International Journal of Science and Research (I1JSR), India Online ISSN: 2319-7064

Implementation of 1D NN in Signal Processing
Application to Get Relevant Recurrence Coefficient
Value in Discrete Orthogonal Polynomial

N. V. Narendra Babu', G. Manoj Someswar?

Asst. Professor, Department of Mathematics, GITAM University, Hyderabad, A.P., India

Principal and Professor, Department of Computer Science & Enginering,
Anwar-ul-uloom College of Engineering &Technology, Yennepally,
RR District, Vikarabad — 501101, A.P., India

Abstract: In the implementation of algorithm we are evaluating the indexes of 1-D NN to the alpha by which we will get the relevant
recurrence coefficient value in discrete orthogonal polynomial. In mathematics, a recurrence coefficient is an equation that recursively
defines a sequence, once one or more initial terms are given and each further term of the sequence is defined as a function of the
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1. Introduction
1.1 Recurrence Coefficient:

In mathematics, the term difference equation sometimes and
for the purposes of this research article refers to a specific
type of recurrence coefficient. However, "difference
equation” is frequently used to refer to any recurrence
coefficient. An example of a recurrence coefficient is the
logistic map:

Fnp1 = PEpll — ),

with a given constant r; given the initial term x0 each
subsequent term is determined by this coefficient. Some
simply defined recurrence coefficients can have very
complex (chaotic) behaviours, and they are a part of the field
of mathematics known as nonlinear analysis. Solving a
recurrence coefficient means obtaining a closed-form
solution: a non-recursive function of n.

1.2 Fibonacci numbers

The Fibonacci numbers are the archetype of a linear,
homogeneous recurrence  coefficient ~with  constant
coefficients (see below). They are defined using the linear
recurrence coefficient

Fo=F 1+ F,

with seed values:

Fﬁ = ']

F‘L = l

Explicitly, recurrence yields the equations:
Fa=F +F

Fa=F:+Fy

Fi=F+F

etc.

We obtain the sequence of Fibonacci numbers which begins:
0,1,1,2,3,5,8,13,21, 34,55, 89,...

It can be solved by methods described below vyielding the
closed-form expression which involve powers of the two
roots of the characteristic polynomial t*=t+1; the
generating function of the sequence is the rational function

_t
1—t—#

2. Experimentation And Evaluation
2.1 Structure

Linear homogeneous recurrence coefficients with constant
coefficients. An order d linear homogeneous recurrence
coefficient with constant coefficients is an equation of the
form

fhy = € Cn—1 + Catln—z + - = - + Caln—g,
where the d coefficients c; (for all i) are constants.

More precisely, this is an infinite list of simultaneous linear
equations, one for each n>d-1. A sequence which satisfies a
coefficient of this form is called a linear recurrence sequence
or LRS. There are d degrees of freedom for LRS, i.e., the
initial values Tt « « « » @ad—1can be taken to be any values
but then the linear recurrence determines the sequence
uniquely.

The same coefficients yield the characteristic polynomial
(also "auxiliary polynomial™)

p{i:F:id—Cﬁ_id_l—C‘gﬁd_z—"-—ﬂg

whose d roots play a crucial role in finding and
understanding the sequences satisfying the recurrence. If the
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roots ry, rp, ... are all distinct, then the solution to the
recurrence takes the form

tn = k7] + kot + -+ - + Koty

where the coefficients k; are determined in order to fit the
initial conditions of the recurrence. When the same roots
occur multiple times, the terms in this formula
corresponding to the second and later occurrences of the
same root are multiplied by increasing powers of n. For
instance, if the characteristic polynomial can be factored as
(x— 1), with the same root r occurring three times, then the
solution would take the form

ttn = ky?" + Fant” + kan " 1
2.2 Rational Generating Function

Linear recursive sequences are precisely the sequences
whose generating function is a rational function: the
denominator is the polynomial obtained from the auxiliary
polynomial by reversing the order of the coefficients, and
the numerator is determined by the initial values of the
sequence.

The  simplest cases are  periodic  sequences,

by = Gp—gs Tt = ﬁf, which have sequence
€y, €1y v o w5 fEd—1 5 B3y .« \and generating function a
sum of geometric series:

e Sl s o L

1—x*

= (a0 +ma' —-- -+ oy 127)

+ (@ + @' + -+ + ag17* ) 2"

+ (@ + @@ + - g2 )2
More generally, given the recurrence coefficient:
fhg = C1pn—1 + Cap—z 4+ -+ Cpln—a
with generating function
sag+sz1_xl+a312+
the series is annihilated at ©and above by the polynomial:

1—ga' —ax® — - — ez

That is, multiplying the generating function by the
polynomial yields
by = iy — €161 — CalEp—3 — =+ - — Cpfln—g

as the coefficient on Iﬂ, which vanishes (by the recurrence

coefficient) for ¥ = . Thus

(ot "+ + - - J{ L—ot' —0a™ — - —gaa®) = (BaHn T Higt -+ - —+ha ™)
so dividing yields

fip + @1 + o + -

I e oo R o e
-l —ea?— e —ya®
Expressing the generating function as a rational function.

_1_)
:rdp. €T .
The denominator is ( "a transform of the

auxiliary polynomial (equivalently, reversing the order of
coefficients); one could also use any multiple of this, but this
normalization is chosen both because of the simple
coefficient to the auxiliary polynomial, and so that

by = an

Coefficientship to difference equg;[‘i:?ns narrowly defined.
Given an ordered sequence {ﬁﬂ }n =1of real numbers: the

first difference &{ﬂn}is defined as
Aty ) = @ny1 — n

2

The second difference A {ﬁﬂ}is defined as
A%ia,) = Alanga) — A,
which can be simplified to
AXap) = @nyz — Lans1 + O,
More generally: the k™ difference of the sequence wis

_ A5t ks o :
written as tm Jis defined rscurswely as
A¥(0.) = A omy) — A1) =3 (}) v
The sequence and its differences are related by a binomial
transform. The more restrictive definition of difference
equation is an equation composed of a, and its k"
differences. (A widely used broader definition treats
"difference equation™ as synonymous with "recurrence
coefficient”. See for example rational difference equation
and matrix difference equation.). Linear recurrence
coefficients are difference equations, and conversely; since
this is a simple and common form of recurrence, some
authors use the two terms interchangeably. For example, the
difference equation

SAM tin ) + T ) + Tty = 0

is equivalent to the recurrence coefficient

dinyz = dtyyy — 8a,

Thus one can solve many recurrence coefficients by
rephrasing them as difference equations, and then solving
the difference equation, analogously to how one solves
ordinary differential equations. However, the Ackermann
numbers are an example of a recurrence coefficient that do
not map to a difference equation, much less points on the
solution to a differential equation. The time scale calculus
provides for a unification of the theory of difference
equations with that of differential equations. Summation
equations relate to difference equations as integral equations
relate to differential equations. From sequences to grids
Single-variable or one-dimensional recurrence coefficients
are about sequences (i.e. functions defined on one-
dimensional grids). Multi-variable or n-dimensional
recurrence coefficients are about n-dimensional grids.
Functions defined on n-grids can also be studied with partial
difference equations [2].

2.3 Solving General Methods

For order 1, the recurrence

Up = Tl

has the solution @ = P with @s = land the most
general solution is . = Er"with ¢ = &, The characteristic
polynomial equated to zero (the characteristic equation) is
simplyt—r=0.

Solutions to such recurrence coefficients of higher order are
found by systematic means, often using the fact that a, = r"
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is a solution for the recurrence exactly when t =r is a root of
the characteristic polynomial. This can be approached
directly or using generating functions (formal power series)
or matrices.

Consider, for example, a recurrence coefficient of the form
g, = Aty + Bity_s.

When does it have a solution of the same general form as a,
= r"? Substituting this guess (ansatz) in the recurrence
coefficient, we find that

™ = A7 B 2nust be true for all n > 1.
Dividing through by r"? we get that all these equations
reduce to the same thing:

¥ =Ar+ B,

P —Ar—-B =0,

which is the characteristic equation of the recurrence
coefficient. Solve for r to obtain the two roots A;, 4,: these
roots are known as the characteristic roots or eigenvalues of
the characteristic equation. Different solutions are obtained
depending on the nature of the roots: If these roots are
distinct, we have the general solution

&y = CA" + DXI

while if they are identical (when A? + 4B = 0), we have

@ = CA" + OnA"

This is the most general solution; the two constants C and D
can be chosen based on two given initial conditions a, and
a, to produce a specific solution.

In the case of complex eigenvalues (which also gives rise to
complex values for the solution parameters C and D), the
use of complex numbers can be eliminated by rewriting the
solution in trigonometric form. In this case we can write the
eigen values as ApyAs = @ 3. Then it can be shown

that &n = CAT + DX; can be rewritten as [3]:576-585
ttn = 2M" (E cos(fr) + F sin{fn)) = 2GM"™ cos{dn — §),
where

Here E and F (or equivalently, G and r‘i) are real constants
which depend on the initial conditions.

Using the facts that A — g =2a= Ay

2 3
MM=a +8 = —B, one may simplify the solution given
above as
t = {—B)""*( E cos(fin) + F sin{fn)),
where ®and ©zare the initial conditions and

- _ Ay-dedimB g _ A
E_ﬁgﬂ F_-:—;ﬁﬁx- ﬁ'—amm

In this way there is no need to solve for <*1and -jtﬂ.

In all cases—real distinct eigenvalues, real duplicated
eigenvalues, and complex conjugate -eigenvalues—the
equation is stable (that is, the variable a converges to a fixed
value (specifically, zero)); if and only if both eigenvalues are
smaller than one in absolute value. In this second-order case,
this condition on the eigenvalues can be shown! to be
equivalent to |A| <1 - B <2, which is equivalent to |B| <1
and |JA|<1-B.

The equation in the above example was homogeneous, in
that there was no constant term. If one starts with the non-
homogeneous recurrence

by = Abp_y1 + Bby 2+ K

with constant term K, this can be converted into
homogeneous form as follows: The steady state is found by
setting b, 1 pn,l = b,» = b* to obtain

L
i 1-A-F
Then the non-homogeneous recurrence can be rewritten in
homogeneous form as
[Bn — ] = Alfn-1 — ¥] + Blbn—2 — "],
which can be solved as above.
The stability condition stated above in terms of eigenvalues
for the second-order case remains valid for the general n"-
order case: the equation is stable if and only if all
eigenvalues of the characteristic equation are less than one
in absolute value.

Solving via linear algebra
Given a linearly recursive sequence, let C be the transpose

of the companion matrix of its characteristic polynomial,
that is

i 1 n ... )]

] 0 1 ... 0

] o o -..- 1
|~ —6 —f2 —Ca—1

where 4n F &1 Lot e lua 4 -+ 652 =0 ca
this matrix C. Observe that
tn tEg
: =C"] ¢
| it ti—13 -1
Determine an eigenbasis T = ««+s Udcorresponding to

eigenvalues t}t‘l..- -}ld Then express the seed (the initial
conditions of the LRS) as a linear combination of the
eigenbasis vectors:

£y
= bywy - Bty
| Fe—1
Then it conveniently works out that:
in o
=C"| ¢ | ="+ hew) = Ahe + oo+ Ay
En g fi—1} gy

This description is really no different from general method
above, however it is more succinct. It also works nicely for
situations like

(g = fip—1 — B .

By = 2apn—1 + bp—1 .

Where there are several linked recurrences.

Solving with z-transforms

Certain difference equations, in particular Linear constant
coefficient difference equations, can be solved using z-
transforms. The z-transforms are a class of integral
transforms that lead to more convenient algebraic
manipulations and more straightforward solutions. There are
cases in which obtaining a direct solution would be all but
impossible, yet solving the problem via a thoughtfully
chosen integral transform is straightforward.
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Theorem

Given a linear homogeneous recurrence coefficient with
constant coefficients of order d, let p(t) be the characteristic
polynomial (also "auxiliary polynomial')

ﬁd _ Eﬁ_ﬁd_l _ ﬂgﬁd_g ey = 0

such that each c; corresponds to each c; in the original
recurrence coefficient (see the general form above). Suppose
A is a root of p(t) having multiplicity r. This is to say that
(t—2)" divides p(t). The following two properties hold:

1. Each of the r sequences

. ] 2ym r—lyn
ALmAT, AT, LT A tisfies the

recurrence coefficient.

2. Any sequence satisfying the recurrence coefficient can be
written uniquely as a linear combination of solutions
constructed in part 1 as A varies over all distinct roots
of p(t).

As a result of this theorem a linear homogeneous recurrence

coefficient with constant coefficients can be solved in the

following manner:

1. Find the characteristic polynomial p(t).

2. Find the roots of p(t) counting multiplicity.

3. Write a, as a linear combination of all the roots (counting
multiplicity as shown in the theorem above) with
unknown coefficients b;.

= {0} B} + BN - b N M (g1 X 4 B X

Th|s is the general solution to the original recurrence

relation.

(q is the multiplicity of Ax)

4. Equate each Cqw, €E1, €3, . . .y dfrom part 3

(plugging in = l]_- LR _-Eginto the general solution of
the recurrence coefficient) with the known values
€y €Ey, 2y oo o s Eigfrom  the original  recurrence
coefficient. However, the values a, from the original
recurrence coefficient used do not have to be contiguous,
just d of them are needed (i.e., for an original linear
homogeneous recurrence coefficient of order 3 one could
use the values ag, a;, a4). This process will produce a linear
system of d equations with d unknowns. Solving these
equations for the unknown coefficients

‘5'1._- L!3'2_- !’3_- B ,-E"dof the general solution and plugging
these values back into the general solution will produce the
particular solution to the original recurrence coefficient that
fits the original recurrence coefficient's initial conditions (as
well as all subsequent values s €81 5 €25 €34 « « «of the
original recurrence coefficient). The method for solving
linear differential equations is similar to the method above—
the “intelligent guess" (ansatz) for linear differential

equations with constant coefficients is E!J'awhere Lis a
complex number that is determined by substituting the guess
into the differential equation.

This is not a coincidence. Considering the Taylor series of
the solution to a linear differential equation:

z f(ﬂ {G} E}ﬂ

wn=l

it can be seen that the coefficients of the series are given by
the n™ derivative of f(x) evaluated at the point a. The
differential equation provides a linear difference equation
relating these coefficients. This equivalence can be used to
quickly solve for the recurrence coefficientship for the
coefficients in the power series solution of a linear

differential equation. The rule of thumb (for equations in
which the polynomial multiplying the first term is non-zero
at zero) is that:

¥ — fln + K

and more generally

ey snln—1n—m+1fln + k—m]
Example: The recurrence coefficientship for the Taylor
series coefficients of the equation:

{2 4+ 82 — 40 — (B 41 2y =10

is given by

nfn- 1}f[ﬂ+1t+3nf[ﬂ+2] At 3 -Snfp41]- fpt 2 +2fn =0

Or
—Af[e+ 3+ 2+ 2] +af{n—4)fle+ 1]+ 2f[r =0.
This example shows how problems generally solved using
the power series solution method taught in normal
differential equation classes can be solved in a much easier
way.
Example: The differential equation

" by + ey =0
has solution
y=e".
The conversion of the differential equation to a difference
equation of the Taylor coefficients
isef[r +2] + bffn + 1] + cf[r] =0
It is easy to see that the nth derivative of e* evaluated at 0 is
an
Solving non-homogeneous recurrence coefficients
If the recurrence is inhomogeneous, a particular solution can
be found by the method of undetermined coefficients and the
solution is the sum of the solution of the homogeneous and
the particular solutions. Another method to solve an
inhomogeneous recurrence is the method of symbolic

differentiation. For example, consider the following
recurrence:
Enpt = @ + 1

This is an inhomogeneous recurrence. If we substitute

n =1+ 1 we obtain the recurrence

Entz = tns1 1 1

Subtracting the original recurrence from this equation yields
ngz — tintl = Gpgl — Hn

or equivalently

Ttz = Leins, — fn

This is a homogeneous recurrence which can be solved by
the methods explained above. In general, if a linear
recurrence has the form

gl = e Erpi—1 — Se—3Enpe—z + -+ XEngr + Ann +P{?E}

where .-,31..-, v .-,A&t—lare constant coefficients and

p(n) is the inhomogeneity, then if ﬂ‘}is a polynomial
with degree r, then this inhomogeneous recurrence can be
reduced to a homogeneous recurrence by applying the
method of symbolic differencing r times.

If

K
Pa) =} pns"
el
is the generating function of the inhomogeneity, the
generating function
o3

Af) = ) a{nl”

n=0
of the inhomogeneous recurrence
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=
n = 3 Cilln—i+ Pny, B = Ry,
i=1
with constant coefficients c. is derived from

Ar—i—1

(-3 i) = P+ S b —prle” = 3t 5 and

il fml -n-')

If P(x) is a rational generating function, A(x) is also one.
The case discussed above, where p,=K is a constant,
emerges as one example of this formula, with P(x)=K/(1-x).
The solution of homogeneous recurrences is incorporated as
p=P=0.

Moreover, for the general first-order linear inhomogeneous
recurrence  coefficient with  variable coefficient(s)

1 = fnfin + @n In F n, there is also a nice
method to solve it:"®!

€tng1 = fnttn + Gn
Engl — Fnftn = On
tntt  _Jnftn __ Ga
s fe [MEwfe [Iiafe
gl En n

n;:ﬁf# - I-E;é fﬂ‘- - m:ﬁf#

_ Efn
Pl =33 .
Trle-n flﬁl - a{” - [-[Lr- f&- B
S — A=A, - = =0 f
=0 =N =1 &

m wne=1

o = H fa-) (‘111 + Z )

=0 =1 [-[;tg fk
General linear homogeneous recurrence coefficients
Many linear homogeneous recurrence coefficients may be
solved by means of the generalized hypergeometric series.
Special cases of these lead to recurrence coefficients for the
orthogonal polynomials, and many special functions. For
example, the solution to

Zn
Il = ?Jn — Jny
is given by
I = Jnl2),
the Bessel function, while
(b—niM, 1 +{2n—b— 2)M, —ndM,4, =10
is solved by
M, =Min, b2}
the confluent hypergeometric series.
Solving a first order rational difference equation
A first order ratignal difference equation has the form

Wek1 = Cetd. Such an equation can be solved by
writing Wias a nonlinear transformation of another variable
Fswhich itself evolves linearly. Then standard methods can
be used to solve the linear difference equation in .
Stability

Stability of linear higher-order recurrences. The linear
recurrence of order d,

iy = C1 01 +Callp-a+ ...+ Caln—s,

has the characteristic equation

M3 et e =0

The recurrence is stable, meaning that the iterates converge
asymptotically to a fixed value, if and only if the
eigenvalues (i.e., the roots of the characteristic equation),
whether real or complex, are all less than unity in absolute
value. Stability of linear first-order matrix recurrences

In the first-order matrix difference equation

e — &%) = Alpe—1 — &

with state vector x and transition matrix A, X converges
asymptotically to the steady state vector x* if and only if all
eigenvalues of the transition matrix A (whether real or
complex) have an absolute value which is less than 1.
Stability of nonlinear first-order recurrences

Consider the nonlinear first-order recurrence

Ty = f{Tn1).
This recurrence is locally stable, meaning that it converges
to a fixed point x* from points sufficiently close to x*, if the
slope of f in the neighborhood of x* is smaller than unity in
absolute value: that is,

|F{=")] <L

A nonlinear recurrence could have multiple fixed points, in
which case some fixed points may be locally stable and
others locally unstable; for continuous f two adjacent fixed
points cannot both be locally stable.A nonlinear recurrence
coefficient could also have a cycle of period k for k > 1.
Such a cycle is stable, meaning that it attracts a set of initial
conditions of positive measure, if the composite function

gixl = fofo...oflxl appearing  k
times is locally stable according to the same criterion:
lg{="} < 1,

where x* is any point on the cycle.

In a chaotic recurrence coefficient, the variable x stays in a
bounded region but never converges to a fixed point or an
attracting cycle; any fixed points or cycles of the equation
are unstable.

Coefficientship to differential equations

When solving an ordinary differential equation numerically,
one typically encounters a recurrence coefficient. For
example, when solving the initial value problem

yit)= f{L.p(t)), wh) =1

with Euler's method and a step size h, one calculates the
values

w=wto), mn=wlo+h), ¥
by the recurrence

it = e e, ).
Systems of linear first order differential equations can be

discretized exactly analytically using the methods shown in
the discretization arena.

= ylto + 2R}, ...

3. Results and Discussion
3.1 Applications in Biology

Some of the best-known difference equations have their
origins in the attempt to model population dynamics. For
example, the Fibonacci numbers were once used as a model
for the growth of a rabbit population. The logistic map is
used either directly to model population growth, or as a
starting point for more detailed models. In this context,
coupled difference equations are often used to model the
interaction of two or more populations. For example, the
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Nicholson-Bailey model for a host-parasite interaction is
given by

.-"fiq.'_ = .}u’i‘}e

Poyr = N1 — ™R},

with Ny representing the hosts, and P, the parasites, at time t.

Integrodifference equations are a form of recurrence
coefficient important to spatial ecology. These and other
difference equations are particularly suited to modeling
univoltine populations.

3.2 Digital signal processing

In digital signal processing, recurrence coefficients can
model feedback in a system, where outputs at one time
become inputs for future time. They thus arise in infinite
impulse response (1IR) digital filters. For example, the
equation for a "feedforward" IIR comb filter of delay T is:

¥ =1{1 — a)¥ + oyt
Where Fiis the input at time t, #&is the output at time t, and
r¥controls how much of the delayed signal is fed back into
the output. From this we can see that

#e =11 — alr + ]l — el r+ ﬁ?z;a‘r}
ge={1— el +{@ —a o + & Yoz orc.

3.3 Peak Signal to Noise Ratio

Peak Signal-to-Noise Ratio, often abbreviated PSNR, is an
engineering term for the ratio between the maximum
possible power of a signal and the power of corrupting noise
that affects the fidelity of its representation. Because many
signals have a very wide dynamic range, PSNR is usually
expressed in terms of the logarithmic decibel scale. PSNR is
most commonly used to measure of quality of reconstruction
of lossy compression codecs (e.g., for image compression).
The signal in this case is the original data, and the noise is
the error introduced by compression. When comparing
compression codecs, PSNR is an approximation to human
perception of reconstruction quality. Although a higher
PSNR generally indicates that the reconstruction is of higher
quality, in some cases the reverse may be true. One has to be
extremely careful with the range of validity of this metric; it
is only conclusively valid when it is used to compare results
from the same codec (or codec type) and same content
[1][2]. PSNR is most easily defined via the mean squared
error (MSE). Given a noise-free mxn monochrome image |

and its noisy approximation K, MSE is defined as:
=1 a—=1

1 .. crr et

MSE = — E ) E [, 4y — K¢, )]
=0 =0
The PSNR is defined as:

4 ¥2
PSNR =10-logy, (%)

MAX
= 20 . l@gu} (Vfﬁ}

=20-logp {MAX ;) — 10 log,, ( MSE)
[M N] = size(clean_signal);
MSE = sum(sum((clean_signal).”2))/(M*N);
PSNR = 10*10og10(255*255/MSE);
Here, MAX, is the maximum possible pixel value of the
image. When the pixels are represented using 8 bits per
sample, this is 255. More generally, when samples are

represented using linear PCM with B bits per sample, MAX
is 2°—1. For color images with three RGB values per pixel,
the definition of PSNR is the same except the MSE is the
sum over all squared value differences divided by image size
and by three. Alternately, for color images the image is
converted to a different color space and PSNR is reported
against each channel of that color space, e.g., YCbCr or
HSL. Typical values for the PSNR in lossy image and video
compression are between 30 and 50 dB, where higher is
better. Acceptable values for wireless transmission quality
loss are considered to be about 20 dB to 25 dB.
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