-3), we have M{z.z,. kt) = M{z.z,.t) and N{z.z,.kt) = N(z.z,.t). From lemma-7.1, we have z = z,. This
completes the proof-

}= PGz 2, k). N(2.2,,£),00.N .2, 8. NGz, 2,.8)) £0
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