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Coincidence and Common Fixed Point Theorems
for Nonlinear Contractive in Intuitionistic Fuzzy
Metric Space
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Abstract: The purpose of this paper is to obtain a new common fixed point theorem by using a new contractive condition and properties
in Intuitionistic fuzzy metric spaces.
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1. Introduction

Since the introduction of the concept of fuzzy set by Zadeh [7] in 1965, many authors have introduced the concept of fuzzy
metric in different ways. George and Veeramani [2] modified the concept of fuzzy metric space and defined a Hausdorff
topology on this fuzzy metric space. Atanassov [1] introduced and studied the concept of intuitionistic fuzzy sets. There have
been a much progress in the study of intuitionistic fuzzy sets by many authors. Park [5] using the idea of intuitionistic fuzzy
sets, defined by the notation of intuitionistic fuzzy metric space with the help of continuous t-norm and continuous t-conorms
as a generalization of fuzzy metric space due to George and Veeramani [2], O.Kramosil and J.Michalck [4] and S.Sharma and
J.K.Tiwari [6] O.Kramosil and J.Michalck[3].

2. Preliminaries

Definition 2.1 A binary operation == [2.1] % [@.1] —= [0.1] is a continuous t-norm if it satisfies the following conditions:
(a) =is commutative and associative;

(b) = is continuous;

() @ =1 = aforall we[h1]:

(d) @ # 52 % ¢= & whenever a = ¢ and &= d, for each &. b.v.d = [0.1].

Definition 2.2. A binary operation Z4:[0.1] % [0.1] — [0.1]is a continuous t-conorm if it satisfies the following
conditions:
(a) +# is commutative and associative;

(b) +# is continuous;
(c) c#Q = aforall aBe[l.1]:
(d) a#b = -#dwhenevera % ¢ and & = d, for each a.b.v.d & [0.1]:

Definition 2.3. A three tuple (X, }f #) is said to be a fuzzy metric space if x is an arbitrary set, s a continuous t-norm and M
a fuzzy set on X% % |0, el satisfying the following condition, for all x,%.2 & Xand t.5 » 0t

o) MGx, 9 (3 =0 #

(B Bl v &l =1 forall ¢ = Ciffx = v, #

(e) Bl . €0 = By, £, #

i) Mix, w8 = iy o sl < Mix ot 420

el b, e e [0 we — [0.2] s left continuous,

(F) Fintg e M, w0, £ = 1,

Definition 2.4. A 5-tuple (% M. N.# %} is said to be an intuitionistic fuzzy metric space (shortly IFM-Space) if X is an
arbitrary set, = is a continuous t-norm, # is a continuous t-conorm and M, N are fuzzy sets on X* = [0 «=lsatisfying the
following conditions:

ol Mixy. )+ Nix. vt} 1 forallxy € Xand t » O;

(B} B, v, O = B for all xe & X;

el M,y &) =1 forallxy €& andé > Qifandonly ifx =y,

(@M pt) = My xt) forallx, v & Xandt = O;

el M, v ) » Miyp.z.s)l s Mixz.t+ 5 forall zv.z2  ¥and 5.t 2> 0,
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(FF Bl v, 2 [0 00l — [0.1] is left continuous for all x5 & X

(8 g Mt =1,

(B} §e, w00 =1 forall my & X

(Nt =0forallxy & Xandt > Qifandonly ifx =,

&Gy, ) =Ry, mt) forallxy € Zandt = 0,

(5} Wi, v £ #Np 0. 80 =2 Nlx. 2,84+ 5) forall x.¢.2 € Xand 5.t >0,

(2l ., 22 [0, 00} — [0.1] is right continuous for all %y & X

() gl & =0forall xr e X;

Then (3, N7} is called an intuitionistic fuzzy metric on X . The functions Mizx. % ¥} and Ni{zx ¥.£) denote the degree of
nearness and degree of non nearness between x and y with respect to t, respectively.

Definition 2. 5: Let {X. }, I¥.# ¥} be an intuitionistic fuzzy metric space. Then

(a) a sequence {xy} in X is said to be Cauchy sequence if, forall t = Qand g = T,
0 M'L-rmpf-rw t) =1, Hy o Ny m X £ = 0
(b) a sequence {xyin X is said to be convergent to a point x ee X if, for all £ = 0,

Fertp e M g 8 =1, Bty e Wi, &1 = 0

Definition 2. 6: An intuitionistic fuzzy metric space {%:.M.N.= ¥} is said to be complete if and only if every Cauchy
sequence in X is convergent.

Definition 2. 7: An intuitionistic fuzzy metric space {& ..+ ¥) is said to be compact if every sequence in X contains a
convergent subsequence.

3. Main Results
Theorem-2.1. Let & M. .= ¥} be an intuitionistic fuzzy metric space. Let A, B, S and T be a mappings from X into itself

satisfying,
fa) AX)} TR} and BOEY © 50X (6206 CAx, By, 608} ) & mn {”‘*‘;Qﬁ ﬁ;ﬁi‘rff{;ﬂfﬁ;ﬁfﬁ*} 2.1

and (s 5w.0) s max [N et 2
for all w.v & X and £ €60.2) and for all £ = O where the function @i, ez} — [0, e} is onto strictly increasing and
decreasing and satisfies condition {#} Also assume that there exist &y & .ty& X with dpy = Ty . Bry = Fpzand
Bys{Arg. Bry } = supl By relfep. Be il € (0.1} = =, and
By Bry) = tnf{ By ppldg, Bra k¥ & (013} = o0
(c) One of A(X), B(X), S(X) or T(X) is a complete subspace of X. Then
(1) the pair (A,S) has the coincidence point.
(2) the pair (B,T) has the coincidence point
(3) A, B, S and T have a unique common fixed point provided both the
pair (A,S) and (B,T) are weakly compatible.
Proof- Let ty be an arbitrary point in X. Since 4{&} =T{X} one can find a point t; in X with & = Ty = 2. again
E[X) =F (X}, one can also choose a point t; in X with By =38g =3y and Eg{dey. By} = w0, Byl Bp )=,
Inductively one can construct =, such that

4, =T, = Espand By = 5, forn = BLLIE i
where = 3.7 = fpae. W = Erpaz First ~we  show  that the sequence [z, 8  described by
L Beoy ez v Beagogy dezn  Branagpmomm wd, is a Cauchy sequence in X. To accomplish this, set
P= ol = fnae. for £ >0 and

o BE(S, Ay 23 M (T, By £ M(T,, Ay, BE),
g=1 A{Wlth}l e ':Eﬂs;mz,m;w E,;é:{tjjamfn}: %EL’ QU BN by }
Nz:.-!.-'z:.-' .-N T S In L .-M - Sin L-'1+‘1 :
2 min e e |
& mhﬂf{z:n-uzmrtlﬂ'ﬁzm-z:mu EL M {2y Tonas (14 -'Hﬂ}
= i (Fag B 8 M Sy £ 00 (R Ty (14 A3E00
2wt (gen -y Syn ) B (Fan. Szna e B M (Ban - S3nae. (4300 ,and
L LT, Ay 0N B £ IFCT, A BED,
Hidy Bpalzl) = "‘“m“’""{ (S, By (2= BIE) K(S, Ty ) }
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B NEE:E_L_Z!E.- ﬂaﬁr{z:ngnﬂ_f ﬂaNEZ;E_UZ!Ewil + ﬂ-:[t:[.-
= "““‘”{ F(Gage g Tig. ) :E
=S i

% neax A (Trp_ g Tone £ N (Z2ns Son a0 £ WP (Ban— g Ban e (1 + A3ENE
% neax A (Trp_ g Tone £ N (Z2ns Son a0 £ WP (Ban— g Ban e (1 + A3ENE
% moon V(T g Tame O 50 Ton s O (Brp g0 Trg e (A2}
which on letting & = 1. reduce to.

By, By w(E)) & woin 6@y, oy T, € MZg 3340 €], and
N(Ay, Boa(t)) & maxil¥iy g Son £ N (Zsn Sanaa. E13
Similarly, one can show that

M(Zsnay Srnaz ) & meinlM (Ton, Tana g0 £ M (Erna v Srnap £13, and
N(Zzps10 Sznsp E1 5 mﬁx{#':z!m Zznsse B N (Ean a0 Frnas ﬂ}
therefore for all n(even and odd), we have,

Hizg Snap aEll 2 mm;ﬂﬁze-u S B M (S0 Sna v ﬂ}:a”d
W20y A8} = moncll (g, 0, 0. H(@, 9., 81
which is true yields,

M (3n Tnay 3 & 1M (2 _y, g 07 *(E)) M2y, 2p4 0 87 ()00 and
N(gnSpay £ & maxil{(Tgay Tn @ (E 3y Spae @™ (0

by repeated application of the above inequality (for mz = 1,2,3...}. we get

:Mt:fn-:.-'ﬁn-' -“'L':ﬂ}f Mizn-'.-' Euff-lw}-’}
B P Fona, 1) 2 28 B8 Ty 47}
= WWL{HEEE_U S @™ ’-I;t:I:L HEEE_L-EE.: .ﬂ-l{ﬂ}} St e g
meba i (2 g, B, 272000, M2y 2 g0 8L} and

-1 -1
A
= maxtNiz_y 500" MO ) Flza g 0 @SN 20 v s 2
mm{m:zr.‘-.le.‘f H-Lﬁﬂ}" '?Fc:zu"zu"flf'ﬂ-mﬁtj}}
thus for each i & (2.1} we have
B, 5(8g Sgay ) = infle = 0:llay g,y 82 1 — ¢

= tnfft = 0 b (ag_ g 0 0 @) Mz e @ N 21 -1} 2
. -1 -
M {t{::ﬁ?z.,iiz:}z:;ﬂ}f:: E :":E ?}f} & IO {9{5},:-{':2&-1..-2&:[1' a* l:Ek,I'El:ZI’.‘-' Zu-i-lj:[}
& max (T8, sl Fams 502l A% (Bag (20 Fu-o N and
E. y(5p Snss) = suple > 0el(zy, 25, 8 £ 1 —5d
% supft < Qo fWz_ 20, 07 000 Bz 2p . 0™ (0} = 1 = ¢}
sup{t < ﬂ:ﬂ‘{zc_uzwﬂ "':tfl} 1= ‘.F'}f

e, 2o @) £ 1 -1} }
& men BB, (2 e T A e (B eI
% WRAF(Ey (B g T )0 8™ (B (B T )

which on making w — Zlew, reduces to
Eor(Zn Znau) & BB, pplZp_1. 23500 & HE':EF.M':EP 2y 1l,and
B (on Spag ) & O(F, jplsg-g 0] & 8°(E, yizp 2]

Now appearing to lemma 1.2.We conclude that 5., } is a Cauchy sequence in X.

-

ﬂmﬁnE

Now suppose that S(X) is a complete subspace of X, then by observing that the subsequence §iyn 413 Which is contained in
S must get a limit z in S{X). Let g §=*{z) then Fu =z. As fz,} is a Cauchy sequence containing a convergent
subsequence {&ing1} therefore the sequence {ay} also convergent implying thereby the convergence of {an} being a

subsequence of the convergent subsequence {z.,}
To prove i = z. set p = u and ¢ = Ezpeq With §=11in 2.1and 2.2
WS, A, & M(Teyy g Bty £
M Bten o0 GE m{ we e B Tt b Sz B } d
o Bag-w0fl) 2 e "
Sty Ay, B, AT g o gy Blgp g, B, }
Wl Bt Sy, s R e T
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Which on letting n. — B, reduces to

Mz, Br.gig)) = minfliz. o LMz B, £, Mz, o ) Wiz B, £}, Miz. 2. £]}, and

Niz.Bv. af)} = waxflf{z z, £} {2 By, £ Wiz 2. £} Nz B, £}, Nz 5. £}

implying thereby

Miz. B,.a(t)) = Mz.B,.E) and Wiz B a(£)] = N{z B. £} since

Mz, By g(E)) & Miz. B, £} and N5 B,..@(E]] = Niz B, £1. therefore

Mizg.Bp.t) = €and ¥z B, & = I,
Again in view of lemma 1.1, we have Rl = € and &{t}= I} for all £ =0 and hence &, = z. Thus one gets E. =T, =z
which shows that the pair (& T} has a point of coincidence.

If one assumes that T{ X} is a complete subspace of X, then analogous argument establish (1) and (2). The remaining cases
pertain essentially to the previous cases. Indeed, if B(X) is a complete subspace of X, then z ¢ B{X)} = S(X} and if A{X} is
complete then = & AKX} =T{X}. Then (1) and (2) are completely established .Since the pair {A. 5} and {E.T} are weakly
compatible at u and v respectively, ie.g =4, = F, =8, =T,

therefore 4z = 45, = 4, = 5z

and Bz = BT, =TEB.=To#

Which show that z is a common coincidence point of both the pairs (4, S) and {8.T}. Now it remains to show that
Az =Bz =Fz =Tz =2 Todo this weg = &z, q = zwith @ = 1in (2,1}

M Aty Bz, a(E)y = mmf M(St,,, Ak, &), M(Tz, Bz, &),

MiTz, Ay, E1, M (Stey, Bz, £ M (Stsy, T2 £)},and

KAt Bz, S{E)) < maxc N(S1,,,. 4., O NiTz, Bo, &),

NTg, ey, O N (Feap B3 0 N Fea, TS0}

which on letting nE —= &2, reduces to

3z Bz, a(t}) = mn {1, M(Bz, 2, £33 (Ez, 5, £, and #

Niz. Bz, a(t)) = meax{l, NiBz, 2. £]} BB N{Ez. =, &)

As Wiz Buw(E)E = M(Buzx. ) and Wiz Bom(E?) & NiBz 2.6} therefore  Miz.Bzgl(t)i=C and
Nz Bz, g{tl) = I, Due to lemma 1.1, we get H{E} = € and @it = I forall t = Dand Bz = = Hence Bz = Tz = z. Thus
z is a common fixed point of A, B, Sand T.
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