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Abstract: An introduction to Laplace Transform is the topic of this paper. It deals with what Laplace Transform is, and what is it
actually used for. The definition of Laplace Transform and most of its important properties have been mentioned with detailed proofs.
This paper also includes a brief overview of Inverse Laplace Transform. A number a methods used to find the time domain function

from its frequency domain equivalent have been explained with detailed explanations. It also includes the formulation of Laplace
Transform of certain special function like the Heaviside’s Unit Step Function and the Dirac Delta Function. A few practical life

applications of Laplace Transform have also been stated.
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1. Introduction

This paper deals with a brief overview of what Laplace
Transform is and its application in the industry. The
Laplace Transform is a specific type of integral transform.
Considering a function f (t), its corresponding Laplace
Transform will be denoted as L[f(t)], where L is the
operator operated on the time domain function f(t). The
Laplace Transform of a function results in a new function
of complex frequency s. Like the Fourier Transform, the
Laplace Transform is also used in solving differential and
integral equations. It is also predominantly used in the
analysis of transient events in the electrical circuits where
frequency domain analysis is used.

2. Definition of Laplace Transform

Consider a function of time f(t). If this function satisfies
certain conditions and the if the integral,

[ee)

B(s) =f e Stf(t)dt

Exists, then @(s) represents the Laplace Transform of f(t),
Le.

[oe]

W)= [ e r@de .)

3. Properties and Theorems of Laplace
Transform

3.1 Linearity Property

If k; and k, are constants, then,
Lk f1(8) + ko f2(0)]
=k LIAO] + Kk L[] . (2)

3.2 Change of Scale Property

A linear multiplication or division of a constant with the
variable is known as scaling. Thus, if L[f(t)] = 0(s),
then by change of scale property,

LIf(at)] = %@ &) .®

3.3 First Shifting Theorem

The First Shifting Theorem of Laplace Transform states
that if L[f (t)] = @(s), then
LleT®f®)]=0(s+a) ..(4)

Proof By definition,
L™ f@] = [ e~ (emr (o) Yt

0
= [ e CrOtf(e)de

s Lle™*f(O] = 8(s +a)
3.4 Second Shifting Theorem
The Second Shifting Theorem of Laplace Transform states
that if L[f (¢)] = @(s), then the Laplace Transform of the
following function,

gt) =f(t—a) whent>a

=0 whent < a

Is expressed as

Llg®l=e*0(s) ..(5)

Proof By definition, L[g(t)] = fom e Stg(t)dt

a co
=f e‘“g(t)dt+f e Stg(t)dt
0 a

=0+ fwe‘“f(t —a)dt
0

Nowput t—a=u, ~dt=du

~Llg®] = f e S@HW £ (y)du

0

=e ™% fowe‘suf(u)du
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=™ fcoe‘“f(t)dt

Lig(®] = e™* @(s)
3.5 Multiplication of powers of the variable

The variable that has been used so far is‘t’. Thus, if we
multiply powers of t with the original function f (t), the
Laplace transform can be expressed as

dm
Lietf O = (D" o= 8(s)  ..(6)

Proof This result can be proved by the use of
Mathematical Induction.
Step 1 To prove that the result is true when n=1.

Let LIF(D)] = @(s) = [, e~ f(D)dt

Differentiating with respect to x and applying the rule of
differentiation under the integral sign,

“d
0() = [ Scle e
0

=— fme‘“ t f(O)dt
—L[tf(t)]

d
Lltf O] = (-1) - 8(s)
Which proves the result for n=1.

Step 2 Since the result holds true for n=1, it can be
assumed that the result is true when n is any natural
number ‘k’.

Ltk f(®O] = (- 1)" ®(S)

Step 3 To prove that the result holds true when n=k+1.
From Step 2,

D 0(s) = L] = [ e ek peovae
0
leferennatmg with respect to x and applying the rule of

differentiation under the integral sign,
k+1

(—1)km D(s)

f —[e~st tk f(t)dt]
— _ fooe—st tk+1 f(t)dt
0
= —L[t** f(0)]

k+1

d
L LIEF(O] = (CDF e 0(s)

Which proves the result for n=k+1.

Thus, by the rule of Mathematical Induction, it can be said
that the result is true for any value of n.

3.6 Division of variable

IfL[f(t)] = @(s), then the Laplace Transform when the
function is divided by the variable can be expressed as,

LE f(t)] - f “os)ds . (7)

Proof By definition, @(s) = fom e Stf(t)dt

Integrating both sides with respect to s between the limits
s to o and then changing the order of integration on the

RHS,
fsw(b(s)ds = fow U;we‘“f(t)ds] dt

]5 at

= fome_“@d

el
oL E f(t)] = J;w(z)(s)ds

4. Laplace Transform of Derivatives

Let f (t) be the time domain function. The Laplace
Transform of its derivative can be expressed as

LIf'®O] =sLIf®O] - f(0) ..(8)
Proof By definition, L[f'(t)] = fom e St f'(t)dt

Integrating by parts,

LIF (O] = [e™ F (D)5 f (—s)e~*tf(©)dt

= f(0) +sfwe‘5tf(t)dt
0

- LIF'(O] = sLIFO] - £(0)

Differentiating equation (8) again with respect to variable
L,

LIf"(®)] = s*LIf(®)] — s £(0) = £'(0)
Thus, in general, the nt" derivative can be expressed as,

LIf™®)] = s"LIfO]—....... _ 2f3(0) — sf72(0)
= R (ORI C)

The above mentioned results are put to incredible use in

Volume 2 Issue 1, January 2013

WWW.ijsr.net

602



International Journal of Science and Research (IJSR), India Online ISSN: 2319-7064

solving Differential Equations.

5. Laplace Transform of Integrals

When the time domain function is integrated, its Laplace
Transform can be expressed as,

t 1
L[ f f(u)du] =206 ..(10)
0
Proof By definition,

L [fotf(u)du] = fooo e~st [fotf(u)du] dt. Integrating by
parts,

- ([ e {- =i
Sl reoe

d w p—
But E.fo fwdu = f(t)

t ® 1
oL U f(u)du] = f 3 et f(t)dt
1
=5 LF®l
oL Utf(u)du] 1 B(s)
0 S

The above mentioned result can be generalized as,

L Uot J:... ...J:f(u) (du)"]

1
=Ll .an

6. Inverse Laplace Transform
6.1 Definition

IFL[f ()] = @(s) = [,” e~Stf(£)dL, then f (1) is called the

Inverse Laplace Transform of @(s). It can be denoted as,

L1 9@s) = f()  ..(12)

Thus, the frequency domain function @(s) can be
converted to its corresponding time domain equivalent f
(t) using the Laplace Inverse operator (L™1).

7. Different methods of obtaining Inverse
Laplace Transform

There are numerous ways to obtain the Inverse Laplace
Transform of a given frequency domain function. The
choice of the method employed in solving a problem on
Inverse Laplace Transform depends on the nature and
structure of the problem itself. Often it would be noted

that a single problem can be solved by multiple methods.
A few methods have been explained below.

7.1 Using Standard Results

A few standard results which can be used to find the
inverse Laplace Transform have been tabulated below.
These results can be easily proven using the standard
definitions as mentioned in equations (1) and (12).

Table 1
Frequency Domain Function | Inverse Laplace Transform
1 1
—_ L_l [—] = 1
S S
1 L—l [ ] — e—at
s+a s+a
1 L—l [ 1 ] — eat
s—a Ss—a
n-1
o B
sm s I'n
1 1 [ 1 ] 1 .
—— | = —SIna
s?+a? s?+a?l a
S S
- -1 | =
s2+a? L [52 + az] cosat
1 -1 [ 1 ] 1 hat
—_ = —Ssinnha
52 —a? s?—a?l a
S S
_1 —
prpr) L [sz — az] coshat

7.2 Using First Shifting Theorem
As seen in equation (4), the First Shifting Theorem can be
expressed as,

Lle™f()] = @(s + @)

This means that if £(t) = L™*[ @(s) ], then,
L'd(s+a)]=e ¥ f(t)

Lo +a)] =e “LHa(s)]  ..(13)
7.3 Use of Partial Fractions

Whenever possible, it is always easier to solve a problem
on Inverse Laplace Transform by expressing the given
function @(s) into a sum of linear or quadratic partial
fraction as,

A Bs+C
8 = ey ¥ Grrarr

given in table 1 to find corresponding Inverse Laplace
Transform.

and then use standard results
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7.4 Using Change of Scale Property

From equation 3, the change of scale property can be
expressed as,

L) =20 (3)

Thus if f(t) = L[ @(s)], taking Inverse Laplace
Transform,

1 S
-1|= = —
L [aa(a)] fla) ..(14)
7.5 Convolution Theorem
7.5.1 Definition

If fi(t) and f,(t) are two functions, then the following
integral

| AGose - wdu
0

Is called the convolution of f; (t) and f,(t) and is denoted

as f1(t) * fo(t)
SO fo(0) = f L@ —wdu ... (15)
0

7.5.2 Theorem

Let L[f1(t)] = @1(s) and L[f,(£)] = @5(s), then,
110,6) 0,01 = [ AifE—wdu .(16)

Where f1(t) = L7 [B1(s)] and fo(t) = L7} [@2(s)]
7.6 Using Differentiation of ¢ (s)
IfL[f(t)] = @(s), then using n=1 in equation 6,
LIt f(O)] = —0'(s)
~tf(6) =— L' (s)]
St L@(s)] = = L7 (s)]

.71 __l =Y
S L0 =217 (A7)

This method is particularly used to find the Inverse
Laplace Transform of functions having tan™! X, cot™1 X
and log X terms.

7.7 Using Integration of f (t)

Equation (10) gives us the result of the Laplace Transform
when the function f (t) is integrated as shown,

¢ 1
L U f(u)du] =—0(s)

S

fo Fwydu = 11 E Q)(s)]

But by definition, f(u) = L™[@(s)]
1 t
o [E Q)(s)] - fo [[B(s)]ds  ...(18)

8. Laplace Transform of Periodic Functions

Considering f (t) to be a periodic function with period a,
it’s Laplace Transform can be expressed as,

1 a
WOl == | e @de ..(9)

Proof Since f (t) is periodic with period a, f(t) =
ft+a)=f(t+2a) = andso on.

[ee)

L= [ et
= fae‘“f(t)dt+fzae‘“f(t)dt
+ .- 00

Now fazae_“f(t)dt = foae_s(“+“)f(u + a)du

wheret =u + a

a

=e““J— e "f(u+a)du
0
a

= e‘“sf e Stf(t +a)dt
0

=e % fae‘“f(t)dt since f(t +a) = f(¢t)

Similarly, the next integral can be proved as

-2 a _ . .
e~2as | , € °tf(t)dt and so on with all further integrals.

LIf()] =[1+e % 47295 4 ... 00] fae_“f(t)dt
0

1 a
L[f(t)] = m f e‘“f(t)dt

9. Heaviside’s Unit Step Function

Heaviside’s Unit Step Function can have only two
possible values either O or 1. It can be defined as,

0, t<0
H(t)‘{1 t>0

’

The function takes a jump of unit magnitude at x=0.
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Taking the Laplace transform of the above function,

[ee)

LIH(®)] =f e StH(t)dt

0

[oe]

~ LIH(@®)] = f e stdt

0

= L[1]
1
~ LIH@®)] = e (20)

9.1 Displaced Unit Step Function

If the origin is shifted to t=a, i.e. if the function is zero
before t=a, and takes a jump of unit magnitude at t=a, then
the function is called the Displaced Unit Step Function.

0, t<a
H(t—a)={1 t>a

Thus, instead of taking a jump at t=0, the function now
takes a jump of unit magnitude at t=a, and its Laplace
Transform can be expressed as,

[ee)

LIH({t —a)] = f e StH(t — a)dt
0

a ©o
=f 0dt+f e stdt
0 a

e—as

“ L[H(t — )] = ~(21)

9.2 Effect of Multiplication of H(t — a)

Often in practical applications it is required to find the
Laplace Transform when the time domain function itself is
multiplied with the Unit Step Function, i.e. the function
will be defined as,

t<a

FOH - a) = {}"@ se

Taking the Laplace Transform of the above function,

W OHE -] = [ e fOH(

0

—a)
= fao dt + fooe_“f(t)dt

Now, lett — a = u. ~dt = du.
When t=a, u=0. When t=00, u=co.

~ LIf@®H(t — a)]
— f e—s(a+u)f(a
0
+ u)du

= e‘“sf e " f(u+a)du
0

= e‘asf e Stf(t + a)dt
0

~ LIf@®)H(t — a)]
=e ®L[f(t

In a specific case where a=0,
~LIfOH®] = LIf (O]

10. Dirac Delta Function (Unit Impulse
Function)

F(t)

A

1/

A
v

a ate t

The function represented by the figure can be defined as,

0, t<a
1

F(t) = = a<t<a+e
0, t>a+c¢

As & = 0, the function F(t) tends to infinity at a, and is
zero everywhere else. But the integral of F(t) is unity.
Thus, the integral lim,_, waF(t)dt (= 1), represents a
unit impulse att = a. Hence the limiting form of F(t) as
& = 0, is called as the Unit Impulse Function or the Dirac
Delta Function and is denoted by §(t — a).

6(t—a) =1limF(t)
-0
10.1 Laplace Transform of Dirac Delta Function

Taking the Laplace Transform of F (t) defined earlier,

LIF ()] =f e StF(t) dt

0
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1 ate
= —J- e stdt
a

€
—st
:l[e ’ Jate
o
1 1—e %
==
s €

& L[8(t — @)] = lim L[F (£)]

1 o l—e™
=—e ¥lim|[———
s £>0 €

~L[5(t —a)] = e~as (23)

If a=0, then L[5 (t)] = 1.

11. Applications

Laplace Transforms are put to incredible amount of use in
solving differential equations and in circuit analysis which
involves the components like resistors, inductors and
capacitors. Most often, during circuit analysis, the time
domain equations are first written and then Laplace
Transform of the time domain equation is taken to convert
it to its frequency domain equivalent. However, it is also
possible to convert the circuit impedance into its
frequency domain equivalent and then proceed, both of
which produce the same result.

12. Conclusion

This paper thus, consisted of a brief overview of what
Laplace Transform is, and what is it used for. The primary
use of Laplace Transform of converting a time domain
function into its frequency domain equivalent was also
discussed. Major properties of Laplace Transform and a
few special functions like the Heaviside’s Unit Step
Function and Dirac Delta Functions were also discussed in
detail. It also included a detailed explanation of Inverse
Laplace Transform and the various methods that can be
employed in finding the Inverse Laplace Transform. It
goes without saying that Laplace Transform is put to
tremendous use in many branches of Applied Sciences.
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